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PREFACE. 



In the preparation of the present edition of the Geom- 
etry of A. M. Legendre, the original has been consulted 
as a model and guide, but not implicitly followed as a 
standard. The language employed, and the arrangement 
of the arguments in many of the demonstrations, will be 
found to differ essentially from the original, and also from 
the English translation by Dr. Brewster. 

In the original work, as well as in the translation, the 
propositions are not enunciated in general terms, but with 
reference to, and by the aid of, the particular diagrams 
used for the demonstrations. Ii \s believed that this 
departure from the method of Euclid has been generally 
regretted. The propositions of Geometry are general 
truths, and as such, should be stated in general terms, 
and without reference to particular figures. The method 
of enunciating them by the aid of particular diagrams 
seems to have been adopted to avoid the difficulty which 
beginners experience in comprehending abstract proposi- 
tions. But in avoiding this difficulty, and thus lessening, 
at first, the intellectual labor, the faculty of abstraction, 
whicl it is one of the primary objects of the study of 
Geometry to strengthen, remains, to a certain extent, un 
improved. 
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The methods of demonstration, in seyeial of the Booka^ 
have been entirely changed. By regarding the Circle as 
the limit of the inscribed and circumscribed polygons, tha 
demonstrations in Book Y. have been much simplified; 
and the same principle is made the basis of several im* 
portant demonstrations in Book VIIL 

The subjects of Plane and Spherical Trigonometry 
have been treated in a manner quite different from thai 
employed in the original work. In Plane Trigonometry, 
especially, important changes have been made. The sepa- 
ration of the part which relates to the computations of the 
sides and angles of triangles from that which is purely 
analytical, will, it is hoped, be found to be a decided im- 
provement 

The application of Trigonometry to the measurement 
of Heights and Distances, embracing the use of the Table 
of Logarithms, and of Logarithmic Sines; and the appli- 
cation of Geometry to the mensuration of planes and 
solids, are useful exercises for the Student. Practical ex- 
amples cannot fail to point out the generality and utility 
of abstract science. 

FisHKiLL Landing, ) 
July, 1851. S 
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INTRODUCTION. 

1. Space extends indefinitely in every direction and 
oontains all bodie& 

2. ExTBNSiOK is a limited portion of space, and has 
three dimensions, length, breadth, and thickrvess. 

S. A Solid, or Body, is a liL.'uted portion of spaoe 
■apposed to be occupied by matter. The difference be* 
tween the terms, exfenstbn and solid^ is simply this : the 
former denotes a limited portion of space, viewed in the 
abstract, while the latter denotes such a portion occupied 
by matter. 

The term, SoUdf is generally used in Geometry, in pre- 
ference to Extension, because the mind apprehends readily 
the forms and relations of tangible objects, while it oft^i 
experiences much difficulty in dealing with the abstract 
notions derived from them. It is, however, important to 
observe, that the geometrical properties of solids have no cof^ 
nection whatever with matter, and that the demonstrations which 
establish and maJce known those properties^ are based on the 
attributes of eoctension only. 
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4. A Solid being a limited portion of space, is neces- 
sarily divided from the indefinite space which surrounds 
it: that which so divides it, is called a Surface. Now, 
since that which bounds a solid is no part of the solid 
itself, it follows, that a surface has but two dimensions, 

ongth and breadth. 

5. If we consider a limited portion of a smface, that 
which separates such portion from the other parts of 
the suiface, is called a Line. This mark of divi^on 
forms no part of the surfaces which it separates : hence, a 
line has length only, without breadth or thickness. 

6. K we regard a limited portion of a line, that which 
separates such portion from the part, at either extremity, 
is called a Point. But this mark of division forms no 
part of the line itself: hence, a point has neither length, 
breadth, nor thickness, but place or position only. 

7. Although we use the term solid to denote a given 
portion of space, the term surface to denote the boundary 
of a solid, the term line to denote the boundary of a sur- 
face, and the term poivt to designate the limit of a line^ 
still, we may employ either of these terms, in an abstract 
sense, without any reference to the others. 

Thus, we may contemplate a river, as a solid, without 
eonsidering its boundaries ; may look upon the surface and 
perceive that it has length and breadth without refering to 
its depth; or, we may regard the distance across without 
taking into account either its depth or length. So like- 
wise, we may consider a point without any reference to 
die line which it limits. 

In the definitions and reasonings of Geometry these 
terms are always used in an abstract sense; they are mere 
signs to the mind of the conceptions for which they stand. 

& Angle is a term which designates the portion of a 
•UT&ce included by two lines meeting at a common point ; 
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and it also d^iotes a portioii o£ space included bj two or 
more planes. 

9. Magnitude is a general term employed to denoto 
those quantities which arise firom considering the dimen* 

ions of extension^ and is equally, applicable to linee^ 
nobles, surfaces, and solids. Geometry is conversant with 
four kinds of magnitude. 

1. Lines; which have length without breadth or thicknesa 

2. Angles ; bounded by straight lines, by curves, and by 
planes. 

3. Surfaces ; which have length and breadth without 
thickness: and 

4. Solids; which have length, breadth, and thickness. 

10. Figure is a term applied to a geometrical magni* 
tude and expresses the idea of shape or form. It is that 
which is enclosed by one or more boundaries. Thus, "A 
triangle is a plane figure bounded by three straight linea" 

11. A Property of a figure is a mark or attribute 
common to all figures of the same class. 

12. The portions of extension which constitute the geo» 
metrical magnitudes, are indicated to the mind by oer> 
tain marks called lines. 

Thus, we say, the straight line AB^ is the shortest di»* 
tance between the two points A and 

R The mark AR, on the paper, is A B 

not the geometrical line AB^ but only 

the sign or representative of it — ^the geometrical line itscll| 

having merely a mental existence. 

We also say, that the triangle 
ACB is bounded by the three straight 
lines AB^ A C CB, Now, the triangle 
ACB^ is but the sign, to the mind, 
of a portion of a plane. That which 
the eye sees is not the geometrical 
conception on which the mind acts 

and reasons : but is, as it were, the word or sign which 
stands for and expresses the abstract idea. 
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These considerations have induced me to represent the 
geometrical magnitudes by the fewest possible lines, and to 
reject altogether the method of shading the figures. It is 
the conception of extension, in the abstract, with which 
the mind should be made conversant, and too much paina 
eannot be taken to exclude the idea«that we are dealing 
with material things. 
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BOOK I. 

DEFINITIONS.* 

1. Extension has three dimensions, length, breadth, 
and thickness. 

2. Oeometrt is the scienoe which has for its object: 
1st The measurement of extension; and 2dly. To di» 

oover, by means of such measurement, the properties and 
felations of geometrical magnitudes. 

5. A Point is that which has place, or position, but 
not magnitude. 

4. A LiNB is length, without breadth or thickness. 

6. A Straight Line is one which 

lies in the same direction between any -^ 

two of its points. 

6. A Bboekn Line is one made up 
of straight lines, not lying in the same 
direction. 

7. A OuRVB Line is one which 
changes its direction at eyery point 

The word Unt when used alone, will designate a straighi 
line; and the word curve^ a curve line. 

8. A Surface is that which has length and breadth 
without thickness. 

* Boo J>vi\m' Logic Mid UtiJity of Mjahoiniitifln. fl. 
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9. A Plane is a surface, such, that if any two of ita 
points be joined by a straight line, such line will be wholly 
in the surface. 

10. Every surface, which is not a plane surface, or com 
posed of plane surfaces, is a curved sur/dce. 

11. A Solid, or Body is that which has length, breadth, 
and thickness: it therefore combines the three dimensions 
of extension. 

12. A plane Angle is the portion of a plane included 
between two straight lines meeting at a common point 
The two straight lines are called the sides of the angle, 
and the common point of intersection, the vertex. 

Thus, the part of the plane includ- 
ed between AB and AC is called an 
angle: AB and AO are its sides^ and A 
its vertex. 

An angle is sometimes designated A-*^^— B 

simply by a letter placed at the vertex, 
as, the angle A ; but generally, by three letters, as, tlie 
angle BA C or OAB^ — the letter at the vertex being alwayn 
placed in the middle. 

13. When a straight line meets an- 
other straight line, so as to make the 
adjacent angles equal to each other, 
each angle is called a right angle ; and 
the first line is said to be perpendicvr 
tar to the second. 



14. An Acute Angle is an angle 
j&as than a right angle. 





15. An Obtitse Angle is an angle 
greater than a right angle. 
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16. Two straiglit lines are said to 

be parallel, when being situated in 

the same plane, they cannot meet, how 

(ar soever, either way, both of them — — — — 

be produced. 

17. A Plane Figure is a portion of a plane terminatr 
ed on all sides by lines, either straight or /Curved. 

18. A Polygon, or rectilineal Jig* 
tire, is a portion of a plane terminat- 
ed on all sides by straight lines. 

The broken line that bounds a 
polygon is called its perimeter. 

19. The polygon of three sides, the simplest of all| is 
called a triangle; that of four sides, a guadrtlaterai ; thai 
of five, a pentagon ; that of six, a hexagon ; that of seven, 
a heptagon ; that of eight, an octagon ; that of nine, an 
nonagon ; that of ten, a decagon ; and that of twelve, a 
■iodecagon, 

20. An Equilateral polygon is one which has all its 
sides equal; an e^iangtUar polygon, is one which has all 
its angles equal 

21. Two polygons are equilateral, or fntUuaUy eguikUerai 
when they have their sides equal each to each, and plaoed 
m the same order: that is to say, when following their 
bounding lines in the same direction, the first side of the 
one is equal to the fijst side of the other, the second tu 
the second, the third to the third, and so on. 

22. Two polygons are equiangular, or mutually equiangu^ 
lar, when every angle of the one is equal to a correspond- 
ing angle of the other, each to each. 

23. Triangles are divided into classes with referenos 
both to their sides and angles. 

1. An equilateral triangle is one 
which has its three sides equal. 
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2. An isosceles triangle is one wliich 
lias two of its sides equal. 




8. A scalene triangh is one wHcli has 
its three sides unequal. 




4. An acute^ngled triangle is one 
which has its three angles acute. 





5. A right-angled triangle is One which 
has a right angle. The side opposite the 
right angle is called the hypothenuse^ and 
the other two sides, the hose and perpen- 
dicula: 



6. An obtuse-angled triangle is one 
which has an obtuse angle. 



24. There are three kinds of Quadrilaterals: 



1. The trapezium^ which has no two 
of its sides parallel. 





2. The trapezoid^ 
of its sides parallel. 



8. The parallelogram^ which has its 
opposite sides parallel. 



V 



./ 
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25. There are four varieties of Parallklograms : 
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1. The rhomboid^ which has no right 
angle. 



/ 
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2. The rhombus^ or lounge^ which is 
an equilateral rhomboid. 



8. The rectangle^ which is an equian- 
golar paraUelogram. 




4. The square^ which is both equilat- 
eral and equiangular. 



26. A Diagonal of a figure is a line which joins the 
vertices of two angles not adjacent 

27. A base of a plane figure is one of its sides on whieh 
it may be supposed to stand. 



DSFIKmONS OF TERKS. 

1. An axiom is a self-evident truth« 

2. A demonstration is a train of logical arguments brought 
to a conclusion. 

8. A theorem is a truth which becomes evident by means 
of a demonstration. 

4 A problem is a question proposed, which requires a 
aolution. 

5. A lemma is a subsidiary truth, employed for the 
demonstration of a theorem, or the solution of a problent 

2 
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6. The common name, proposition^ is applied mdifferent- 
ly, to theorems, problems, and lemmas. 

7. A corollary is an obvious consequence, deduced from 
one or several propositions. 

8. A scholium is a remark on one or several preceding 
ropositions, which tends to point out their connection, 

their use, their restriction, or their extension. 

9. A hypothesis is a supposition, made either in the 
enunciation of a proposition, or in the course of a demon- 
stration. 

10. A postulate grants the solution of a self-evident 
problem. 

EXPLANATION OF SIGNS 

1. The sign = is the sign of equality; thus, the ex- 
pression J. = J?, signifies that A is equal to B. 

2. To signify that A is smaller than -B, the expression 
il < jB is used. 

8. To signify that A is greater than B^ the expression 
-4 > 5 is used ; the smaller quantity being always at the 
vertex of the angle. 

4. The sign + is called plus ; it indicates addition . 

5. The sign — is called minus ; it indicates subtraction : 
Thus, A-^-B^ represents the sum of the quantities A 

and jB; A—B represents their difference, or what remains 
after B is taken from A] and A—B+G^ or A+C—B, sig- 
luiies that A and C are to be added together, and that B 
is to be subtracted from their sum. 

6. The sign X indicates multiplication: thus -4 X J? re- 
presents the product of A and B, 

The expression AxiB + C—D) represents the product of 
A by the quantity B+G—D. If A+D were to be multi- 
plied by A^B+G^ the product would be indicated thus; 

{A+D)X{A-B'\'G), 

whatever is enclosed within the curved lines, being consid- 
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ered as a single quantity. The same thing maj also be 
indicated by a bar: thus, 



A+B+CxD, 

denotes that the sum of Aj B and C, is to be multiplied 
hj D. 

7. A figure placed before a 'line, or quantity, seryes 
as a multiplier to that line or quantity ; thus iAB signifies 
that the line AB is .taken three times; \A signifies the 
half of the angle A. 

8. The square of the line AB is designated by AE ; 
its cube by AB . What is meant by the square and cube 
of a line, will be explained in its proper place. 

9. The sign >/ indicates a r oot to be extracted ; thus %^S 
means the square-root of 2 ; y/AxB means the square-root 
of the product of A and B. 

▲XIOHS. 

1. Things which are equal to the same thing, are equal 
io one another. 

2. K equals be added to equals, the wholes wiU be 
equaL Ittcfvtt^- lI^ J**. V*'>^«^^f*'* ^-^'.c :'} •;:.'"*' 

3. If equals be taken from equals, the remainders wiU 
be equal. 

4. If equals be added to unequals, the wholes will be 
unequal 

6. If equals be taken from unequals, the remainden 
will be unequal. 

6. Things which are doubles of equal things, are equal 
to each other. 

7. Things whidi are halves of equal things, aie^ equal 
to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parta 
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10 All right angles are equal to each other. 

11. From one point to another only one straight line 
can be drawn. 

12. A straight line is the shortest distance between two 
points. 

18. Through the same point, only one straight line can 
be drawn which shall be -parallel to a given line. 

14. Magnitudes, which being applied the one to the 
other, coincide throughout their whole extent, are equal 



POBTULATJS, 

1. Let it be granted, that a straight line may be drawn 
from one point to another point 

2. That a terminated straight line may be prolonged, 
in a straight line, to any length. 

8. That if two straight lines are unequal, the length of 
the less may always be laid off on the greater. 

4. That a given straight line may be 

bisected: that is, divided into two equal 
parts. 



6. That a straight line may bisect 
a given angle. 



6. That a perpendicular may be 
drawn to a given straight line, either 
from a point without the line, or at a 
paint of a line. 



+ 




7. 'That a straight line may be 
drawn, making with a given straight 
line, an angle equal to a given angle. 
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PKOPOSITION L TH20SEIL 




If one straight line meet another straight line, Ae sum of Hk 
. two adjacent angles unll be equal to two right angles. 

Let the straight line DC meet the straight line AB at 0\ 
then will the angle AGB plus the angle BCBj be equal to 
two right angles. 

At the point suppose CE to 
be drawn perpendicular to AB: 
then, ACE + ECB = two right 
angles (d. 13).* But ECB is equal 
to ECD + DCB (A, 9) : hence, 
ACE + ECD + DCB = two 

right angles. But ACE + ECD = ACD (a. 9): there* 
fore, ACD + DCB ^ two right angles. 

Oor. 1. If one of the angles ACD or DCB, is a righl 
angle, the other will also be s right angle. 

Oor. 2. If a straight line DE ^ 

is perpendicular to another straight 
line AB; then, reciprocally, AB will 
be perpendicular to DE. 

For, since DE is perpendicular 
to AB, the angle ACD will be a 
right angle (d. 13). But since AC meets DE at the point 
C, making one angle ACD a right angle, the adjacent angle 
ACE will also be a right angle (c. 1). Therefore, AB ia 
perpendicular to DE (d. 18). 

Cor. 8. The sum of the succes- 
give angles BAC, CAD, DAE, EAF, 
formed on the same side of the 

line BF, is equal to two right an- .^^ 

gles ] for, their sum is equal to A 

that of the two adjacent angles BAC and CAF. 



C 



B 



E 




* In the refersnoes, A. standB for Axiom — D. for Definition — ^B. for Book — P% ibr 
ftVopoeitiou— O. for CoroUaxy— S. for Soholium, and Prob. for ProUeitu 
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PKOPosrrioN n. theorem. 

Tivo straight lines, which have two paints common, coincide the 
one with the other, throughout their whole extent, and form 
one and the same straight line. 

Let A and B be the two common points of tiro straigh 
lines. -, 

In the first place, the two lines 
will coincide between the points A 
and B] for, otherwise there would 
bo two straight lines between A and A- 
5, which is impossible (a. 11). 

Suppose, however, that in being prolonged, these lines 
begin to separate at some point, as CJ the one becoming 
CD, the other, CE At the point CJ suppose OF to be 
drawn, making with AC^ the right angle AOF. 

Now, since A CD is a straight line, the angle FOD will 
be a right angle (p. l, c. 1): and since AOE is a straight 
line, the angle FCE will also be a right angle. Hence, 
the angle FCD is equal to the angle FCE (a. 10) : that is, 
a whole is equal to one of its parts, which is impossible 
(a. 8): therefore the two straight lines which have two 
points, A and B^ in common, cannot separate at any point, 
when prolonged ; hence, they form one and the same 
straight line.* 

PKOPOSITION m. THEOREM. 

Jff^ when, a straight line Tneets two other straight lines at a 
common pointy the sum of the two adJcLcent angles which it 
makes with them, is equal to two right angles, the two 
straight lines which are met, form one and the same straight 
line. 

Let the straight line CD meet the two lines AC, CB, at 
iheir oDmmon point C, and let the sum of the two adja- 
cent angles, DOA, JDCB, be equal to two right angles : then 



* See Note A. It is earnestly reoommendBd to every pupil to read and under- 
ataod this Note. Also, see JjOgic and Utility of MathematioSi % 262. 
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will (7jB be the prolongation of AC\ or, AC 2jA CB will 
form one and the same straight line. 
For, if OB is not the prolonga- 
tion of AGy let GE be that prolon- 
gation. Then the line ACE being 
straight, the sum of the angles ACD^ 
DCEy will be equal to two right 
angles (p. i). But by hypothesis, 
the sum of the angles A CD, DCB, 
is also equal to two right angles: 
therefore (a. 1), 

ACD+DCE must be equal to ACD+DCB. 

Taking away the angle A CD from each, there remains the 
angle DCE equal to the angle DCB: that is, a whole 
equal to a part, which is impossible (a. 8): therefore, AC 
and CB form one and the same straight line. 

PBOPOSinON IV. TH£OB£H. 

When two straight lines intersect each other, the opposHe or 
vertical angles, which they form, are egrual. 

Let AB and DE be two straight lines, intersecting each 
other at C; then will the angle ECB be equal to the 
angle A CD, and the angle ACE to the angle DCB. 

For, since the straight line DE A' 
is met by the straight line AC, 
the sum of the angles ACE, A CD, 
is equal to two right angles (p. i.); 
and since the straight line AB is 
met by the straight line EC, the sum of the angles ACE, 
and ECB, is equal to two right angles: hence (a. 1), 

ACE+ACD is equal to ACE+ECB. 

Take away fit>m both, the common angle ACE, there 
remains (a. S) the angle A CD, equal to its opposite or 
vertical angle ECB, In a similar manner it may be proved 
that ACE id equal to DCB, 

Scholium, The four angles formed about a point by two 
straight lines, which intersect each other, are together equal 
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to four right angles* For, the sum of the two angles ACE^ 
EGB^ is equal to two right angles (p. i) ; and the sum of 
the other two, JLCD, DGB^ is also equal to two right 
angles: therefore, the sum of the four, is .equal to four 
right angles. 

In general, if any number of straight 
Unes CA^ CB^ CD, &c., meet in a com- 
mon point CJ the sum of all the suc- 
cessive angles, AGB, BGD, DGE, EGF, 
FGA, will be equal to four right an- 
gles. For, if four right angles were 
formed about the point (7, by two lines 
perpendicular to each other, their sum would be equal to the 
3um of the successive angles AGB, BGD, DCE, EGF, EGA. 

PBOPOSITION V. THEOKEM. 

If two triangles have two sides and the included angle of the 
one, equal to two sides and the included angle of the other, 
each to each, the two triangles will he equal. 

In the two triangles EDF and BAG, let the side ES 
be equal to the side JS4, the side DF to the side AG, and 
the angle D to the angle A ; then will the triangle EDF 
be equal to the triangle BAG. 

For, if these trian- jy ^ 

gles be applied the one 
to the other, they will 
exactly coincide. Let 

the side ED be placed 

on the equal side BA] ^ ^ 

then, since the angle D is equal to the angle A, the side 
DF win take the direction AG. But DF is equal to -1(7; 
therefore the point F will fall on CJ and the third side EFj 
will coincide with the third side BG (a. 11): consequent- 
ly, the triangle EDF is equal to the triangle BAG (a. 14). 

Cor, When two triangles have these three things equal, 
viz., the side ED=^BA, the side DF—AG, and the angle 
D^A, the remaining three are also respectively equal, viz., 
tho side EF—BG, the angle E^B^ and the angle F^G. 
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PBOPOSmON VL THEOBEE. 




Jf two triangles have two angles and the included side of the 
oney ejual to two angles and the included side of the othar, 
each to each, the two triangles wiU he equoL 

Let BBF and BAO be two triangles, having the angle 
JB equal to the angle B, the angle F to the angle (7, and 
the included side JSF to the included side BC; then will 
the triangle FDF be equal to the triangle BAG. 

For, let the side FF 
be placed on its equal 
BC, the point F falling 
on Bj and the point F on 
<7. Then, since the angle 
E is equal to the angle ^ '^ ^ 

j5, the side FD will take the direction BA ; and hence, 
the point D will be found somewhere in the line BA. In 
like manner, since the angle F is equal to the angle C^ 
the line FI) will take the direction CA, and the point B 
will be found somewhere in the line CA. Hence, the 
point Dj falling at the same time in the two straight lines 
BA and C4, must fall at their intersection A : hence, the 
two triangles EDF^ BAC, coincide with each other, and 
consequently, are equal (a, 14). 

Chr. Whenever, in two triangles, these three things are 
equal, viz.: the angle F=B, the angle F=Cj and the 
included side FF equal to the included side BC, it may 
be inferred that the remaining three are also respectively 
equal, viz.: the angle i>=J., the side ED^BA^ and the 
aide DF^AC. 

Scholium, Two triangles which being applied to each 
other, coincide in all their parts, are equal (a. 14). The 
like parts are those which coincide with each other ; hence, 
they are also equal each to each. The converse of this 
proposition is also true ; viz., if two triangles, have aU th^ 
parts of the one equal to the parts of the other^ each to each, 
the triangles will he equal: for, when applied to each other, 
they will mutually coincide. 
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PKOPOSITION Vn. THEOREM. 

The sum of any tiuo sides of a triangle^ is greater tlum ths 

third side. 

Let ABO be a triangle : then will the sum of two of 
its sides, as ABj BCj be greater than the third side AC 

For the Btnught line AC is the short- ^ 

est distance between the points A and 
(a. 12) ; hence, AB +BG is greater than 
AG. A 

Cor. If from both members of the inequality 

ACkAB-^-BC 

we take away either of the sides, as BCj we shall have 
(A. 6) 

AC''BG<AB: 

that is, tJie difference between any two sides of a triangle is 
less than the tJiird side. 




PROPOSITION VIII. THEOREM. 

If from any point within a triangle, two straight lines he drawn 
to the extremities of dtlier side, their sum will he less than 
that of the two remaining sides of the triangle. 

Let O be any point within the triangle BAC^ and let 
the lines OB, 00^ be drawn to the extremities of either 
side, as BO] then will 

OB+00<BA+AO. 

Let BO be prolonged till it meets the 
iride AG in D- then 

OG<OD+I)G (v. 7): 

add BO to each, and we have 

PO+OG<BO+OD+DO {a. 4): 
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or, B0+ 0C<BD+DO. 

But, BD<BA+AD : 

add DC to each| and we have 

BD^-DCK^BA+Aa 

But it has been shown that 

BO+OC<BD+Dai 
therefore, still more is 

BO+00<BA+AG. 

PBOPOSinON IX. THEOSEM. 

^ two triangles have two sides of the one equal to two sides of 
the other, each to eaxJi, and the included angles unequal, the 
third sides wiU be unequal; and the greater side wiU belong 
to the triangle which has the greater included angle. 

Let BAG and EDF be two triangles, having the side 
AB^DE, AG^BF, and the angle A>B\ then will the 
side BG be greater than EF. 

Make the angle GAQ=D\ take AO^DE, and draw GG. 

Then, the triangles OAG and EDF will be equal, since 
they have two sides and an included angle in each equal, 
each to each (p. 5) ; consequently, GQ is equal to EF (p. 5, o). 

There may be thr€e cases in this proposition. 

1st. When the point falls without the triangle BAG 
2d When it falls on the side BG\ and 
8d. When it fells within the triangle. 

Gase L In the triangles AOG and ABG^ we have, 

GI+IG>QG\ and 

AI+IB>AB\ 

therefore 

AG+BG>GG+AB. b 

Taking away AG 
from the one side and 
Its equal AB from the other, and there will remain BO 
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greater ttan 00, But we have found that 00 \a equal to 
EF\ therefore, BO Tdll be greater than EF, 

D 

Case IL If the point 

fall on the side jBCJ it is 
evident that 00^ or its equal 
EF^ will be shorter than BO 
(a. 8). B 

Oase UL Lastly, if the point 
fall within the triangle BAC^ we 
shall have 

AO-^-OG^AB+BO, 

taking AO &om the one, and its 
equal AB from the other, tl^ere will 
remain 

00<BG or BG>EF. 

Oor. Conversely : if two sides BA^ 
il(7, of a triangle BAG^ are equal to 
two sides ED, DF^ of a triangle EDF^ 
each to each, while the third side BG 
of the first is greater than the third side EF of the second, 
then the angle BAG of the first triangle will be greater 
than the angle EDF of the second. 

For, if not greater, the angle BAG must be equal to 
EDF or less than it In the first case, the side BG would 
be equal to EF (p. 5, c), in the second, BG would be less 
than EF\ but either of these results contradicts the 
hypothesis: therefore, BAG is greater than EDF. 




PBOPOSITION X. THEOEEBI. 

If two triangles have the ff^ree sides of the one equxd to ihs 
three sides of the other, ea/eh to each, the triangles are equdL 

Let EDF and BAG be two triangles, having the side 
ED=BA, the side EF=BG, and the side DF=AG\ then 
will the angle D^A, the angle E=Bj and the angle F=Cj 
and consequently the triangle EDF will be equal to the 
triangle BAG. 
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For, since the sides 
ED^ DFy are equal to 
BA, ACy each to each, if 
the single D were greater 

than -4, it would follow, 

by the last proposition, ® ' ^ ^ 

that the side EF would be greater than B0\ and if the 
angle D were less than A^ the side EF would be less than 
BO, But EF is equal to BC^ by hypothesis; therefore, 
the angle D can neither be greater nor less than A ; there- 
fore it must be equal to it In the same manner it may 
be shown that the angle E is equal to B^ and the angle 
F to 0: hence, the two triangles are equal (p. 6, s). 

Scholium. It may be observed, that when two triangles 
are equal to each other, the equal angles lie opposite the 
equal sides, and consequently, the equal sides opposite the 
equal angles: thus, the equal angles D and A^ lie opposite 
the equal sides EF and BO. 
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In an iaoacdes triangle, the angles opposite the ejuai sides aim 

eqwd. 

Let BAO be an isosceleB triangle, haying the side BA 
equal to the side A0\ then will the angle be equal to 
the angle B. 

For, join the vertex A^ and the mid* 
die point 27, of the base BO. Then, the 
triangles BAD^ DAO^ will have all the 
sides of the one equal to those of the 
other, each to each. For, BA is equal to 
AOy by hypothesis, AD is common, and 
BD is equal to DO by construction : therefore, by the lafll 
proposition, the angle B is equal to the angle 0. 

Otyr. 1. An equilateral triangle is likewise equiangulaTi 
that is to say, has all its angles equal 

Oor. 2. The equality of the triangles BAD^ DAG, provei 
also that the angle BAD, is equal to DAO, and BDA to 
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ADG\ hence, the latter two are right angles. Therefort^ 
ike line dravm Jrom the vertex of an isosceles triangle to the 
middle point of the base, divides the angle at the vertex into 
two equal parts, and is perpendicular to the base. 

Scholium, In a triangle which is not isosceles, any side 
may be assumed indifferently as the base; and the vertex 
is, in that case, the vertex of the opposite angle. In an 
isosceles triangle, however, that side is generally assumed 
as the base, which is not equal to either of the other twa 

PROPOSITION XII. THEOEEML. 

Conversely: If two angles of a triangle are equal, the sides 
opposite them are also equal, or, the triangle is isosceles. 

In the triangle BAG, let the angle B be equal to the 
angle ACB\ then will the side AG he equal to the siie 
AB. 

For, if these sides are not equal, sup- 
pose AB to be the greater. Then, take 
BD equal to AG, and draw GB. Now, 
in the two triangles BDGj BAG, we have 
BD=AGj by construction; the angle B 
equal to the angle AGB, by hypothesis; 
and the side BG common: therefore, the 
two triangles, BBC, BAG^ have two sides and the include*! 
angle of the one, equal to two sides and the included 
angle of the other, each to each : hence they are equal 
(p. 5). But the part cannot be equal to the whole (A. 8); 
hence, there is no inequality between the sides BA and 
AG\ therefore, the triangle BAG is isosceles. 

PROPOSITION XIII. THEOREM. 

The greater side of every triangle is opposite to the greater angle; 
and conversely, the greater angle is opposite to the greater side. 

First, In the triangle GAB, let the angle G be greater 
tlian the angle B ; then will the side AB, opposite CJ be 
greater than AG, opposite J3. 
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For, make the angle BCD—R 
Then, in the triangle CDB^ we shall 
have CD^BD (p. 12). 

Now, the side AG<AD+DC\ 

but AD+DC^AD+DB=^AB: 

therefore; AG<:A^, or, AB>AC. 

Sdcondly. Suppose the side ABy-AC*^ then will the 
angle (7, opposite to AB^ be greater than the angle R, 
opposite \^ AC. 

For, if the angle C^B^ it follows, from what lias just 
been proved, that AB<cAO] which is contrary to the 
hypothesis. K the angle (7=jB, then the side AB^AO 
(p. 12); which is also contrary to the supposition. There- 
fore, when AB^ACj the angle cannot be less than B, 
nor equal to it; therefore, the angle (7 must be greater 
than B, 



PBOPosrnoN ziv. theoseil 

From a given point, without a straight line, only one perpetk 

dicular can be drawn to thai line. 

Let A be the point, and DE the given Une. ' 

Let us suppose that we can draw 
two perpendiculars, AB^ AC. Pro- 
long either of them, as -4J5, till BF 
IS equal to AB^ and draw FC Then 
the two triangles CAB^ CBF^ will be 
equal : for, the angles OB A and CBF 
are right angles, the side CB is com- 
mon, and the side AB equal to 
BFj by construction ; therefore, the two triangles are equal, 
and the angle ACB^BGF (p. 5, c). But the angle ACB 
is a right angle, by hypothesis ; therefore, BCF must like 
wise be a right angle. Now, if the adjacent angles BCA^ 
BGF^ are together equal to two right angles, AGF must be 
a straight line (p. 8). Wbence, it follows,*' that between the 
same two points, A and F, two straight lines can be 
drawn, which is impossible (a* 11): therefore, only one 
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perpendicular can be drawn from tke same point to the 
same straight line. 

Cor. At a given point (7, in the 
line ABj it is also impossible to 
erect more than one perpendicular to 
that line. For, if CD, GE, were both 

perpendicular to AB^ the angles A 

BOD, BGE, would both be right 

angles; hence, they would be equal (A. 10), and a part 

would be equal to the whole, which is impossible. 




PROPOSITION XV. THEOREM. 

1^ from a point without a straight line, a perperidicuUir he lei 
fall on the line, and oblique lines he drawn to differeni 
points: 

\,8t The perpendicular vnll he shorter than any oblique line, 

2d, Any two obliqm lines which intersect the given line at 
points equally distomt from tJie foot of the* perpendicular, 
will he equal. 

Zd, Of two oblique lines which intersect the given line at points 
UThequally distant from the perpendiculary the one which cuts 
off the greater distance will he the longer. 

Let A be the given point, DE the given line, AJB the 
perpendicular, and AD, AC, AE, the oblique lines. 

Prolong the perpendicular AB till 
BF is equal to AB, and draw FG, 
FD. 

First The triangle BGF, is equal 
to the triangle GAB, for they have 
the right angle CaF= GBA, the side 
CB common, and the side^J^^^jBA; 
hence, the third sides, GF and GA 
are equal (p. 5, c). But ABF, being a straight line, ifl 
shorter than AGF, which is a broken line (a. 12); there- 
fore, AB the half of ABF, is shorter than AC, the half 
of AGI^', hence, the perpendicular is shorts than any 
oblique line. 
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Secondly. Let us suppose BC=BE; then the triangle 
CAB will be equal to the triangle BAE; for BC^BE, the 
iide AB is common, and the angle CBA^ABE\\iQTiO^ 
the sides AG and ^^ are equal (p. 5, c): therefore, two 
oblique lines, which meet the given line at equal distances 
from the perpendicular, are equal. 

Thirdly. Since the point is '\\dthin the triangle FDA^ 
the sum of the sides FD, DA, is greater than the sum of 
the lines FCj CA (p. 8): therefore AD, the half of the 
broken line FDA, is greater than AC, the half of FCA: 
consequently, the oblique line which cuts off the greater 
distance, is the longer. 

Cbr. 1. The perpendicular measures the shortest distance 
of a point from a line. 

Cor. 2. From the same point to the same straight line, 
only two equal straight lines can be drawn; for, if there 
could be more, we should have at least two equal oblique 
lines on the same side of the perpendicular, which is im- 
possible. 

PROPOSITION XVI. THEOBEM. 

ff' at the middle point of a given straight line^ a perpendicuJar 
to this line he drawn: 

Ist Any point of the perpendicular will he equally disfani 
from the extremities of the line: 

2dL Any point, without the perpendicular^ iviU he uneg[uaOjf 
distant from the extremities. 

Let AB be the given straight line, C its middle pointy 
and ECF the perpendicular. 

First. Let D be any point of the per- 
pendicular, and draw DA and DB. Then, 
since A C= CB, the two oblique lines AD, 
DB, are equal (p. 15). So, likewise, are 
the two oblique lines, AE, EB, the two 
AP, FB, and so on. Therefore, any 
point in the perpendicular is equally dis- 
tant from the extremities A and B. 

8 
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Secondly, Let / be any. point out of 
tbe perpendicular. If lA aoad IB be 
drawn, one of these lines will cut the 
perpendicular in some point as D ; from 
this point, drawing DB^ we shall have 
DB=^DA. But, the straight line IB is 
em than ID+DBj and 

ID+DB^ID+DA^IA ; 

therefore, 1B<Z4 ; consequently, any point out of the per- 
pendicular, is unequally distant from the extremities A and B 

Cor. Conversely : if a straight line have two points E 
and F^ each of which is equally distant from the extremi- 
ties A and J?, it will be perpendicular to AB at the middle 
point C. 




PKOPOSITION XVII. THEOEEM. 

// two right-angled triangles have the hypothenuse and a side 
of the one equal to the hypothenuse and a side of the other^ 
each to each, the triangles are equal. 

Let BAC and EDF be two right-angled triangles, hav- 
ing the hypothenuse AC^DF^ and the side BA=^ED\ then 
will the triangle BAG be equal to the triangle EDF. 

K the sides BQ and 
EF are equal, the tri- ^ ^ 

angles are equal (p. 10). 
Now, suppose these two 
sides to be unequal, and 
BC to be the greater. 

On BG tate BQ^EF, and draw AQ. Then, in the 
two triangles BAQ^ EDF^ the angles B and E are equal, 
being right angles, the side BA=ED hj hypothesis^ and 
the side BO=EF by construction; consequently, AQ^DF 
(p. 5, c). But by hypothesis AC=DF\ and therefore, 
AG^AQ (a. 1). But the oblique line AG cannot be equal 
U> AO, since BG is greater than BQ (p. 15) ; consequently, 
BG and EF cannot be unequal, and hence, the triangles 
arc equal (p. 10). 
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FBOPOSITIOK ZVm. THEOBKlff 

i^ two atraight Unes are perpendicular to a third Une, thejf art 

parallel to eaA other. 

Let the two lines ACj BD^ be perpendiciilar to AB^ 
tben will they be paralleL 

For, if they could meet in 
a point Oy on either side of 
AB^ there would be two per- 
pendiculars OAy OBy let fall 
firom the same point on the 
same straight line ; which is 
impossible (p. 14). 



P£OPosrnoK xuu theojusm. 

If tioo straight Unes meet a third line, making the sum of the 
interior angles on the same side eqwd to two right angles^ 
the two lines are paraUeL 

Let the two lines KO, HD^ meet the line-jB^l, making 
Jie angles BAO^ ABD, together equal to two right angles: 
then the lines KC^ HD^ will be paralleL 

From &, the middle point of 
jR4, draw the straight line EOF^ 
perpendicular to KC : then, it 
will also be perpendicular to HD. 
For, the sum BAC+ABD is 
equal to two right angles, by 

hypothesis; the sum ABIH-ABE is likewise equal to two 
right angles (p. 1): taking away ABD firom both, there 
will remain the angle BAO^ABE. 

Again, the angles EGB^ AOF^ are equal (p. 4); there* 
fore, the triangles EOB and AOFj have each a side and 
two adjacent angles equal each to each; therefore the tri- 
aDgles are equal, and the angle OEB is equal to OFA 
(P. 6, C). But OEB is a right angle by construction; 
therefore, OFA is a right angle ; hence, the two lines KQ 
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JEQ9, are {)eq)endiciilar to the same straight line, and urt 

therefore parallel (p. 18). 

Scholium. "WJien two parallel 
straight lines AB^ CD^ are met 
bj a third line FE^ the angles 
which are formed take particu- 
lar names. 

Interior angles on the same 
side, are those which lie within 
the parallels, and on the same 
side of the secant line ; thus, HGB^ GHDy are interior 
angles on the same side; and so also are the angles HOA^ 

ana 

Alternate angles lie within the parallels, and on different 
sides of the secant line, bnt not adjacent; AGH, QHD, are 
alternate angles ; and so also are the angles GHC, BGff, 

Alternate exterior angles lie without the parallels, and on 
different sides of the secant line, but not adjacent: JEGB^ 
GHF, are alternate exterior angles; so also are the angles 
AGJE, FED. 

Opposite exterior and interior angles lie on the same side 
of the secant line, the one without and the other within 
the parallels, but not adjacent: thus, EGB^ GHD^ are 
opposite exterior and interior angles; and so also, are the 
angles AGE, GHG. 

Chr. 1. If two straight lines meet a third linej making the 
aUem^aie angles equal, the straight lines are parallel. 

Let the straight line EF meet the two straight lines CD^ 
ABi making the alternate angles AGH^ GHD^ equal to 
each other: then will AB and CD be parallel. 

For, to each of the equal 
angles, add the angle HGB\ we 
shall then have 

A GH+HGB = GHD+EGR 

But AGH+EGB is equal to 
two right angles (p. 1) : hence, 
GED+EGB is also equal to 
two right angles (a. 1): then 
CD mi AB are parallel (p. 19.) 
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Cor. 2. If a etraight line EF^ meet two straight lines 
C2>, AB^ making the exterior angle EOB^ equal to the 
interior and opposite angle OHD^ the two liijes will be 
paralleL For, to each add the angle HOB: we shall then 
have, 

BOB +HGB = QHD+HQB : 

but EGB+HOB is equal to two. right angles ; hence, 
OHD+HGB is equal to two right angles; therefore, CB^ 
and ABf are parallel (p. 19). 



PKOPOSinON XX. THEOUEIL 

If a straight line meet two paralld straight lines, the sum (f 
the interior angles on the same side wiU he eqifol to two 
right angles. 

Let the parallels AB^ CD^ be met by the secant line 
FEi then will HGB+GHD, or HGA+GHC, be equal to 
two right angles. 

For, if HGB+GHD be 
not equal to two right an- 
gles, let IGL be drawn, 
making the sum HGL + 
OHD equal to two right an- 
gles; then IL and CD will 
be parallel (p. 19); and hence, 
we shall have two lines GB^ 
GLy drawn through the same point G and parallel to CD^ 
which is impossible (A. 13): hence, HGB+GHD is equal 
to two right angles. . In the same manner it may be piOTed 
that HGA+GHC is equal to two right angles. 

(hr. 1. If HGB is a right angle, GHD will be a right 
angle also: therefore, every straight line perpendicular to one 
^ two parallels^ is perpendicular to the other. 

Cor. % If a straight line meet two paralld straight lines, Ae 
aUemaie angles wiU be equcd. 

Let AB^ CD^ be two parallels, and FE the secant line. 
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The Bum HGB+GHD is 
equal to two right angles. But 
the sum pOB+HOA is also 
equal to two right angles (p. 1). 
Taking from each the angle HOB, 
and there remains AOH^OIID. 
In the same manner we may 
prove that GHC^HGB. 

Cor. 3. If a straight line meet two parallel lines, the oppo- 
site ^xterior and interior angles will be equal. For, the sum 
HGB-^GHD is equal to two right angles. But the sum 
HGB-hUGB is also equal to two right angles. Taking from 
each the angle HGB, and there remains GIW=EGB. In th« 
same manner we may prove that OHC=AOK 

Scholium. We see that of the eight angles formed by a 
line cutting two parallel lines obliquely, the four acute 
angles are equal to each other, and so also are the four 
obtuse angles. 



PKOPOSITION XXI. THEOREM. 

t 

If two straight lines meet a third line, making tlie sum, of the 
interior angles on the same side kss than two right angles^ 
the two lines wiU meet if siijficieiitly produced. 

Let the two lines CD, /i, meet the line EF^ making the 
sum of the interior angles //(?//, GHD^ less than two right 
angles : then will IL and CD meet if sufficiently produced. 

For, if they do not meet 
they are parallel (d. 16). But 
they are not parallel, for if 
they were, the sum of the 
interior angles LGH^ OHD^ 
would be equal to two right 
angles (p. 20), whereas it is 
less by hypothesih : hence, the 
lines ILj CD, will meet if sufficiently produced. 

Cor. It is evident that the two lines IL, CD, will meet 
on that side of EF on which the sum of the two angles 
EGIjf GIID^ is less than two right angles. 
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pfioPOfiinoK zxn. theoreu. 

ISvo straight lines which are paraUd to a third Une, 0re 

parallel to each other. 

Let CD and AB be parallel to the tliird line EF^ then 
are they parallel to each other. 

Draw PQR perpendicular to EF^ 
and cutting AB, CZ?, in the points 
P and Q, Since AB is parallel to 
EF, PR will be perpendicular to AB 
(p. 20, c. 1) ; and since CD is parallel 
to EF, PR will for a like reason be 
perpendicular to CD, Hence, AB and CD are perpendiculai 
to the same straight line ; hence, they are parallel (p. 18). 
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PBOPOSITION XXm. THEOREM. 

7W parallels are everywhere egually distant 

Let CD and AB be two parallel straight lines. Through 
any two points of AB, as F and E, suppose FIT and EO 
to be drawn perpendicular to AB. These lines will also 
be perpendicular to CD (p. 20, c. 1) ; and we are now to 
show that they will be equal to each other. 

If OF be drawn, the 
angles GFE, FGH, consid- 
ered in reference to the par- 
allels AB, CD, will be alter- 
nate angles, and therefore, 
equal to each other (p. 20, c. 2). Also, the straight lines 
FH, EO, being perpendicular to the same straight line AB, 
are parallel (p. 18) ; and the angles EOF, OFII, considered 
in reference to the parallels FH, EO, will be alternate 
angles, and therefore equal. Hence, the two triangles EFO^ 
FOH, have a common side, and two adjacent angles in 
each equal ; therefore, the triangles are equal (p. 6) ; cons^ 
quently, FH, which measures the distance of the paralleb 
AB and CD at the point F, is equal to EO, which meji^ 
stores the distance of the same parallels at the point JE 
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FKOPOSITION XXIV. THEOREM. 

If two angles have their sides parallel and lying in the same 

direction, they will he equal. 

Let BAO and 1)EF be the two angles, having AB 
parallel to EZ?, and AG \o EF\ then will they be equal. 

For, produce DE^ if necessary, till 
It meets -4(7 in ff. Then, since EF 
is parallel to (?(7, the angle DEF is 
equal Uy DGG (p. 20, c. 8); and since 
D(7 is parallel to AB, the angle DOG H- 
ifl equal to BAG\ hence, the angle 
DEF is equal to BA G (a. 1). 

Scholium. The restriction of this proposition to the case 
where the side EF lies in the same direction with ACj 
and ED in the same direction with AB, is necessary, 
because if FE were prolonged towards H, the angle BEH 
would have its sides parallel to those of the angle BAG, 
but would not be equal to it. In that case, DEH and 
BAG would be together equal to two right angles. For, 
DEH •\- DEF is equal to two right angles (p.l); but DEF 
is equal to BAG: hence, DEH + BAG is equal to two 
right angles. 

PROPOSITION XXV. THEOREM. 

Tn every triangle the sura of the three angles is equal to two 

right angles. 

Let ABG be any triangle : then will the sum of the 
angles G+A+B be equal to two right angles. 

For, prolong the side GA towards 
Z>, and at the point A, suppose AE 
to be drawn, parallel to BG. Then, 
since AE, GB, are parallel, and GAD 
cuts them, the exterior angle DAE 
is equal to its interior opposite angle G (p. 20, C.3). In 
like manner, since AE^ GB, are parallel, and AB cuts themii 
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the alternate angles B and BAE^ are equal; hence, the 
three angles of the triangle BAC are equal to the three 
angles CAB^ BAE^ EAD^ each to each; but the sum of 
these three angles is equal to two right angles (p. 1); con* 
sequently, the sum of the three angles of the triangle, ia 
equal to two right angles (a. 1). 

Cot, 1. Two angles of a triangle being given, or mere- 
ly their sum, the third will be foimd by subtracting thai 
sum from two right angles. 

Cot. 2. If two angles of one triangle are respectively 
equal to two angles of another, the third angles will also 
be equal, and the two triangles will be mutually equian- 
gular. 

Cor. 8. In any triangle there can be but one right 
angle: for if there were two, the third angle must be 
nothing. Still less, can a triangle have more than one 
obtuse angle. 

Cot, 4. In every right-angled triangle, the sum of the 
two acute angles is equal to one right angle. 

Cor. 5. Since every equilateral triangle is also equian 
golar (p. 11, 0. 1), each of its angles will be equal to the 
third part of two right angles ; so, that, if the right angle 
is expressed by unity, each angle of an equilateral triangle 
will be expressed by J. 

Cot. 6. In. every triangle ABC^ the exterior angle BAD 
is equal to the sum of the two interior opposite angles B 
and C. For, AE being parallel to BO^ the part BAE is 
equal to the angle B^ and the other part DAE is equal to 
the angle 0. 



PBOPOSITION XXVI. THEOBSM. 

The smn of dU the interior angles of a polygon^ is equal to 
twice as many right angles^ less Jbur^ as the Jigure has sides. 

Let ABCDE be any polygon : then will the sum of ita 
interior angles 
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A+B+C+D+E 

be equal to twice as manj riglit angles, less foul', as ili6 
figure has sides. 

From the vertex of any angle A, 
draw diagonals AG, AD, to the ver- 
tices of the other angles. It is plain 
that the polygon will be divided 
into as many triangles, less two, as 
it has sides; for, these triangles may 
be considered as having the point A ^ T5 

for a common vertex, and for bases, the several sides of 
the polygon, excepting the two sides which form the an^e 
A, It is evident, also, that the sum of all the angles in 
these triangles does not differ from the sum of all the 
angles in the polygon: hence, the sum of all the angles 
of the polygon is equal to two right angles, taken as 
many times as there are triangles in the figure ; that is, as 
many times as there are sides, less two. But this pro- 
duct is equal to twice as many right angles as the figure 
has sides, less four right angles. 

Cor. 1. The sum of the interior angles in a quad- 
rilateral is equal to two right angles multiplied by 4—2, 
which amounts to four right angles : hence, if all the 
angles of a quadrilateral are equal, each of them will be a 
right angle. Hence, each of the angles of a rectangle, and 
of a square, is a right angle (d. 25). 

Gor. 2. The sum of the interior angles of a pentagon 
is equal to two right angles multiplied by 5—2, which 
amounts to six right angles : hence, when a pentagon is 
equiangular, each angle is equal to the fifth part of six 
right angles, or to f of one right angle. 

Cor. 8. The sum of the interior angles of a hexagon is 
equal to 2x (6— 2,) or eight right angles; hence, in the 
equiangular hexagon, each angle is the sixth part of eight 
right angles, or ^ of one. 

Cor. 4. In any equiangular polygon, any interior angle 
is equal to twice as many right angles, less four, as tiie 
figure has sides, divided by the number of angles. 
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SckoUum, When this proposition is applied 
to polygons which have re-entrant angles, each 
le-entrant angle must be regarded as greater 
than two right angles. But to avoid all ambi- 
guitjry we shall henceforth limit our reasoning 
to polygons with salient angles, which are named o(mvex 
polygons. Every convex polygon is such, that a straight 
line, drawn at pleasure, cannot meet the sides of the p^j- 
gon in more than two points. 



PKOPOSinoN xxvn. theokkm. 

« 

^ the sides of any polygon be prolonged, in the same direction, 
the sum of the exterior angles wiU be equal to four right 
angles. 

Let the sides of the polygon ABCDFG, be prolonged, in 
the same direction ; then will the sum of the exterior angles 

a + b + c + d+f+g^ 

be equal to four right angles. 

For, each interior angle, plus its 
exterior angle, as ^+a, is equal to 
two right angles (p. 1). But there 
are as many exterior as interior 
angles, and as many of each as 
there are sides of the polygon: 
hence the sum of all the interior, 
and exterior angles, is equal to twice as many right angles 
as the polygon haa sides. Again, the sum of all the inte- 
rior angles is equal to twice as many right angles as the 
figure has sides, less four right angles (p. 26). Hence, the 
interior angles plus four right angles, is equal to twice as 
many right angles as the polygon has sides, and conse> 
quently, equal to the sum of the interior angles plus the 
sum of the exterior angles. Taking from each the sum of 
the interior angles, and there remains the sum of the cxto» 
rior angles, equal to four right angles. 
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PROPOSITION XXVIIL THEOREM. 

In every parallelogram, the opposite sides and angles are equal 

each to each. 

Let ABCD be a parallelogram : then will AB^DO^ 
AD— BO, the angle ^=(7, and the angle ADG=ABO. 

For, draw the diagonal BD, dividing 
the parallelogram into the two trian- 
gles, ABD, DBO. Now, since AD, BG, 
are parallel, the angle ADB^DBG (p. 
20, c. 2); and since AB, GD, are parallel, 
the dia^Q ABD=^BDG \ and §ince the 
side DB is common, the two triangles are equal (p. 6); 
therefore, the side AB, opposite the angle ADB, is equal 
to the side DG, opposite the equal angle DBG (p. 10, s.), 
and the third sides AD, BG, are equal: hence, the oppo- 
site sides of a parallelogram are equal. 

Again, since the triangles are equal, the angle A is 
equal to the angle G (p. 10, s.) Also, the angle ADG com- 
posed of the two angles, ADB, BDG, is equal to ABO^ 
composed of the corresponding equal angles DBG, ABD 
(a. 2) : hence, the opposite angles of a parallelogram are equal. 

Cor. 1. Two parallels AB, GD, included between two 
other parallels AD, BG, are equal; and the diagonal DB 
divides the parallelogram into two equal triangles. 

Cor. 2. Two parallelograms which have two sides and 
the included angle in the one equal to two sides and the 
included angle in the other, each to each, are equal. 

Let the parallelogram ABGD, have 
the sides AB, AD, and the included 
angle BAD equal to the sides AB, AD^ 
and the included angle BAD, in the 
next figure; then will they be equal. 

For, in each figure, draw the diagonal DB. By the last 
corollary, the diagonal divides each parallelogram into two 
equal triangles : but the triangle BAD in one parallelo- 
gram, is equal to the triangle BAD in the other (p. 5) : 
hence, the parallelograms are equal (A. 6). 
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PS0P06ITI0N XXIX. TH£OB£M. 

]f the opposite sides of a quadrilateral are equdl^ each to each^ 
the equal sides are parallel^ and the figure is a paraUdogranu, 

Let ABCD be a quadrilateral, having its opposite sides 
respectively equal, viz.: AB=^DC^ and AD^BC\ then will 
these sides be parallel, and the figure a parallelogranL 

For, having drawn the diagonal BD 
the two triangles ABD^ BDC^ have all 
the sides of the one equal to the cor- 
responding sides of the other; there- 
fore they are equal, and the angle ADB^ 
opposite the side AB^ is equal to DBC^ opposite CD (p. 10, 
a) ; therefore the side AD is parallel to BC (p. 19, c. 1) 
For a like reason AS is parallel to CD: therefore, the 
quadrilateral ABCD is a panillelogranu 



PBOPOSmON XXX. THEOSSIi. 

^ two opposite sides of a quadrilatei^l are equal arid paraUd^ 
the other sides are equal and parallel^ and the figure is a 
paraJMograTn, 

Let ABCD be a quadrilateral, having the sides AB^ 
CDf equal and parallel; then will the figure be a parallel* 
ogram. 

For, draw the diagonal DB, divid- 
ing the quadrilateral into two trian- 
gles. Then, since AB is parallel to 
DC, the alternate angles ABD, BDC 
are equal (p. 20, c. 2) ; moreover, the 
aide DB is common, and the side AB=DC', hence, the 
triangle ABD is equal to the triangle DBC (p. 5) ; there- 
fore, the side AD is equal to BC, the angle ADB^DBC^ 
and consequently AD is parallel to BC (p. 19, c. 1) ; henoe^ 
the figure ABCD is a paraUelogranu 
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PROPOSITION XXXI. THEOREM. 

Tlije two diagonals of a parallelogram divide each other into 
equal parts, or mutually bisect each other. 

Let ADGB be a parallelogram, AG and DB its diago 
nals, intersecting at E\ then will AJS=JEC, and i?^= 

HB. 

Comparing the triangles AJED^ BJSC, 

we find the side AD= CB (p. 28), the 

angle ADB = CBJE, and the angle 

DAE=ECB (p. 20, c. 2) ; hence, these 

triangles are equal (p. 6); consequently, 

AE^ the side opposite the angle ADE^ is equal to EO^ 

opposite CBE^ and DE opposite DAE is equal to EB 

opposite ECB. 

Scholium, In the case of the rhombus, the sides AB^ 
BQ, being equal, the triangles AEB, EBO, have all the 
sides of the one equal to the corresponding sides of the 
other, and are therefore equal : whenxje, it follows, that the 
angles AEB, BEG, are equal, and therefore, the two diago* 
nab of a rhombus bisect each other at right angles. 
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OF RATIOS AND PROPORTIONS. 



DEFINITIONS. 

1. Proportion is the relation wWcli one magnitude 
bears to another magnitude of the same kind, with respect 
to its being greater or less.* 

2. Ratio is the measure of the proportion which one 
magnitude bears to another; and is the quotient which 
arises firom dividing the second by the first Thus, if A 
and B represent magnitudes of the same kind, the ratio 
of A to B ia expressed by 

B. 

A and B are called the terms of the ratio ; the first is 
called the ankcederU, and the second, the consequent 

8. The ratio of magnitudes may be expressed by nuni* 
bers, either exactly or approximatively ; and in the latter 
case, the approximation may be brought nearer to the taroe 
ratio than any aaaigDable diffeimce. 

Thus, of two magnitudes, one may be considered to 
be divided into some number of equal parts, each of the 
same kind as the whole, and regarding one of these 
parts as a unit of measure, the magnitude may be expressed 
by the number of units it contains. If the other magni- 
tude contain an exact number of these imits, it also may 

* 8m DkvIm* Logi« of ICatheiBAtlci : Proportion, S MT. 
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be expressed by the number of its units, and the two 
magnitudes are then said to be commensurable. 

If the second magnitude do not contain the measuring 
unit an exact number of times, there may perhaps be a 
smaller unit which will be contained an exact number of 
times in each of the magnitudes. But if there is no unit 
of an assignable value, which is contained an exact number 
of times in each of the magnitudes, the magnitudes are 
said to be incomrnensurable. 

It is plain, however, that if the unit of measure bt. 
repeated as many times as it is contained in the second 
magnitude, the result will difier from the second magni- 
tude by a quantity less than the unit of measure, since 
the remainder is always less than the divisor. Now, since 
the unit of measure may be made as small as we please, 
it follows, that magnitudes may be represented by num* 
bers to any degree of exactness, or they will differ from 
their numerical representatives by less than any assign- 
able magnitude. 

4. We will illustrate these principles by finding the 
ratio between the straight lines CD and AB^ which we will 
suppose commensurable. 

From the greater line AB^ cut oflF a part equal A Q 
to the less CD, as many times as possible; for ex- 
ample, twice, with the remainder BE. 

From the line CD, cut off a part, CF, equal to 
the remainder BE^ as many times as possible; 
once, for example, with the remainder DF, 

From the first remaindeT BE^ cut oflf a part 
equal to the second, DF^ as many times as possi- ..g 
ble; once, for example, with the remainder BO-. 

From the second remaiader DF^ cut off a part 
equal to jBff, the third remainder, as many times 
as possible. 

Continue this process, till a remainder occurs, which ia 
contained exactly, a certain number of times, in the pre- 
ceding one. 

Then, this last lemainder will be the common measuro 
of the proposed lines. Begarding this as unity, we shuU 
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easily find the values of the preceding remainders; and al 
last, those of the two proposed lines, and hence, their ratio 
in numbers. 

Suppose, for instance, we find OB to be contained 
exactly twice in FD\ BO will be the common measure of 
the two proposed lines. Put B0=^1 ; we shall then have^ 
FD=*2; but JEB contains FD once, plus 0B\ therefore, 
we have EB=3: CD contains EB once, plus FD] there* 
fore, we have C!i9=5 : and lastly, AB contains CD twice, 
plus EB; therefore, we have AB=1S; hence, the ratio of 
the lines is that of 5 to 13. K the line CD were taken 
for uBity, the line AB would be V' i ^ -^ were taken 
for unity, CD would be ^ 

5. What has been shown, in respect to the straight 
lines, CD and AB^ ia equally true of any two magnitudes, 
A and B. 

For, we may conceive ^ to be divided into a number if 
of units, each equal to J.': then A=MxA^: let B be 
divided into a number N of equal units, each equal to A' ; 
then B=NxA' ] If and N being integer numbers. Now 
the ratio of -4 to J5, will be the same as the ratio of 
MxA' to NxA* ] that is, the same as the ratio of the 
numerical quantities M and N^ since ^' is a common unit 

6. If there be four magnitudes, J., 5, CJ and JO, having 
8uch values that 

B D 

then A is said to have the same ratio to B, that has to 
JD; or, the ratio of J. to JB is said to be equal to the 
ratio of C to -D. When four quantities have this relation 
to each other, they are said to be in proportum. 

To indicate that the ratio of ui to .B is equal to the 
ratio of C to D, the quantities are usually written thus, 

A : B: : C : D, 

and read, J.istOjl?as(7istoJ9. The quantities which 
are compared together are called the terms of the propor- 
tion. The first and last terms are called the two extremids^ 
and the second and third terms, the two means. 

4 
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7. Of foTir propoTtional quantities, the last is said to "be 
m fiywuih proportional to the other three, taken in ord^. 
The first and second terms, are called the first couplet of 
the proportion ; and the third and fourth terms, the ^ooTid 
wuplet: the first and third terms are called the antecedmtB^ 
nnd tlie seeond and fourth terms, the consequents, 

8. Three quantities are in proportion, when the first 
has the same ratio to the second, that the second has lo 
the third ; and then the middle t^rm is said to be a mean 
proportumal "between the other two. 

9. Magnitudes are in proportion by alternation^ or alter- 
nately, when antecedent is compared with antecedent, and 
consequent with consequent. 

10. Magnitudes are in proportion by inversian^ or Wr 
verseli/j when the consequents are taken as antecedents, and 
the antecedents as consequents. 

11. Magnitudes are in proportion by composition, whan 
the sum of the antecedent and consequent is compared 
either with antecedent or consequent. 

12. Magnitudes are in proportion by division, when the 
difference of the antecedent and consequent is compared 
ckher with antecedent or consequent. 

18. Equimultiples of two quantities are the products 
which arise from multiplying the quantities by the same 
uumbei : thus, mXA, mxB, are equimultiples of A and B^ 
the common multiplier bdng m. 

14. Two vaiying quantities, A and B, are said to be 
reciprocally proportional, or inversely proportional, when their 
values are so changed that one is increased as many times 
as the other is diminished. In such case, either of them 
is always equal to a constant quantity divided by thoe 
other, and their product is constant 
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psopoBrnoN l thbobeil 

When four magnitudes are in proportion, the product of ihi 
two extremes is equal to the product of the two means. 

Let A^ B^ C^ D, be any four magnitudes, and M^ N^ P^ 
Q^ their numerical representatiyes ; 

then, if M i N .1 P . Q, 

we shall have MxQ^NxP. 

'FoTj since the magnitudes are in proportion, we have 
(IK 6), 

— ==^; therefijre, 

Q 
Nrxjfx^i whence, NxP—JfxQ. 

Cot. If there are three proportional quantities, the 
product of the extremes will be equal to the square of 
the mean (d. 8), For, if N^P, we haye 

MX Q=N^ or P\ 

psoPosmoN n. TRisoBxii. 

J^ the product of two magnUudes be egual to the product of 
two other magnitudes^ two of them may he made the ea> 
tremes aiid the other two the means of a proportion. 

If we have MxQ-NxP] then will if : JV': : P : gi 
Fot, if P have not to Q, the ratio which if has to iV; 

let P have to Q\ (a number greater or less than Q,) the 

same ratio which if has to Ni that is, let 

M . N .. p I q\ 

then (p.l), MxQ'^NxP] 

X. r., NXP \ ^ ^ NX^ . 

hence, Q'— — -jj^ » but, Q— —j^ — * 

Consequently, ^= Q^ and the supposition that it is eiihei 
greater or less, is absurd ; hence, the lour magnitudes M^ 
J^ P, Q, are proportionaL 
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PEOPOSITION in. THEOEEM. 

Jf four magnitudes are in proportion, they will be in prth 

po7'tion when taken alternately. 

Let My N, Pj Qj be four quantities iii proportion ; ao that 

if : iV^ : : P : Q; tlien will M : P : : N : Q. 

For, since M : N : : P : Q: we have MxQ=NxP\ 
therefore M and Q may be made the extremes, and N and 
I P the means of a proportion (p. 2) ; 

hence, M i P \ : N i Q. 

PROPOSITION IV. THEOREM. 

^ tliere he four proportional magnitudeSy and four other piro- 
portional magnitudes, having the antecedents the same tV« 
bothj the consequents wiU be proportional. 



Let M : N :: P 

and M : B :: P 
thenwilliV^ : Q :: B 



Q, giving MxQ==NxPy 
S, giving BxP^MxS, 
S. 

For, multiplying the equations member by member, 

MxQxBxP=MxSxNxP] 
cancelling MxP in both members, we have, 

QxB=SxNi hence (p. 2), 
iV^ : Q : : B : S. 

Cot. If there be two sets of proportionals, in which 
the ratio of an antecedent and consequent of the one is 
equal to the ratio of an antecedent and consequent of the 
other, the remaining terms will be proportional 

For, if we had the two proportions, 

if : P : : N \ Q and JS : S i \ T \ V, 

we shall also have 

£^9. and 

M N 

Now, if --=:-=-, then 
and we shall have If : Q : : T : V. 





V 
''T 


Q 

N~ 


V 
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PBOPOSITION y. THEOBEIL 



If jwiT magnihtdes are in proportion^ they mill be in proportion 

when taken inversely. 

K M : N : : P : Q, then wiU N : M : : Q i P 

For, from the given proportion, we have 

MxQ=^NxP, or, NxP=-MxQ. 

Now, N and P may be made the extremes, and if and Q 
the means of a proportion (r. 2) : hence 

N : M : : Q : P. 

PBOPOBinON VI. THBOKKM. 

^ four magnitudes are in proportion, they wiU be in propo/r* 

tion by composition or division. 

If we have If : N : : P : Q^ 
we shall also have M^N : if : : PdcQ : P. 
For, from the first proportion, we have 

MX Q-=NxP, or NxP^ifx Q. 

Add each of the members of the last equation to, and 
subtract it from MxP, and we shall have, 

JfxP±iV^xP=irxP±ifxC; or 
{MdtzN)xP^{P±Q)xK 

But ifdoN' and P, may be considered the two extremefli 
and P^Q and J/j the two means of a proportion (p. 2): 
hence, 

{Jf±N) : If :: (P±0) : P. 

PBOPOsrnoN vn. theobkil 

JSgiuimtdtiples of any two majgnitudes^ have the same ratio a§ 

the mag.iitudes themselves. 

Let M and N be any two magnitudes, and m any num- 
l)er whatever; then will mxM^ and mxN^ be equal m\d- 



£i GBOMBTBY, 

tiples of 'M and N\ then mxM will be to mXNj in the 
ratio of M to iV. 

For, MxN=NxM. 

multiplying each member by m, and we have 

mXMxN=mXNxM: then (p. 2), 

mxM : mXNw M\ K 

PEOPOSITION Vin. THEOKEM. 

Of four proportional magnitudes^ if there he taken any equinval' 
tiples of the two antecedents, and any equimultiples of the ttm 
consequents, such equimultiples mill le proportiondL 

Let My N, P, Q, be four magnitudes in proportion ; and 
let m and n be any numbers whatever, then will 

mxM : nXN' : : mXP : nXQ. 
For, since M \ N : \ P \ Qy 
we have » MxQ—NxP] 

hence, mXMXnxQ=nxNxmxPy 

by multiplying both members of the equation by mXn. 
But mXM and nxQ, may be regarded as the two extremea^ 
and nXN and mXP, as the means of a proportion ; hence, 

mXM : nXN : : mXP : nXQ. 

PEOPOSITION IX. THEOKEM. 

Cf four proportional magnitudes^ if the two consequents he 
either augmented or diminished by magnitudes which have 
A» same ratio as the antecedents, the resulting magniiudee 
and the antecedents will be proportional. 

Let M : 

and let Jf : 

then will M : 

For, since M : 

nd mnce M : 

therefore, ifx (^Mx n:^NxP^PX m, 
or Mx{Q^n)=^Px{N'^m): 

hence (p. 2\ M : P : : Ndtm : Qdbw, 



N : : 


P : Q, 


P : : 


m : n] 


P : : 


N^m : Q^n. 


iV : : 


P : Q, MX Q=NxP. 


P : : 


m : n, MXn^Pxm, 
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ff any nunJ^er of Tnagrdtudea are proportionab^ any one anid- 
cedent wHl be to its conaequent, as the sum of all the ante- 
cedents to the sum of the consequents. 

Let M : y :: P : Q .: S : S, Uc 

Then sincei 
M : N :: P : Q, ire hsive JfxQ^NxP, 
«ad, if : N :: B : S, we have JUxS^^NxB, 
add to each MxN—MxNj 

then, MxN+AfxQ+MxS^-JfxN+NxP+NxB, 
or, Mx{N+Q+S)=Nx{M+P+R)i 

therefore (p. 2), If : N :: J£+P+Jt : N+Q+& 

PROPOSITIOK XL THEOREM. 

^ two magnitudes be each increased or diminid^ by MIot 
parts of each, the resuUinff magnitudes toiU have the same 
ratio as the magnitudes themselves, 

M N 
Let M and N be any two magnitndes aad — and ** 

like parts of each. 

We have AfxN^MxN 

add to both, or sabt =- • member by member 

' mm '' 

MxN MxN 

and we have (a. 21 Jf X JV'db — -— ^MxN^ -;r^» 



m m 

cm. 



M^=^S=^^=^^)' 



thM is (P. 2), Jf : JV :: Jf±^ : N±^~ 



m m 



PB0P06ITI0N Xn. TEBOBEIL 



If fmr magnitudes are proportional, Aieir ajuarea or cubes w3l 

aim be proportional 

Let M : If : P : Q, 

Then will, Jf X Q=NxP, 
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By squaring both members, M^X ^=N^xP^i 

•I « « « 
and by' cubing both members, M xQ =N XP ; 

therefore, M : N^ : : P^ : Q^ 

nd AI^ : N^ :: P^ : Q^^ 

Cor. lA a similar way it may be shown that like poweM 
or roots of proportional magnitudes are proportionals. 

PROPOSITION Xin. THEOEEM, 

If there be two sets of proportional magnitudes, the products ^ 
ih^ corresponding terms will be proportionals. 



Let M : N :: P 

and , R I S :: T 

then will MxR : NxS 

For, since MxQ^NxP, 

and BxV=^SxT, 

YieshsiX\ha.YeMxQxExV=]SrxPxSxT, 



PxT : QxV. 



or, MxRxQxV=NxSxPxT\ 

therefore, MxR : NxS : : PxT : QxV. 



PBOPOSITION XIV. THEOEEM. 

If any number of magnitudes are contmved proportionals ; then^ 
the ratio of the first to the third unit be duplicate of the 
common roMo ; and the ratio of the first to the fourth vnO 
be triplicate of the common ratio; and so on. 

For let A be the first term, and m the common ratio: 
the proportional magnitudes will then be represented bj 

-4, m^xAy fY?XA, m^xA, m^xA, &c.: 

JSfow, the ratio of the first to any one of the following 
terms exactly corresponds with the eiuncfatioa 
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THE CIRCLE^ AND THE MEASUREMENT OF ANGLES. 



BBFINITIONS. 




1. The ClBCUlCFEBKKCE OF A CiRCLE 

is a curve line, all the points of which 
are equally distant from a point within, 
called the centre. 

The circfe is the portion of the plane 
terminated by the circumference. 

2. Every straight line, drawn from the centre to the 
circumference, is called a radius, or, semidiameier. Every 
line which passes through the centre, and is terminated, on 
both sides, by the circumference, is called a diameter. 

From, the definition of a circle, it follows, that all the 
radii are equal; that all the diameters are also equal, and 
each double the radius. 

8. Any part of the circumference is called an arc. A 
straight line joiniQg the extremities of an arc, and not passing 
through the centre, is called a ehcrd^ or subtense of the arc* 

4. A Segment is the part of a circle included between 
an arc and its chord. 

5. A Sector is the part of the circle included between 
an arc, and the two radii drawn to the extremities of the 



* In all osaoB, the same ^ord belongs to two arcs, and consequently, also to two 
BegnMUktB : but the amaller one ia alwaja meant, unleaa the contrary ia ezpreeaod. 



58 



GEOMETRY. 





6. A Straight Like is said to be 
inscribed in a circle^ when its extremities 
are in the circumference. 

An inscribed angU is one which has 
its vertex in the circumference, and is 
included by two chords of the circle. 

7. An inscribed triangle is one which 
has the vertices of its three angles in the 
circumference. 

And generally, a polygon is said to 
be inscribed in a circle, when the vertices 
of all its angles are in the circumfer- 
ence. The circumference of the circle 
is then said to circumscribe the polygon. 

8. A Secant is a line which meets 
the circumference in two points, and lies 
partly within, and partly without the circle. 

9. A Tangent is a line which has 
but one point in common with the cir- 
cumference. 

The point where the tangent touches the circumference, 
is called the point of contact 

10. Two circumferences tomh each 
other when they have but one point in 
common. The common point is called 
the point of tangency. 




11. A polygon is cit0umacrS)«i about a 
circle^ when each of its sides is tangent to 
the circumference. 1a the same case, the 
circle is said to be inscribed in the poly- 
gon. 

postulate. 

12. Let it be granted that the circumference of a circle 
may be described &om any centre, and with any radioa. 
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nWOBinONI. THXOSSIL 

flbery diameier divides the circle and its circumference each irdo 

two equod parts. 

Let AEBF be a circle, and AB a diameter. Now, if 
the figure AEB be applied to AFB^ 
their common base AB retaining its 
position, the curve line AEB must 
fidl exactly on the curve line AFBy 
otherwise there would, in the one or 
the other, be points unequally dis- 
tant from the centre, which is con- 
trary to the definition of a circle. Hence, the diameter 
divides the circle and its circumference, each into two 
equal parta 

pKOPosmoN n. theokem. 

Eoery chord is less than a diameter. 

Let AJ) be any chord. Draw the 
ladii CAy CD^ to its extremities. We 
shall then have (b. i., p. 7)* 

AD<AC+CD, ^\ 

but AC plus CD is equal to AB\ 
hence, AD<iAB. 

Cor. Hence, the greatest line which can be inscribed in 
a circle is a diameter. 

psoposmoN m. thboksm. 

A straight line cannot meet the circumference of a circle in 

m/ore than two points. 

For, if it could meet it in three, those three points 
would be equally distant from the centre ; and there would 
be three equal straight lines drawn from the same point to 
the same straight line, which is impossible (b. L, p, 16^ a 2). 

* When referenoe is made fW>m one Proposition to uiother, in the §ameBoot^ th« 
number of the Proposition referred to is alone given ; out when the Proposition it 
Ibnnd in a different BooIl, the number of the JBook ia also giTen. 
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PROPOSITION IV. THEOEEM. 

In the same circle^ or in eqml circles, equal arcs are subtended by 
equal c/^tords: and. conversely^ equal chords subtend equal arcs. 

Let and be the centres of two equal circles, and 
suppose the arc AMD equal to the arc UNG : then will 
the chord AD be equal to the chord EG. 

For, since the diam- 
eters AB, EF, are equal, ^^^"^ ^\ ^ 
the semi-circle AMDS W/\ \ /^ 
may be applied to the 
semi-circle ENOF^ and 
the curve line AMDB 
wiU coincide with the 
curve line ENOF. But the part AMD is equal to the part 
ENG^ by hypothesis ; hence, the point D will fall on G ; 
therefore, the chord AD will coincide with EG (b. i., a. 11), 
and hence, is equal to it (b. i., a. 14). 

Conversely: K the chord AD is equal to the chord EG^ 
the subtended arcs AMD^ ENG^ will also be equal. 

For, drawing the radii CZ), OG^ the triangles ACD^ EOG^ 
will have their sides equal, each to each, namely, AG^EO^ 
CD=OG^ and AD=EG\ hence, the triangles are them- 
selves equal; and, consequently, the angle A CD is equal 
to EOG (b. I., p. 10.) 

Now, place the semi-circle ADB on its equal EGF, so 
that the radius AC may fall on the equal radius EO. 
Then, since the angle ACD is equal to the angle EOG, the 
radius CD will fall on OG, and the sector AMDC will 
coincide with the sector ENGO, and the arc AMD with 
the arc ENG : therefore, the arc AMD, is equal to the arc 
ENG (b. I., A- 14). 

PBOPOSinON V. THEOBEM. 

In equal eirdes, or in the same circle, a greater arc is subtend' 
^ by a greater chord: and conversely, the greater chord 
subtends the greater arc. 

Let C be the common centre of two equal circles : then, 
if the arc ADH is greater than the arc AD, the chord AH 
will be greater than the chord AD, 
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For, draw the radii CA^ CD^ 
CH^ and the chords AD^ AH. 
Kow, the two sides AC^ OH^ of 
the triangle ACH are equal to 
the two sides AC^ CD, of the tri- 
angle ACD^ and the angle ACH, 
is greater than A CD: hence, the 
third side AH is greater than the 
third side AD (b. i., p. 9); there 
fore the chord which subtends the greater arc is the greater. 

Conversely: If the chord AH is greater than AD^ the 
arc ADH will be greater than the arc AD, 

For, if ADH were equal to AD, the chord AH would 
be equal to the chord AD (p. 4), which is contrary to the 
hypothesis: and if the arc ADH were less than AD, the 
chord AH would be less than AD, which is also contrary 
to the hypothesis. Then, since the arc ADH, subtended by 
the greater chord, cannot be equal to, nor less than AD, it 
must be greater. 

Scholium, The arcs here treated of are each less than 
the semi-circumference. K they were greater, the reverse 
property would have place; for, as the arcs increase, the 
chords will diminish, and conversely. 



PROPOSITION VI. THEOREM. 

The radiits which is perpendicular to a cJiord, bisects the chord^ 
and bisects also the subtended arc of the chord. 

Let AB be any chord, and CO a radius perpendicu- 
lar to it : then will AD be equal to DB, and ike arc AO 
to the arc GB. 

For, draw the radii CA, CB 
Then the two right-angled trian- 
gles ADO, CDB, will have AC 
equal to CB, and CD common; 
hence, AD is equal to DB (b. l, 
p. 17). 

Again, since AD, DB, are 
equal, CQ ia % perpendicular 
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erected from the middle of AS] 

and since {? is a poiQt of this 

perpendicular, the chor^ AG 

and GB are equal (b. i., p. 16), 

But if the chord AG is equal 

to the chord GB, the sotg AG 

is equal to the arc GB (p. 4) ; 

hence, the radius (7(?, at right 

angles to the chord AB^ divides 

the arc subtended by that chord into two equal parts. 

Scholium. The centre G^ the middle point D of the 
chord AB^ and the middle point G of the subtended aro^ 
are three points of the same straight line perpendicular to 
the chord. But two points determine the position of a 
straight line (a. 11) ; hence, every straight Kne which passes 
through two of these points, will necessarily pass through 
the third, and be perpendicular to the chord. 

It follows, also, that ike perpendicular raised at the middle 
point of a chord passes through the centre of the circle, and 
ih/rough the middle point of the sttbtended arc. 

For, the perpendicular to the chord, drawn from ihe 
centre of the circle, passes through th^ middle point of the 
chord, and only one perpendicular can he drawn from the 
same point to the same straight line (b. i., p. 14, o). 



PROPOSITION VIL THEOREM. 

Througa three given points, not in the same straight line^ ofM 
circufnference may always he Tnade to pass, and bitt one^ 

Let A, B, and (7, be the given points. 

Join the points A and B by 
the straight line AB, and the 
points B and G by the straight 
line BO, and then bisect these 
lines by the perpendiculars DE 
FG: we say first, that DB and 
FG, will intersect in some point 0. 

For, they intersect each otha* 
unless they are parallel (b. i., b. 16). Kow, if they aie 
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parallel, the line AB wluch is perpendicular to DH, is also 
perpendicular to FQ^ and tlie angle JT is a right angle 
(b. i^ p. 20, c. 1). But BK, the prolongation of AB^ is a 
difiSarent line from BF^ because the three points A^ B^ (7, 
are not in the same straight line; hence, there would be 
two perpendiculars, BF^ BK^ let fall from the same point 
B^ on the sanA straight line, which is impossible (b. l, ?• 
14); hence, DEy FO^ are not parallel, and consequently, 
will intersect in some point 0, 

Moreover, since the point lies in the perpendicular DB^ 
it is equallj distant from the two points, A and B (b. i., 
P. 16); and since the same point lies in the perpendicu* 
lar FG^ it is also equallj distant fix>m the two points B 
and Ci hence, the three distances OA^ OB^ 0C7, are equal; 
therefore, the circumference described from the centre 0, 
with the radius OB^ will pass through the three given 
points, A^ B^ 0. 

Wc have now shown that one circumference can always 
be aade to pass through three given points, not in the 
sajQie straight line : we say farther, that but one can be 
described through them. 

For, if there were a second circumference passing through 
the three given points A^ B, (7, its centre could not be out 
of the line DE, for any point out of this line is unequally 
distant fit>m A and B (b. l, p. 16) ; neither could it be out 
of the line FG, for a like reason ; therefore, it would be 
in both the lines BEy FG. But two straight lines cannot 
cut each other in more than one point ; hence, there is but 
one circumference which can pass through three given 
points. 

Cbr. Two circumferences cannot meet in more than tiro 
points; for, if they have three common points, there will 
be two circumferences passing through the same three 
points; which has been shown, by the proposition, to be 
tmpoflHibitfc 
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PKOPOSmON VIIL THEOBEM. 

Ihvo equal chords are equally distant from the centre; and of 
two uneqital chords^ the less is at the greater distance from 
the centre. 

Suppose the chord AB to be equal to the chord DE. 
Prom G the centre of the circle, draw OF, and CG res- 
pectively perpendicular to the chords: then will OF be 
equal to CG. 

Draw the radii CA, CD ; then 
in the right-angled triangles CAF^ 
DCGj the hypothenuses CA, CD, 
are equal (d. 2) ; and the side 
AF, the half of AB (p. 6), is 
equal to the side BG, the half 
of BF: hence, the triangles are 
equal, and CF is equal to CG 
(b. I., P. 17) ; consequently, the 
two equal chords AB, BE^ are equally distant from the 
centre. 

Secmtdly. Let the chord AH h^ greater than BE: then 
will BE be furthest from the centre C. Since the chord 
AH is greater than BE the arc AKH is greater than BME 
(p. 5). Cut off from the former, a part ANB^ equal to 
BME] draw the chord AB^ and draw CF perpendicular 
to this chord, and CI perpendicular to AH. It is evident 
that CF is greater than CO (b. l, A. 8), and CO than CI 
(b. I., P. 15) ; therefore, CF is still greater than CL But 
CF is equal to CG, because the chords AB, BE, are equal : 
hence, CG is greater than CI\ therefore, of two unequal 
chords, the less is the farther from the centre of the circle. 

PBOPOSITION IX. THEOBEM. 

A straight line perpendicular to a radius, at its \cbmmtyp is 

tangent to the drcumfsrenoe. 

Let the liie BB be perpendicular to the radius OA at 
its extremity A\ then will it be tangent to the circumfer- 
ence. 
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For, every oblique line CE^ B_ 
is longer than the perpendicular 
CA (b. I., p. 15) ; hence, the point 
E is without the circle; there- 
fore, the line BD has no |K>int 
but A in common with the cur- 
emn Terence; consequently, the line BD is a tangent (d. 9). 

Our, 1. Conversely, if a straight line be tangent to a 
cdrc^le, it will be perpendicular to the radius drawn to 
the point of contact. 

Let BAD be a tangent, and OA a radius drawn 
through the point of contact A : then will BD be perpen* 
dicular to CA. For, through the centre CJ suppose any 
other line, as GOE^ to be drawn. Then, since BD is a 
tangent, the point E will lie without the circle, and conse- 
quently OE will be greater than the radius CO or CA; 
therefore, the radius CA^ measures the shortest distanoo 
firom the centre Q to the tangent BD\ hence, it is pei^ 
pendicular 'to the tangent (b. I., p. 15, C. 1). 

Cor. 2. At a given point of the circumference oa.y one 
tangent can be drawn to the circle. For, let A be the 
given point, BD a tangent, and CA the radius drawn 
through the point of contact A. Now, if another tangent 
could be drawn, it would also be perpendicular to CA at 
the point -4, by the last corollary: that is, we should have 
two lines perpendicular to CA^ at the same point; which 
18 impossible (b. i., p. 14, c). 



PBOPOSmON X. THE0KJ5M. 



Two parallels intercept equal arcs of the circumfererkce. 



There may be three cases. 

First. When the two parallels 
•re secants. Let AB and DE be 
two parallels : draw the radius CH 
perpendicular to the chord MP* 
It will, at the same time, oe per- 
pendicular to NQ (b. I., p. 20, c. 1) ; 
therefore, the point H will be at 

5 
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once the middle of the axe MHP^ 
and of the arc NHQ (p. 6) ; conse- 
quently, we shall have the arc 
ME -HP, and the arc NH=HQ ; 
and therefore 

MH-NH^HP-HQ ; 

in other words, MN=PQ, 

Second. When, of the two par- 
allels AB, DEy one is a secant, and 
the other a tangent, draw the radius 
CH to the point of contact H] it 
will be perpendicular to the tan- 
gent DE (p. 9, c. 1), and also to 
its parallel MP (b. l, p. 20, c. 1). 
But since CH is perpendicular to 
the chord J£P, the point H must 
be the middle of the arc MHP (p. 6) ; therefore, the arcs 
MHy HP, included between the parallels AB, DE, are 
equal. 

Third. H the two parallels DE, IL, are tangents, the 
one at H, the other at K, draw the parallel secant AB\ 
and, from what has just been shown, we shall have 

MH^HP, MK^KPi 

and hence, the whole are HMK^HPK. It is further evi* 
dent that each of these arcs is a semi-circumference. 

Cbr. Conversely: If the arc HM is equal to the arc 
HP, it is plain that the chord MP will be parallel to the 
tangent DE. 




PROPOSITION XI. THEOREM. 

5^ two drcumfereruxs have one point common, out of the straight 
line which joins their centres, they mil also have a sooowi 
point in common ; and the two points will he situated in a 
line perperidiciilar to the line joining Ihe centres, and at 
equal distances from it. 



Let the two circumferences described about the centres; 
C and D intersect each other at thp point A ; draw AF 
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perpendicular to CZ>, and prolong it tUl BF is eqaal to 
AF\ then will the ciroumferenceB also intersect each other 
9XR 





For, since AF is equal to FB^ CF common and the 
angles at F right angles, the hypothenuses CB and CA are 
equal (b. i., p. 6) : hence, the circumference described about 
the centre (7, with the radius CA^ will pass through B 
En the same manner it may be shown, that the cLrcumfer> 
ence described about the centre 2>, with the radius DA^ 
will also pass through B 

OoT. If two circumferences intersect each other, ihey 
will intersect in two points^ and the line which joins the 
centres will be perpendicular to the common chord at the 
middle point. 



PSOPOSmON XIL THEORSIL 



J^ Ae ctrcwn^mnoea of two circles intersect each ottier^ the dUs' 
tanoe between their centres will he less than the sum </ their 
rada^ and greater than the deference. 



Let two circumferences be 
described about the centres 
and 2>, with the radii CA and 
DA: then, if these circumfer- 
ences intersect each other, the 
triangle CAD can always be 
Now, in this triangle, 



formed. 
CAD, 

olaoy 




CD<CA+AD (b. l, r. 7), 
CD>DA-AC (b. l, p. 7, a) 
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TBOPOSITION XIIL TH£OR£M. 



If the distance between the centres of two circles is equal to 
the sum of tJieir radii, the circumferences will touch each 
other externally. 

Let C and D be the centres of two circles at a distance 
from each other equal to CA+AD, 

The circles will evidently have 
the point A common, and they will 
kave no other ; because if they have 
two points common, the distance 
between their centres must be less 
than the sum of their radii, which 
is contrary to the supposition. 

Cbr. K the distance between the centres of two circles 
is greater than the sum of their radii, the two circumfer- 
ences will be exterior the one \6 the othet. 




PKOPOSITION XrV. THEOBEM* 



ff the distance between the centres of two circles is eqttal to the 
difference of their radii, the two circumferences will iowh 
each other internally. 

Let C and D be the centres of two circles at a distance 
from each other equal to AD^CA. 

It is evident, as before, that the 
two circumferences will have the 
point A common : they can have 
ao other ; because if they had, the 
distance between the centres would 
be greater than AD— GA (p. 12) ; 
which is contrary to the supposition. 

Chr. 1. Hence, if two circles touch each other, either 
externally or internally, their centres and the point of con- 
tact will be in the same straight line. 

Oct. 2. K the distance between the centres of two 
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onoles is leas than the difference of their radii, one droU 
wiU be entirely within the other. 

Scholium 1. All circles which have their centres on the 
right line AD, and which pass through the point A, are 
tangent to each other at the point A, For, they have onlj 
the point A common, and if through A, AE be drawn 
perpendicular to AD^ it will be a common tangent to all 
the circles. 

Sc/ioUum. 2. Two circumferences must occupy with res- 
pect to each other, one of the five positions above indi* 
cated, 
1^ They may intersect each other in two points : 
2dL They may touch each other externally: 
3dL They may be external, the one to the other: 
44h. They may touch each other internally : 
5^ The one may be entirely within the other. 

PB0P08ITI0K XV. TH£0B£1L 

In the same circle^ or in equal circles^ radii making equal 
angles at the centre, intercept equal ares en the circumference. 
And conversely: If tlie arcs intercepted are equal, the angles 
contained by the radii are also equaL 

Let and C be the centres of equal circles, and the 
angle ACB^DCK 

First Since the angles 
ACB, DCS, are equal, one of 
them may be placed upon 
the other. Let the angle A CB 
be placed on DCE. Then 
since their sides are equal, 
the point A will evidently fall on Z>, and the point B <m 
JE The arc AB will also fall on the arc DE\ for, if the 
arcs did not exactly coincide, there would, in the one or 
the other, be points unequally distant from the centre; 
which is impossible : hence, the arc AB is equal to DB 

(A. 14). 

Saxmd. If the are AB^DE, the angle ACB i» equal 
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to DOE. For, if these angles are not equal, suppose 
one of them, as ACB^ to be the greater, and let ACT be 
taken equal to DCE, From what has just been showii, 
we shall then have AI=^DE\ but, by hypothesis, AB is 
equal to DE\ hence, AI must be equal to AB^ or a part 
equal to the whole, which is absurd (a. 8); hence, the 
angle AGB is equal to DCE. 



PEOPOSITION XVI. THEOKEM. 

In the same circle^ or in equal circles^ if two angles ai the 
centre have to each other the ratio of two whole numbers^ 
the intercepted arcs will have to each other Hie same roMo: 
or, we shall have the angle to the angle^ as Hie correspond' 
ing arc to the corresponding arc. 

Suppose, for example, that the angles ACB^ DCE, are 
to each other as 7 is to 4; or, what is the same thing, 
suppose that the angle i/J which may serve as a common 
measure, is contained 7 times in the angle ACB^ and 4 
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times in DCE, The seven partial angles ACm^ mCn, nCp^ 
&c., into which ACB is divided, are each equal to any of 
the four partial angles into which DCE is divided; and 
each of the partial arcs, Am, mn, np^ &c., is equal to each 
of the partial arcs Dx, xy, &c. (p. 15). Therefore, the whole 
arc AB will be to the whole arc DE, as 7 is to 4. But 
the same reasoning would evidently apply, if in place of 
7 and 4 any numbers whatever were employed ; hence, if 
the angles ACB, DCE, are to each other as two whole 
numbers, they will also be to each other as the arcs AB^ 
DE. 

Cbr. Conversely : If the arcs AB^ DEj are to each othei 
as two whole numbers, the angles ACB^ DCE will be to 
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eaeh other as the same whole numbers, and we shaU have 

AB : DE II ACB : DOR 

For, the paitial arcs, J.m, muj &c., and Dx, ocy^ &c., being 
eqnal, the partial angles ACm^ mCn^ &c., and DCx, xCy, dco, 
will also be equal, and the entire arcs will be to each 
other as the entire angles. 

PBOPOSITION ZVn. THEOREM. 

£» the same circk^ or in eguai circles^ any two angles at ths 
centre ore ft> each other as the intercepted arcs. 

Let ACB and ACB be two angles at the centres of 
equal circles: then will 

ACB : ACB :: AB : AB. 

For, if the angles are 
equal, the arcs will be equal 
(p. 15), If they are unequal, 
let the less be placed on 
the greater. Then, if the -^..-j-*-^^ 

proposition is not true, the ^ 

angle ACB will be to the angle ACD as the arc AB is to an 
arc greater or less than AB. Suppose such arc to be 
greater, and let it be represented hj AO; we shall thus 
have, 

the angle ACB : angle ACB : : arc AB : arc AO. 

Next conceive the arc AB to be divided into equal parts, each 
of which is less than 1)0] there will be at least one pom* 
of division between B and 0; let / be that point; and 
draw CL Then the arcs AB, AI, will be to each other 
as two whole numbers, and by the preceding theorem, we 
shall have, 

angle ACB : angle ACI :: arc AB : arc AI. 

Comparing the two proportions with each other, we see 
that the antecedents in each are the same: hence, the cod* 
sequents are proportional (b. n., p. 4) ; and thus we find, 

the angle ACB : angle ACI : : arc AO : arc ^17. 

But the arc -40 is greater than the arc AT; hence, if this 
proportion is true, the angle ACB must be greater than the 
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angle ACI\ on th^ contrary, however; i: is kss; henoe, 
the angle A CB cannot be to the angle A CD as the arc AB 
is to an arc greater than AD, 

By a process of reasoning entirely similar, it may be 
shown that the fourth term of the proportion cannot be 
ess than AD'^ hence, it is AD itself; therefore, we have 

angle ACB : angle ACD : : arc AB : arc AD. 

Scholium 1. Since the angle at the centre of a circle, 
and the arc intercepted by its sides, have such a- connec- 
tion, that if the one be augmented or diminished, the other 
will be augmented or diminished in the same ratio, we are 
authorized to assume the one of these magnitudes as the 
measure of the other; and we shall henceforth assume the 
arc AB as the measure of the angle ACB, It is only neces- 
sary, in the comparison of angles with each other, that the 
arcs which serve to measure them, be described with equal 
radii. 

Scholium 2. An angle less than a right angle will be 
measured by an arc less than a quarter of the circumfer- 
ence: a right angle, by a quarter of the circumference: 
and an obtuse angle by an arc greater than a quarter, and 
less than half the circumference. 

Scholium 3. It appears most natural to measure a quan- 
tity by a quantity of the same species; and upon this 
principle it would be convenient to refer all angles to the 
right angle. This being made the unit of measure, an 
acute angle would be expressed by some number between 
and 1 ; an obtuse angle by some number between 1 and 2. 
This mode of expressing angles would not, however, be 
the most convenient in practice. It has been found more 
simple to measure them by the arcs of a circle, on account 
of the facility with which arcs can be made to correspond 
to angles, and for various other reasons. At all events, if 
the measurement of angles by the arcs of a circle is in 
any degree indirect, it is still very easy to obtain the direct 
and absolute measure by this method; since, by comparing 
the fourth part of the circumference with the arc which 
serves as a measure of any angle, we find the ratio of a 
right angle to the given angle, which is the absolute measure. 
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ScJioUum 4. All that has been demonstrated in tDe last 
three propositions, concerning the comparison of angles 
with arcs, holds true equally, if applied to the comparison 
of sectors with arcs. For, sectors are not only equal when 
their angles are so, but are in all respects proportional to 
heir angles; hence, ttoo sectors AOBy ACD^ taken in the 
mime circle, or in equal circles^ are to each other as the ara 
A-B, AD^ the bases of those sectors. Hence, it is evident that 
the arcs of equal circles, which serve as a measure of cor- 
responding angles, are proportional to their sectors. 



PKOPOSmON XVIII. THEOREM. 

Any inscribed angle is measured by half the arc included 

between its sides. 

Let BAD be an inscribed angle, and let us first sup* 
pose the centre of the circle to lie within the angle BAD. 
Draw the diameter ACE, and the radii CS, CD. 

The angle BCE, being exterior to 
the triangle ABC, is equal to the sum 
<rf the two interior angles CAB, ABC 
(b. I., p. 25, c. 6) : but the triangle BA 
being isosceles, the angle CAB ia equal 
to ABC ; hence, the angle BCE is double 
BAC. Since BCE is at the centre, 
it is measured by the arc BE (p. 17, s. 1); 
hence, BAC will be measured by the 
half .of BE. For a like reason, the angle CAD will be 
measured by the half of ED\ hence, BAC + CAD, or BAD 
will be measured by half of BE-^ED, or half of BED. 

Secondly. Suppose the centre C to 
lie without the angle BAD. Then, draw- 
ing the diameter ACE, the angle BAE 
will be measured by the half of BE] 
the angle DAE by the half of DE: 
hence, their difference, BAD, will be 
measured by the half of BE minus the 
half of ED, or by the half of BD. 
Hence, every inscribed angle is measured 
by half the arc included between its sides. 





1) E 



74 



GEOMETRY. 



Oor. 1. All the angles BA C, BDC, 
BEC^ inscribed in the same segment 
are equal; becauBe they are each 
measured by half of the same arc 
BOG. 

Got. 2. Every angle BAD, inscrib- 
ed in a semicircle is a right angle; 
because it is measured by half ^ the 
eemicircumference BOD, that is, by 
the fourth part of the whole circum- 
ference (p. 17, s. 2). 

Gar. 3. Every angle BAG, inscrib- 
ed in a segment greater than a semi- 
circle, is an acute angle ; for it is 
measured by half the arc BOG, less 
than a semicircumference (p. 17, s. 2). 

And every angle BOG, inscribed 
m a segment less than a semicircle, is 
an obtuse angle ; for it ii measured by half the arc BAO^ 
greater than a semicircumference. 

Gor. 4. The opposite angles A and 
G, of an inscribed quadrilateral ABGD, 
vre together equal to two right angles : 
for, the angle BAD is measured by 
half the arc BGD, the angle BGD is 
measured by half the arc BAD ; hence, 
the two angles BAD, BGD, taken together, are measured 
by half the circumference ; hence, their sum is equal to 
two right angles (p. 17, s. 2). 





PKOPOSmON XIX. THEOREM. 

The angle formed by two chords, which intersect each other, is 
measured by half the sum of the arcs included between its sides. 

Let AB, GD, be two chords intersecting each other at 
E\ then will the angle AEG, or DEB^ be measured by 
half of AG-^-DB. 
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Draw AF parallel ix) DO: the 
arc DF will be equal to AO (p. lOX 
and the angle FAB equal to the 
angle BFB (b. l, p. 20, c. 8). But the 
angle FAB is measured by half the 
arc FDB (p. 18) ; therefore, DEB is 
measured bj half of FDB; that 
is, by half of DB+DF, or half of 
DB-^AC 

•To prove the same for the angle DEA, or its equa^ 
BEG. Draw the chord AO. Then, the angle DOA will 
be measured by half the arc DFA] and the angle BAO 
by half the arc OB (p. 18). But the outward angle AED^ 
of the triangle EAO, is equal to the sum of the angles 
A and (b. I., p. 25, c. 6) ; hence, this angle is measured 
by one-half of BO plus one-half of AFD] that is, by half 
the sum of the intercepted arcs. By drawing a chord 
BCj similar reasoning would apply to the angle AEO ot 
DER 
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The angle formed by two secants^ is measured by half the 
difference of the arcs included between its sides. 

Let ABy J. CI be two secants: then w'll the angle BAO 
be measured by half the difference of the arcs BEO and 
DF 

Draw DE parallel to AO: the 
arc EO will be equal to DF (p. 
10), and the angle BDE equal to 
the angle BA (b. i., p. 20, c. 8). 
But BDE is measured by half the 
arc BE (p. 18) ; hence, BA is also 
measured by half the arc BE] 
that is, by half the difference of BEO 
and ECj and consequently, by half 
the diiference of BEO and DF. 
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rROPosmoN xxr. thex>b&m. 

Any angle formed by a tangent and a chord passing through 
the point of contact, is measured by half the arc included 
betiveen its sides. 

Let BE be a tangent, and AC n chord. 

From Aj the point of contact, draw 
the diameter AD. The angle BAD is 
a right angle (p. 9), and is measured by 
half the semicircumference AMD (p. 17, 
8, 2) ; the angle DA G is measured by the 
half of J9(7 ; hence, BAD+DA C, or BA 0, 
is measured by the half of AMD plus 
the half of DC, or by half the whole 
arc AMDC. 

It may be shown, by taking the diiferenoe of the 
angles DAE, DAC, that the angle C4^ is measured by 
half the arc A CJ included between its sides. 




PEOBLEMS 
RELATING TO THE FIRST AND THIRD BOOKS 

PROBLEM I. 
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To bisect a given straight line. 

Let AB be the given straight line. 

From the points A and B as cen- 
tres, with a radius greater than the half 
of ABy describe two arcs cutting each 
other in D\ the point D will be equal- 
ly distant from A and B, Find, in like 
manner, above or beneath the line AB, 
a second point E, equally distant from 
the points A and B; through the two 
points D and E, draw the line DE, 
and the point (7, where this line meets AB, will be equally 
distant from A and B. 
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For, the two points D and E^ being each eqnallj dis* 
tant from the extremities A and jB, must both lie in the 
perpendicular raised at the middle point of AB (b. I., P. 16, c). 
But only one straight line can be drawn through two 
given points (a, 11) ; hence, the line DE must itself be that 
parpendicular, which divides AB into two eqiuJ parts. 

PROBLEM IL 

At a given pointy in a given straight line, to erect a perpendi> 

ular to that line. 

Let BC be the given line, and A the given point 

Take the points B and G at equal 
distances from A ; then from the points 4 y ^ 

B and Csna centres, with a radius great- 
er than BAj describe two arcs inter- 
secting each other at D ; draw AD and 
it will be the perpendicular required. -- -* v 

For, the point B^ being equally distant from B and C, 
must be in the perpendicular raised at the middle of BC 
(b. l, p. 16) ; and since two points determine a line, AD is 
that perpendicular. • 

iScholium. The same construction serves for making a 
right angle BAD^ at a given point A^ on a given straight 
line BC. 

PBOBLEM m. 

From a given point, without a straight bne, to let Jatt a per 

pendicular on that line. 

# 

Let A be the point, and BD the given straight line. 

From the point J. as .a centre, and 
with a radius sufficiently great, des* 
cribe an arc cutting the line BD in 
two points B and D\ then mark a 
poiat E^ equally distant from the 
points B and D^ and draw AE\ it 
will be the perpendicular required. 

For, the two points A and E are each equally distant 
from the points B and D\ hence, the line AE is a perpen- 
dicular passing through the middle of BD (b. I., P. 16, o). 
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PBOBLEM rV. 

At a point in a given line, to construct an angle equal to a 

given angle. 

Let A be the given point, AB the given line, and ZSZ^ 
the given angle. 

From the vertex i^ as a 
centre, with any radius, JE2J 
describe the arc IL, termina- 
ting in the sides of the angle. ^ -^ 
From the point J. as a centre, with a distance AB, equal 
to KIj describe the indefinite arc BO; then take a radius 
equal to the chord LI, with which, from the point £ as a 
centre, describe an arc cutting the indefinite arc BO, in D; 
draw AD', and the angle BAD will be equal to the given 
angle JE 

For, the two arcs BD, LI, have equal radii, and equal 
chords ; hence, they are equal (p. 4) ; therefore, the angles 
BAD, IKL, measured by them, are also equal (p. 15). 

PBOBLEM V. 

7b bisect a given arc, or a given angle. 

First Let it be required to divide the arc AFB into 
two equal parts. From the points A and B, as centres, 
with equal radii, describe two arcs cutting each other in. 
D; through the point D and the centre 0, draw CD: it 
will bisect the arc AB in the point JE. 

For, the two points and D are 
each equally distant from the extremi- 
ties A and B of the chord AB] hence, 
the line CD bisects the chord at right 
angles (b. i., p. 16, c) ; and consequent- 
ly, it bisects the arc AJEB in the point 
^(p. 6). 

JSocondly. Let it be required to divide the angle A OB 
into two equal parts. We begin by describing, frorn the 
vertex (7, as a centre, the arc AJEB\ which is tlien bisect- 
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ed as above. It is plain that the line CD will divide the 
angle ACB into two equal parts (p. 17, & 1). 

Scholium. Bj the same construction, each of the halres 
AJEf EBj may be divided into two equal parts ; and thus^ 
by successive subdivisions, a given angle, or a given are, 
may be divided into four equal parts, into eight, into six- 
teen, and so on. 

PBOBLEM VL 

JhfOfugh a given pointy to draw a Um paraUd to a given 

straight line. 

Let A be the given pointy and BO the given line. 

From the point ^ as a centre, 
with a radius J. J5^, greater than the ^' 
shortest distance from A to BO^ 
describe the indefinite arc E0\ 

fix)m the point J? as a centre, ** *0 

with the same radius, describe the arc AF\ lay off ED^ 
AF^ and draw AD: this is the parallel required. 

For, drawing AE, the angles AEF^ EAD^ aie equal 
(p. 15); therefore, the lines J.2?, EF^ are parallel (b.l, 
p. 19, c. 1> 

PROBLEM vn. 
ISvo angles of a triangle being given^ to Jtnd the thmL 

Let A and B be the given angles. 

Draw the indefinite line DEF; 
at any point as Ej make the angle 
DEC equal to the angle A, and 
the angle CEH equal to the other 
angle B: the remaining angle HEF 
^ill be the third angle required ; because, these three angles 
are together equal to two right angles (b. i., p. 1, c. 8), and 
80 are the three angles of a triangle (b. i., p. 26) ; conse- 
quently, HEF is equal to the third aagle of the triangle 
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Sehciium. If the arc described with j& as a centre, shoiQd 
be taogent to the line DG, the triangle would be right 
angled, and there . would be but one solution. The pro- 
blem will be impossible in all cases, when the side B is leas 
dian the perpendicular let fall from JS on the line JDF. 

PBOBLEM Xn. 

2r.ie adjacent sides of a parallelogram and their included anffU 
being given^ to construct the parallelogram. 

Let A and B be the given sides, and G the given angle; 

Draw the line DH^ and 
lay off DE equal to -4. : at 
the point i?, make the angle 
EDF=G] \jek.QDF=B] des- 

cribe two arcs, the one from D^^ ]^ ^-H 

i^ as a centre, with a radius * 

FQ^DE, the other from E ^^ 

as a centre, with a radius EQ 

^DF ; to the point (?, where these arcs intersect each other, 

draw FQ^ EO ; DEOF will be the parallelogram required. 

For, the opposite sides are equal, by construction ; 
hence, the figure is a parallelogram (b. i., p. 29) ; and it ia 
formed with the given sides and the given angle. 

Cbr. If the given angle is a right angle, the figure will 
be a rectangle ; if, in addition to this, the sides are equal, 
it will be a square. 

PBOBLEM XIII. 

To find the centre of a given cirde or care. 

Take three points, -4, 5, 
67, anywhere in the circum- 
ference, or in the arc; draw . 
AB^ BOf or suppose them to 
be drawn; bisect these two 
lines by the perpendiculars 
DE, FO (PBOB. 1) : the point 
0, where these perpendicu- 
lars meet, will be the centre 
sought (p. 6, s). 
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SchoUum. The same oonstraction serves for making a 
eircomference pass through three given points A^ B^ 0; 
and also for describing a circumferenoe, which shall cir» 
cmnscribe a given triangle ABC. 



PROBLEM HV. 

Through a given pmnt^ to draw a tangent to a given 

Let A be the given point, and O the centre of ih6 
given circle. 

_^A D 

If the .given point A lies in the 
drcnmference, draw the radius (M, and 
erect AD perpendicular to it : AD will 
be the tangent required (p. 9). 

If the point 'J. lies without the cir- 
cle, join A and the centre, by the 
straight line CA : bisect CA in 0] 
from as a centre, with the radius 
OOf describe a circumference intersect- 
ing the given circumference in B] 
draw AB: this will be the tangent 
required. 

For, drawing CB, the angle CBA 
being inscribed in a semicircle is a 
right angle (p. 18, c. 2) ; therefore, AB is a perpendicular at 
the extremity of the radius CB; hence, it is a tangent (p. 9). 

Scholium 1. When the point A lies without the circia, 
there will be two equal tangents, AB, AD^ passing through 
the point A : for, there will be two right-angled triangles, 
CBAj CDA^ having the hypothenuse CA common, and the 
aide CB=CD\ hence, there will be two equal tangentSi 
ABj AD. The angles CAD, CAB, are also equi^ (b. 1., p. IT^ 

SJujlium 2. As there can be but one line bisecting the 
angle BAD^ it follows, that the line which bisects the angle 
formed by two tangents, must pass through the centre of 
the ciide. 
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PBOBXiEM XV. 

To inscribe a circle in a given triangle. 

Let ABO be the given triangle. 

Bisect the angles A and B, 
by the lines AO and J?0, 
meeting in the point (pros. 
5); from the point 0, let fall 
the perpendiculars OD, OF, OF 
(PBOB. 8), on the three sides of 
the triangle : these perpendic- 
ulars will all be equal. 

For, by construction, we haye the angle DA 0= OAF, 
the right angle ADO—AFO ; hence, the third angle AOB 
is equal to the third A OF (b. I., P. 25, C 2). Moreover, 
the side -40 is common to the two triangles -4 02?, AOF\ 
and the angles adjacent to the equal side are equal : hence, 
the triangles themselves are equal (b. i., p. 6); and DO ia 
equal to OF, In the same manner it may be shown that 
the two triangles BOD, BOF, are equal ; therefore OD is 
equal to OF ; hence, the three perpendiculars OD, OF, OF, 
are all equal. 

Now, if from the point as a centre, with the radius 
OD, a circle be described, this circle will be inscribed in 
the triangle ABG (d. 11) ; for, the side AB, being perpen- 
dicular to the radius at its extremity, is a tangent (p. 9); 
i^d. the same thing is true of the sides £0, A C. 

Scholium, The three lines which bisect the tkree angles 
of a triangle meet in the same point. 



PBOBLEM XYL 



On a given itraighi line to describe a segment that shaU contain 
a given angle; that is to say, a segment such, thai ang 
angle inscribed in it shaU be equal to a given cmgU. 

Let AB be the given straight line, and C the givea aaglcL 
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Produce AB towards Z). At the point 5, make thfi 
angle DBE^G\ draw BO perpendicular to BE^ and at 
the middle point (?, draw 00 perpendicular to AB\ from 
the point 0, where these perpendiculars meet, as a centre, 
with the distance OB^ describe a circumference^: the re- 
quired segment will be AMB. 

For, since BF is perpendicular to the radius OB at its 
extremity, it is a tangent (p. 9), and the angle ABF is 
measured by half the arc AKB (p. 21). Also, the angle 
AMB^ being an inscribed angle, is measured by half the 
wrc AKB (p. 18): hence, we have AMB^ABF^EBD^C: 
hence, any angle inscribed in the segment AMB is equal 
to the given angle C. 

Scholium. If the given angle were a right angle, the 
required segment would be a semicircle described on AB as 
a diameter. 



PBOBLEM XVn. 



Hix> angles being given^ to find their common mmsxtrey if iheg 
have (me^ and by means of it^ their ratio in numbers. 

Let CAD and EBFhe^ the given angle& With AvAB 
«3 centres, and with equal radii 
describe the arcs CD^ EF^ to 
serve as measures for the angles. 
Afterwards, proceed in the com- 
parison of the arcs (7Z>, EF^ in 
-the same manner as in the 
comparison of two straight lines (b. II., D. 4) ; since an are 
may be cut off from an arc of the same radius, as a straight 
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line firom a straight line. We 
eliall thus arrive at the com- 
mon measure of the arcs (7D, 
EF^ if they have one, and 
thereby at their ratio in nura- 
bers. This ratio will be the ^ 

same as that of the given angles (p. 17) ; and if J90 is the 
common measure of the arcs, the angle DAO will be that 
of the angles. 

Scholium. According to this method, the absolute value 
of an angle may be found by comparing the arc which 
measures it, with a quarter circumference. For example, if a 
quarter circumference is to the arc GD as 8 to 1, then, 
the angle A will be \ of one right angle, or ^ of four 
right angles. 

It may also happen, that the arcs compared have no 
common measure; in which case, the numerical ratios of 
the angles will only be found approximatively with more 
or less correctness, according as the operation is continued 
a greater or less number of times. 
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PROPORTIONS OF FIGURES— MEASUREMENT OF ARFJLS 



BBFIKITI0N3. 

1. Similar Figubes are those which are mutually equi- 
angular (b. i., d. 22), and have their sides about the equal 
angles, taken in the same order, proportional. 

2. In figures which are mutually equiangular, the angles 
which are equal, each to each, are called fiomologous angles : 
and the sides which are like situated, in respect to the 
equal angles, are called homologous sid^. 

3. A-RTCA^ denotes the superficial contents of a figure. 
The area of a figure is expressed numerically by the num* 
ber of times which the figure contains some other figure 
regarded as a imit of measure. 

4. Equivalent Figures are those which have equal 
areas. The term equals when applied to quantity in gen- 
eral, denotes an equality of measures; but when applied 
to geometrical figures it denotes an equality in , every re- 
spect; and such figures when applied the one to the other, 
coincide in all their parts (a. 14). The term equivalent^ 
denotes an equality in one respect only; viz.: an equality 
between the measures of figures. The sign o, denotes 
equivalency, and is read, is equivalent to. 

5. Two sides of one figure are said to be redprocalbf 
proportional to two sides of another, when one of the sides 
of the first is to one of the sides of the second, as the 
remsdning side of the second is to the remaining side of 
the first 
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6. Similar Arcs, Sectors, or, Segments, are those, 
wkich in different circles, correspond to equal angles at the 
centre. 

Thus, if the angles A and are 
equal, the arc BFO will be similar to 
DGU, the sector BAG to the sector 
DOE, and the segment BOF, to the 
segment BFG. 

7. The Altitude of a triangle is the 
perpendicular let fall from the vertex of 
an angle on the opposite side, or on that 
aide produced : such side is then called 
a base, 

8. The altitude of a parallelogram 
is the perpendicular distance between 
two opposite sides. These sides are 
called bases. 

9. The altitude of a trapezoid is the 
perpendicular distance between its two 
parallel sides. 




proposition I. theorem. 

Parallehgrams which have equal bases and equal altitudes^ are 

equivalent 

Since the two parallelograms have equal bases, those 
bases may be placed the one on the other. Therefore, let 
AB be the common base of the two parallelograms ABOD^ 
ABEF^ which have the same altitude: then will they be 
equivalent 

For, in the parallelogram D QF E p F C E 
ABCjD, we lave 

AB ^DC, and AD=BC (b. i,, p. 28) ; 

and in the parallelogram ABEF^ 
we have, 

AB^EF, and AF^BE: 
hence, DC^EF (a. 1). 

Now, if from the line DE^ we take away DG^ there will 
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remain GE; and if from the same line we take away EF^ 
there will remain DF] ^ 

heace, CE^DF (a. 3) ; 

therefore, the triangles ADF and BCE are mutually equi- 
lateral, and consequently, equal (B. I., P. 10). 

But if from the quadrilateral ABEDy we take away the 
triangle ADF^ there will remain the parallelogram AJiEF; 
and if from the same quadrilateral, we take away the equal 
triangle BCE, there will remain the parallelogram ABCD, 
Hence, any two parallelograms, which have equal bases and 
equal altitudes, are eqmvalent 

Scholium. Since the rectangle and square are parallelo- 
grams (b. I., D. 25), it follows that either is equivalent to 
any parallelogram having an equal base and an equal 
altitude. And generally, whatever property is proved as 
belonging to a parallelogram, belongs equally to every 
variety of parallelogram. 

PROPOSITION U. THSOBEM. 

If a triangle and a parallelogram have eguaX bases and eqwu 
aliitudes^ the triangle will be e^ivalmt to half the par- 
aUefogram. 

Place the base of the triangle on that of the paralleled 
gram ABFJD: then will they have a common base AB, 

Now;, since the triangle and the p p E c 

parallelogram have equal altitudes, \~ =^;^^ ^^ 
the vertex C, of the triangle, will \ /\^^ / 
be in the upper base of the par- \^_\/ 

allelogram, or in that base pro- A B 

longed (b. l, p. 23). Through A, draw AE parallel to BG. 
forming the parallekgiam ABGK 

Kow, the parallelograms ABFD^ ABOE^ are equivaleat| 
lumng the same base and the same altitude (p. 1). But the 
triangle ABO is half the parallelogram BE{b. i., p. 28, c. 1): 
therefore, it is equivalent to half the parallelogram BD 

(A. 7). 

Cbr. All triangles which have equal bases and equal 
altitudes are equivalent, being halves of equivalent paral- 
lelograms. 
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PBOPOSITION m. THEOBEM. 

Ikvo rtctangles having equal altitudes are to each other as thw 

bases. 

Let ABCD, AEFD^ be two rectangles having the com 
mon altitude AD: they are to each other as their bases 
AB, AM 

First. Suppose that the bases 
are commensurable, and are to 
each other, for example, as the 
numbers 7 and 4. K AB be di- 
vided, into 7 equal parts, AE 
will contain 4 of those parts. At each point of division 
erect a perpendicular to the base; seven partial rectangles 
will thus be formed, all equal to each other, because they 
have equal bases and the same altitude (p. 1, s). The rec- 
tangle A BCD will contain seven partial rectangles, while 
AEFD will contain four : hence, the rectangle 

ABCD : AEFD : : 7 : 4:, or aa AB : AE. 

The same reasoning may be applied to any other ratio 
equally with that of 7 to 4 : hence, whatever be the ratio, 
we have, when its terms are commensurable, 

ABOD ; AEFD : : AB : AE. 

Second. Suppose that the bases AB, 
AE. are incommensurable: we shall still 
have 

ABCD : AEFD : : AB : AE. 

For, if the rectangles are not to each 
other in the ratio of AB to AE, they are to each other in 
a ratio greater or less: that is, the fourth term must be 
greater or less than AE. Suppose it to be greater, and 
that we have 

ABCD : AEFD : : AB : AO. 

Divide the line AB into equal parts, each less than EO^ 
There will be at least one point / of division between E 
and 0: from this point draw IK perpendicular to AJT^ 
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fiuming the new rectangle AK: then, sinoe the baaea AB^ 
AJ, ate oonimensuiable, ve have, 

ABCD : Ann) :: AB : AL 

But by hypothesis we have 

ABCB : AUFD :: AB : AO. 

In these two proportions the antecedents are equal; 
hence, the consequents are proportional (b. u., p. 4), that u^ 

AIKD : AEFJ) : : AI : AO. 

But AO is greater than AI; which requires that the 
rectangle AEFD be greater than AIKD: on the contrary, 
howeyer, it is less (a. 8); hence, the proportion is not true; 
therefore ABCD cannot be to AEFD^ as AB is to a line 
greater than AE. 

In the same manner, it may be shown that the fourth 
term of the proportion cannot be less than AE\ therefore^ 
being neither greater nor less, it is equal to AE. Ilence^ 
any two rectangles having equal altitudes, are to each other 
as their bases. 

PROPOSmON IV. THEOREM. 

Any two rectangles are to each oOier as the products of theur 

bases and altitudes. 

Let ABCD^ AEOF^ be two rectangles; then will the 
rectangle, 

ABCD : AEGF :: ABxAD : AExAF. 

Having placed the two rect- 
angles, so that the angles at A 
are opposite, produce the sides 
OE, CD, till they meet in K 
Then, the two rectangles ABCD, 
AJEHD, having the same altitude 
AD^ are to each other as their bases AB, AE: in like 
manner the two rectangles AEIID, AEOF, having the same 
altitude AE, are to each other as their bases AD, AF* 
thus we have, 

ABCD : AEHD :: AB : AE, 
AEHD : AEQF :i AD : AF. 
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Multiplying the corresponding terms of tliese propor- 
tions together (b. ii., p. 13), and omitting the fector AEHD^ 
which is common to both the antecedent and consequent 
(B. n., p. 7), we have 

ABCD : AEGF :: ABxAD : AExAR 

Scholium 1. If we take a line of a given length, as one 
inch, one foot, one yard, &c., and regard it as the linear 
unit of measure, and find how many times this unit is 
contained in the base of any rectangle, and also, how many 
thnes it is contained in the altitude : then, the product of 
these two ratios may be assumed as the measure of the 
rectangle. 

For example, if the base 
of the rectangle A contains 
ten units and its altitude three, 
the rectangle will be repre- 
sented by the number 10x3 

=30 ; a number which is entirely abstract, so long as we 
regard the numbers 10 and 3 as ratios. 

But if we assume the square constructed on the linear 
unit, as the unit of surface, then, the product will give 
the number of superficial units in the surface; because, for 
one unit in height, there are as many superficial units as 
there are linear units in the base; for two units in height, 
twice* as many; for three units in height, three times as 
many, &c. 

In this case, the measurement which before was merely 
relative, becomes absolute : the number 30, for example, 
by which the rectangle was measured, now represents 80 
superficial units, or 30 of those equal squares described on 
the imit of linear measure : this is called the Area of the 
rectangle. 

Scholium 2* In geometry, the product of two lines fre- 
quently means the same thing as their reekmgle, and this 
expression has passed into arithmetic, where it serves to 
designate the product of two unequal numbers. The term 
squ>are is employed to designate the product of a numbei 
multiplied by itsel£ 
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The squares of tlie nxunbers 1, 2, 8, 
kc, are 1, 4, 9, &o. So likewise, the 
geometrical square constructed on a 
double line is evidently four times as 
great as the square on a single one ; on 
• triple line it is nine times as great, 
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PBOPOSITION V, THEOREM. 

The area of a parallelogram is equal to the product of tie bate 

aud altitude. 

Let ABCD be any parallelogram, and BE its altitude: 
then will its area be equal to ABxBE. Draw BE feiJ> 
pendicular to AB^ and complete the rectangle ABEF. 

The parallelogram ABCD is equiv- F p E C 
alent to the rectangle ABEF (p.l,s.); 
but this rectangle is measured by ABx 
BE (p. 4, s. 1); therefore, ABxBE is 
equal to the area of the parallelogram ABCD. 

Oor. Parallelograms of equal bases are to each other as 
their altitudes ; and parallelograms of equal altitudes are to 
each other as their bases. For, let and D denote the 
altitudes of two parallelograms, and B the base of each : 

then, BxC : BxD :: C : 2) (b. IL, p, 7), 

if A and B are the bases, and the altitude of each, we 
d&aU have. 




AxC : BxO 






A 



B: 



and parallelograms, generally, are to each other as the pro* 
ducts of their bases and altitudes. 



PBOPOSmON VI. THEOREM. 

The area of a triangle is equal to half the product of its base 

and altitude. 

Let BAG be a triangle, and AD perpendicular to tha 
base: then will its area be equal to one-half of BOxAD. 
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For, draw CE parallel to BA^ and 
AE parallel to BC, completing the par- 
allelogram BE. Then, the triangle ABG 
is half the parallelogram ABGE, which 
has the same base BC^ and the same 
altitude AD (p. 2) ; but the area of the parallelogram is 
equal to BOxAD (p. 5); hence, that of the triangle must 
be \BCxAD, or BCx\AD. 

Cor. Two triangles of equal altitudes are to each other 
as their bases, and two triangles of equal bases are to each 
other as their altitudes. And triangles generally, are to 
each other, as the products of their bases and altitudes. 

PROPOSITION Vn. THEOEEM. 

The area of a trapezoid is equal to the product of its altitude, 

hy hxilf the sum of its parallel bases. 

Let ABCD be a trapezoid, EF its altitude, AB and CD 
its parallel bases : then will its area be equal to EFX 
{{AB+GD). 

Through I, the middle point of the 
side -B(7, draw KL parallel to the op- 
posite side AD] and produce DC till 
it meets KL. 

In the triangles IBL^ ICK^ we have 
the side IB=ICf by construction; the angle LIB^CIK 
(b. I., P. 4) ; and since CK and BL are paraltel, the angle 
IBL^ICK (b. I., p. 20, c. 2) ; hence, the triangles are equal 
(b. I., p. 6) ; therefore, the trapezoid ABCD is equivalent to 
the parallelogram ALKD^ and consequently, is measured by 
EFxAL (p. 5). 

But we have AL^DK-^ and since the triangles IBL 
and KCI are equal, the side BL^CK\ hence AB-VCD^ 
AL+DK=^2AL\ hence, AL is the half sum of the bases 
AJR, CD ; hence, the .area of the trapezoid ABCD^ is equal 
to the altitude EF multiplied by the half sum of the bases 
Afl, CUD, a result which is expressed thus: 
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SckoUum. If through JJ the middle point of BC, the 
line IH be drawn parallel to the base AB, it will bisect 
AD at ff. For, since the figure ALIH is a parallelogram, 
as also, HIKD^ their opposite sides are parallel, and we 
>iave AB^ILy and DH^IK\ but since the triangles LBI^ 
IKO, are equal, we have IL^IK\ therefore, AH=HD. 

But since the line J9T=AZi, it is also equal to — i — ; 

hence, the area of the trapezoid may also be expressed 
Dy JEFxHI'j consequently, the area of a trapezoid is equal 
to its altitude multiplied by (he line which connects the middla 
points of its inclined sides. 



PROPOSITION Vni. THEOREM. 

The square described on the sum of two lines is equivalent to 
the sum of the squares described on the lines, together xoiih 
tunce the rectangle contained by the lines. 

Let ABj BO^ be any two lines, and AO their sum; 
then 

AO^ or {AB+BOfoAB^ + BG^ + 2AB X BO. 

On AG describe the square A CDF] take AF==AB^ 
draw FO parallel to AC^ and BH paralld to AE. 

The square A ODE is made up of ]g j^ 

four parts ; the first ABIF is the square 
described on AB^ since we made AF=s 
AB: the second lODH is the square 
described on /ff, or B0\ for, since we 
have AO=AE and AB-AF, the dif- 
ference, AO-^AB must be equal to the 
difference AE--AF, which gives BC=^EF; but IQ is 
equal to BO^ and BO to EF, because of the parallels; 
therefore, IQDH is equal to a square described on BO. 
Now, if these two squares be taken away from the large 
square, there will remain the two rectangles BCQI^ 
FIHE^ each of which is measured by ABxBO: hence, 
ihe square on the sum of two lines is equivalent to 
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the sum of the squares on the lines, together with twioe 
the rectangle contained by the lines. 

Chr. Tf the line AC were divided into two equal parts, 
die two rectangles Fff, BGy would become squares, and the 
square described on the whole line would be equivalent to^ 
four times the square described on half the line. 

Scholium, This property is the same as the property 
demonstrated in algebra^ in obtaining the square of a 
binomial; which is expressed thus: 

(a+bf=a^+2ab-\-bK 



PROPOSITION IX. THEOEEM. 



Th€ square described on the difference of two lines, is equivalent 
to the sum of the squares described on the lines, diminiahid 
by twice the rectangle contained by tJie lines. 

Let AB, BO, be two lines, and AO their difference; 
then,!^"^, or {AB''BCf^o=AB^+Bif-2ABxBa 



E 



D 



H 



G B 



On AB describe the square ABIF; l F G 

tafce AE=AO] through C draw CG 
parallel to BI, and through U draw K 
JEH parallel to AB, and prolong it 
to K, making EK=CB, and then 
complete the square KEFL. 

Since ^i?=:^4 and BC^KL, the 
two rectangles CI, KQ, are each measured by ABxBG: 

the whole figure ABILKEA, is equivalent to AB +BG ; 
take from each the two rectangles 01, KG, and there will 

remain the square A ODE, equivalent to J.jB +5C^ dimin- 
ished by twice the rectangle of ABxBO. 

Scholium. This property is expressed by the algebraio&l 
foErmula^ 
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PROPOSITION Z. THEOSEIL 

The rectangk contained by the sum and the difference of two 
lines, is equivalent to the difference of their squares. 



Let ABf BOj be two lines; tlien 



{AB +BC) X {AB-BC)o AB*"BC\ 

Upon AB and AC, describe the ^ Q } 

H 



D 



J 



squares ABIF^ ACDE\ prolong AB^ 
till BK is equal to BC\ and com- ^ 
plete the rectangle AKLE, and pro* 
long CD to 0. 

The base AK oi the rectangle __ 

AL is the sum of, the two lines AB 

BC\ and its altitude AE is their difference; thereforei tlie 

rectangle AKLE is equivalent to 

{AB^'BC)X{AB-BC). 

Again, DTIIO is equal to a square described on CB\ 
and since BII is equal to J?Z>, and BK to EF^ the rect* 
angle BL is equal to the rectangle EOi hence, the rect- 
angle AKLE is equivalent to ABIIE plus EDOF^ which 
is precisely the difference between the two squares AI and 
Z>/ described on the lines AB^ CBi hence, we have (▲•l.X 

{AB +BC)X {AB -BC)o AB'-BC^. 

Scholium. This property is expressed bj the algebraiosl 
fixrmula, 

PKOPOSmON XI. THEOREM. 

The square described on the hypothenuse of a right-angled tri 
angk is equivalent to tlie sum of the squares described on the 
other two sides. 

Let BCA be a right-angled triangle, right-angled at A: 
then will the square described on the hypothenuse BO be 
equivalent to the sum of the squares described on the other 
two sidesy BA^ AC. 

1 
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Having described a square 
on each of the three sides, 
let fall from Aj on the hj- 
pothenuse, the perpendicular 
ADf and prolong it to J? ; 
nd draw the diagonals AF^ 
ClI. 

The angle ABF is made 
up of the angle ABG^ to- 
gether with the rigly; angle 
CBF\ the angle CBHi& made 
up of the same angle ABG^ 
together with the right-angle ABH\ hence, the angle ABF is 
equal to HBG (a. 2). But we have AB^BH, being sides of 
the same square ; and BF^BGy for the same reason : there- 
fore, the triangles ABF^ HBG^ have two sides and the in- 
cluded angle equal, each to each ; therefore, they are them- 
selves equal (b. l, p. 5). 

But the triangle ABF is equivalent to half the rectangle 
BE^ because thej have the same base BF^ and the same 
altitude BB (p. 2). The triangle HBG^ in like manner is 
equivalent to half the square AH\ for, the angles BAG^ 
BAL^ being both right angles, AG and AL form one and 
the same straight line parallel to HB (b. l, p. 3) ; hence, 
the triangle and square have equal altitudes (b. i., p. 28) ; 
they also have the common base BH\ consequently, the 
triangle is half the square (p. 2). 

The triangle ABF has already been proved equal to the 
triangle HBG] hence, the rectangle BDEF^ which is double 
the triangle ABF^ must be equivalent to the square AH^ 
which is double the equal triangle HBG. In the same 
manner it may be proved, that the rectangle EQGD is equiva- 
lent to the square AL But the two rectangles FEDB, EGGD^ 
taken together, make up the square FGGB: therefore, the 
square FGGB, described on the hypothenuse, is equivalent 
to the sum of the squares BALH, GIKA, described on the 
two other sides; that is, 

BG^olB^^-A^. 



Qr. 1. Hence, the square of one of the sides of a right- 
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angled triangle is equivalent to the s^are of the hypothe* 
aufle diminished by the square of the other side; thus. 



AB^C^BG -ACT. 

Cor. 2. If fix)m the vertex of the right angle, a perpen 
licular be let fall on the hjpothenuse, the parts of tha 
hypothenuse are called segments: we shall then have, 

The square of the hypothenuse is to Hie square of either siiie 
eibout the right angle^ as the hypothenuse to the segment adjacent 
to that side. 

For, by reason of the common altitude BF^ the square 
J5(? is to the rectangle BE, as BC to BD (p. 8) : but the 
square BL is equivalent to the rectangle BS: hence 



M 



Bl 






BG : BB. 



We may show, in like manner, that 

W . A^ .. BG \ BC. 

Got. S. The squares of the two sides eoniaining the right 
angle, are to each other as the adjacent segments of the hypothe* 
nuse. 

For, the rectangles BDEF^ DCOEy having the same 
altitude, are to each other as their bases BD^ CD (p 8). 
But these rectangles are equivalent to the squares AH^ AI; 
therefore, we have 

AB^ : AC* :: BD : BG. 

Cot. 4. The square described on the diagonal of a squart 
is equivalent to double the square described on a side. 

Let ABCD be a square described on EDO 
AB^ and EFQH a square described on 
the diagonal AC The triangle ABO 
being right-angled and isosceles, we shall 
bave 

Jc'o A^+B^^c^ 2AB\ 




It is plain, that of the eight equal right-angled triangles 
vrhich compose the square EO^ four will lie without the 
square ABCB, and four within it: hence, the square on Ae 
diagonal is equivalent to double the square on the 
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Out 5. By the Is^ corollary, we have 



Ad' 



: AB' :: 2 : 1; 
hence, by extracting the square root (b. ii., f. 12, C.X 

AC : AB V2 : 1: 

that is, the diagonal of a square is to the side as the square 
root of two to one : consequently, iJie diagoned and side of a 
square are incommensurabk. 



PBOPOSITION XIL 7H£0S£M. 

In any triangle^ the square of a side opposite an acute angh «i 
equivalent to Vie sum of Hie squares of die lose and the 
other sidej diminished by twice the rectangle contained by the 
base and the distance from the vertex of the acute angle to 
the foot of the perpendicular let faU from the vertex of the 
opposUe angle on the base, or on Hie base produced. 

Let ABO be a triangle, C one of the acute angles^ and 
AD perpendicular to the base. .8(7; then will 

A£'o£C^'^Aa'-2B0x OD. 

First When the perpendicular falls 
within the triangle ABCj we have £LD= 
BO^CD, and consequently, 

Blf^c^W+Gjf-2BCxCD (p. 9)w 

Adding AIj to each, and observing that 
the right-angled triangles ABD, ADC, 

Ajf+Blfolff, and U^+W^^^AO^, 




give 

we have AB^^oBC'+AC'-2BCx CD. 

Secondly, When the perpendicular AD 
£ei11s without the triangle ABC, we have 
BD^CD—BC] and consequently, 

S^oGlfhBd^''2CDxBC (p. 9). 

Adding Ajf to both, we find, as before, 

AS*o-W+A^-2BCx OD. 
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PROPOSITION Xin. THEOHmL 

fn any obtuse-angled triangle^ the square t)f the tide opposite ilU 
cbhtse angk is equivalent to the sum of the kqxiares of the 
base and the other sukj augmented by twice the rectangh 
contained by the base and the distance from the vertex of the 
obtuse angle to the foot <f the perpendicular kt fall from the 
vertex of the opposite angle on Hie base produced. 

Let A OB he h triangle, the obtuse angle, and AD 
perpendicular to BO produced ; then 

AB^^c>'Ad^+Bd^+2B0x OD. 

For, we have, BD-BO'\^ CD ; 
consequently (p. 8), 

BlToW+Cff+2BCx CD. 

Adding XS* to both members, and reducing as in the last 
theorem, and we have 

Ib''oBC^+A^+2B0x CD. 

Scholium. The right-angled triangle is the only one in 
which the sum of the squares described on two sides is 
equivalent to the square described on the third; for, if. the 
angle contained by the two sides is acute, the sum of their 
squares is greater than the square of the opposite side; ii 
obtuse, it is less. 




PROPOSmOK XIV. THEOREIL 

In any triangle^ the sum of the squares described on two shIss 
is equdvaleni to twice the square of haif the third side, plu$ 
twice the square <f the line draum from the mOdis poini ^ 
Aat side to the vertox of tht opposite angle. 

Let ABC be any triangle,, and AB a line drawn to the 
iniddle of the base BC\ then 



Tr»« 



AB'+Aff'^o2B£r+2AB 
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For, on BC^ ".et iSdl the perpendic* 
alar AD. Then, 

A^^C^Alf+EC'-^ECxED. (p. 12). 

And, B^ E^ C 




ABoAE^-\-EB^-\-2EBxED (p. 13). 

Hence, by adding and observing that EB and EC are 
equal, we have 

AB'-^'AC^o 2EB^+2AE\ 

fhr. 1. In any quadrilateral, the sum of the squares of the 
/our sides is equivalent to the sum of the squares of the tivo 
diagonals, plus four times the square of Hie line joining the 
'middle points of the diagonals. 

Let ABCD be a quadrilateral, AC^ 
BD, the diagonals, and EF a line join» IL___^q 
ing their middle points E and F. 

From the theorem, we have 



t2 , oTTFtS 




CD + CBo=2BF^+2CF, 
and from the same theorem, by multiplying by 2, 



2CF^-{-2AF^o4AE'^-\-4:EF^ : 
henoe, by addition, 

CL''+ CB^AD^AB'^a^^BF^-^^AE^+AEF* : 
whence (p. 8, c), 

CZ?+ CS^+ZZ)VXb'=o Blf-^AC'+^ EF". 

Car, 2. In the case of the parallelogram the points E and 
F will coincide, and* the sum of the squares described on the 
sides will be equivalent to the sum of the squares describe 
ed on the diagonals. 
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PBOPOSinON XV. THSOBEM. 

^ m amf triangle^ a line be dravm parallel to the haee^ ii 
wiU divide ike two other sides proportionally. 

Let ABG be a triangle, and DE a straight line drawn, 
parallel to the base BC\ then 

AD : DB II AE : EC. 

Draw the lines BE and CD. Then, 
the triangles ADE^ BDE, haying a 
oommon vertex, E^ have the same alti- 
tude, and are to each other as their 
bases (p. 6, c.) ; hence we have 

ADE : BDE : : AD : DB. 
The triangles ADE, DEO, with a B C 

oommon vertex D, also have the same altitude, and are to 
each other as their bases; hence, 

ADE : DEC : : AE : EG 

But the triangles BDE, DEC, are equivalent, having the 
same base DE, and their vertices B and (7 in a line paral- 
lel to the base : and therefore, we have (b. ii., p. 4, c.) 

AD : DB :: AE : EC. 

Cor. 1. Hence, by composition, we have (b. ii., p. 6), 

AD-i-DB :AD:: AE+EC : AE,otAB: AD:: AC: AE; 
and also, AB : BD :: AC : CE 

Cor. 2. If any number of parallels AC, EF, OH, BD. 
be drawn between two straight lines AB, CD, those 
straight lines will be cut proportionally, and we shall have 

AE : CF :: EC : FH : QB : ED. 

For, let be the point where AB 
and CD meet. In the triangle OEF, 
the line AC being drawn parallel to 
the base EF, we shall have 

OE : AE :: OF : OF, 

La the triangle OOH, we shall like- 
wise have 

OE : Eff :: OF : FK 
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And, by reason of the common ante* 
cedents OE^ OF (b. ii., p. 4), we have 

AE : CF :: EG : FK 

It may be proved in the same manner, 
hat 

EQ I FH i: GB : UD, 

tnd so on; hence, the lines AB^ CD^ 
are cut proportionally by the parallels 
AC, EF, GH, &c. 




FBOPOSITION XVI. THEOBEM. 

If two sides of a triangle are cut proportionally hy a straighi 
line, this straight line will be parallel to the third side. 

In the triangle BA CJ let the line DE be drawii, cutting 
the sides BA and CA proportionally in the points D and E; 
that is, so that 

BD : DA : : CE \ EA: 

then wiU BE be parallel to BC. 

Having drawn the lines BE and 
DC, we have (p. 6, c), 

BDE ; DAE :: BD : DA, 

DEC : DAE : : CE : EA: 

but, by hypothesis, 

BD : DA :: CE : EA : 

hence (b. n., P. 4 c.), 

BDE : DAE :: DEC : DAE, 

and since BDE and DEC have the same ratio to DAjB^ 
they have the same area, and hence are equivalent (d. 4)w 
They also have a common base DE; hence, they have tho 
same altitude (p. 6, c.) ; and consequently, their vertices JSt 
and (7 lie in a parallel to the base DE (b. l, p. 28) : henoe^ 
DE is parallel to BC. 
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ncMPOfimoN zvn. thsorxm. 



The fine v^iich lisecto the vertical angle tif a triatujl^^ dividm 
the base into two segments^ which are proportional to the 
adjacent sides. 



AC. 



In the triangle ACB^ let AD be drawn, bisecting ibm 
angle CAB] then 

BD : CD :: 4B 

Through the point C draw 
CE parallel to AD^ and prolong 
it till it meets BA produced in E. 

In the triangle BCEj the line 
AD is parallel to the base CE\ 
hence, we have the proportion 
(P. 15), 

BD : DC :: BA : AR 




But the triangle ACE is isosceles: for, since AD^ dff^ 
are parallel, we have the angle ACE=DAC^ and the angle 
AEC—BAD (b. I., p. 20, o. 2, 8) ; but, by hypothesis, DAO 
^DAB; hence, the angle ACE=^AEQ and consequently, 
AE=AC (b. I,, p. 12). In place of AE in the above pro- 
portion, substitute ACj and we shall have, 

BD : DC :: AB : AG. 



AC 



Cor. If the line AD bisects the exterior angle CAE of 
the triangle BAC, we shall have, 

BD : CD : AB 

For, through C draw CF paa> 
aUel to AD. 

Then, the angle CAD=ACF, 
md, the angle EAD^AFC; 
iiMoe, (a. 1), the angle ACF=AFC; 

consequently, AF is equal to ^C. 
But, since FC is parallel to 
the base AD^ 

. BD : DO : AB : AF; 
henoB, BD I DO I AB I AO. 
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PKOPOSITION XVm. THEOBmi. 




Eguiangvlar triangles Iiave their homohgaus sides proportianitl 

and are similar. 

Let BOA and CED be two equi- 

aoigular triangles, having the angle 

SAC=CI)jEI, ABG=DCE, and ACB 

' =^DEO ; then, the homologous sides 

will he proportional, viz.: 

BG X CE :: BA : CD i: AC : BE. 

Place the homologous sides BCy CE in the same straight 
line; an4 prolong the sides BA^ ED, till they meet in F. 

Since BCE is a straight line, and the angle BOA equal 
to CEB, it follows that -4 C is parallel to BE (b. i., p. 19, 
C. 2). In like manner, since the angle ABC is equal to 
BCE^ the line AB is parallel to DC, Hence, the figure 
ACDF is a parallelogram, and has its opposite sides equal 
(b. I., p. 28). 

In the triangle BEF^ the line AC is parallel to the base 
FE] hence, we have (p. 15,) 

BC : CE :: BA : AF\ 

or putting CD in the place of its equal AF^ 

BC \ CE w BA : CD. 

In the same triangle BEFy CD is parallel to BF\ and 
hence, 

BC \ CE \\ FD \ DE\ 

or putting AC ycl the place of its equal FD^ 

BC I CE 11 AC X DE. 

And finally, since both these proportions have an anto- 
oedent and consequent common, we have (b. il, p. 4, c), 

BA : CD i: AC I DE. 

Thus, the equiangular triangles CAB^ CEDy have their 
homologous sides proportional. But two figures are similar 
"vhen they have their angles equal, each to each, and theiy 
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homologous sides proportional (©• 1, 2); consequenily, tlte 
two equiangular triangles BA (7, CED^ are similar figures. 

Got. Two triangles which have two angles of the one 
equal to two angles of the other, are similar; for, the third 
angles are then equal, and the two triangles are equian 
gular (b. I., p. 25, c. 2.) 

Scholium. Observe, that in similar triangles, the homolo- 
gous sides in each are opposite to the equal angles; thuS| 
the angle BOA being equal to CED^ the side AB is homo* 
logons to 27(7; in like manner AC and DE are homologous, 
because opposite to the equal angles ABC^ DCK 

PROPOSITION XIX. THEOREM. 

Oonverady: Triangles^ which have their sides proporticnal^ are 

equiangular and similar. 



T£, in the two triangles BAC, EDFj we have, 

BO : EF :: BA : EJD :: AG : BF; 

then will the triangles BAC, EDF, have their angles equal, 
oamelji 

A^D, B^E, C^F. 

At the point E, make the angle 
FEQ^B, and at F, the angle EFG 
= C; the third angle O will then . 
be equal to the third angle A (b. 
L, P. 25, c. 2). Therefore, by the 
last theorem, we shall have 

BC I EF IX AB I EG: 
but, by hypothesis, we have 

BG : EF i: AB : BE; 
hence, EG=DE. By the same theorem, we shall also have 

BG : EF :: AG : FG; 
and by hypothesis, we have 

BO : EF .1 AG I DF; 
henoe, FG^DF. Hence, the triangles EGF, FED, having 





US OEOMBTBT. 

tlieir tliree sides equal, each to 
eacli, are themselves equal (b. l, 
p. 10). But, by construction, the 
triangles EOF and ABG are equi- 
angular: hence, DEF and ABC 
are also equiangular and similar ^ 

(A.1). 

Scholium 1. By the last two propositions, it appears that 
triangles which are equiangular are similar : and conversely : 
if triangles have their sides proportional, they are equiangu- 
lar, and consequently, similar. 

The case is different with regard to figures of more than 
three sides: even in quadrilaterals, the proportion between 
the sides may be altered without changing the angles, or 
the angles may be changed without altering the proportion 
between the sides. Thus, in quadrilaterals, equality between 
the corresponding angles does not insure proportionality 
among the sides: and reciprocally: proportionality among 
the sides does not insure equality among the corregjonding 
angles. It is evident, for example, that 
if in the quadrilateral ABCD^ we draw 
EF parallel to BC^ the angles of the 
quadrilateral AEFD, are made equal to 
those of ABCD\ though the proportion 
between their sides is different; and in 
like manner, without changing the four 
sides -4J?, BO^ CD^ AD^ we can change the angles by 
making the point B approach to D, or recede from it 

Scholium 2. The two preceding propositions, are in strict- 
ness but one, and these, together with that relating to the 
square of the hypothenuse, are the most important and 
fertile in results of any in geometry. They are almost 
sufficient of themselves for every application to subsequent 
reasoning, and for solving every problem. The reason is; 
that all figures may be divided into triangles, and any tri- 
angle into two right-angled triangles. Thus, the properties 
of triangles include, by implication, those of all figures. 
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FBorosmoN zx. theorsm. 

lioo tnanglts^ which have an angle of the one ejaal to an angh 
<^ the oUier, and t/ie sides containing those angles proportionaii 
are similar. 

Let ABC, DEFy be two triangles, haying the angle A 
equal to D\ then, if 

AB \ DE :: AC : DF, 

the two triangles will be similar. 

Make AG^DE, and draw OH 
parallel to BC. The angle A OH will 
be equal to the angle ABC (b. i., p. 
20, c. 8); and the triangles AOU^ 
ABCy will be equiangular: hence, we 
shall have, 

AB I AO I AC I AH. 

Bat| by hypothesis, we have, 

AB \ BE .\ AC \ DF\ 

and by construction, AO=DE: hence AH=1)F. There- 
fore, the two triangles A OH^ DEF, have two sides and the 
included angle of the one equal to two sides and the in- 
eluded angle of the other: hence, they are equal (b.i.,p.5); 
but the triangle A OH is similar to ABC : therefore, DEF 
\a also similar to ABC. 




FBOPOSrnON xxl thbosdc. 

J\ffO triangles^ which have their sides^ tvx> and two^ either par^ 
olid or perpendicular to each other^ are similar. 

Let BACj EDF^ be two triangles, having their sides re^ 
spectively parallel to each other ; then will they be similar. 

First If the side BA is parallel to 
JED, anil BC to EF, the angle ABC 
is equal to DEF (b. i., p. 24) : if CA 
is parallel to FD, the angle BCA 
is equal to EFD^ and also, BAC i/y 
EDF] hence, the triangles CB4, 
FED, are equiangular ; consequently 
they axe similar (p. 18). 
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Secondly, If the side DE is per- 
pendicular to jBA, and the side FD 
to CI, the two angles / and H 
of the quadrilateral DHAI are right 
angles; and since aU the four angles 
are together equal to four right 
angles (b. i., p. 26, c. 1), the remain- -^ 
mg two lAH^ IDHj are together equal to two right 
angles. But the sum of the angles EDF^ IDH^ is also equal 
to two right angles (b. I., p. 1) : hence, the angle EDF is equal 
to lAH, or BA G (a, 8). In like manner, if the third side EF 
is perpendicular to the third side BG, it may be shown 
that the angle DFE is equal to (7, and DEF to B : hence, 
the triangles ABG^ DEF^ which have the sides of the one 
perpendicular to the corresponding sides of the other, are 
equiangular and similar (p. 18). 

Sdwlium, In the case of the sides being parallel, the 
homologous sides are the parallel ones : in the case of their 
being perpendicular, the homologous sides are the perpen- 
dicular ones. Thu5, in the latter case, DE is homologous 
with BA, DF with AG, and EF with BG. 

The case of the perpendicular sides may present a rela- 
tive position of the two triangles different from that exhi- 
bited in the diagram. But we can always conceive a tri- 
angle FED to be constructed within the triangle ABG, and 
such that its sides shall be parallel to those of the triangle 
compared with BAG; and then the demonstration given in 
the text will apply. 



PROPOSITION XXII. THEOEEM. 

* 

In any triangle, if a line he dravm paralM to the hasCj %U 
lines drawn from the vertex will divide the hose and ihi 
parallel into prcportionai parts. 

Let BAG be a triangle, DE parallel to the base BC^ 
and the other lines drawn as in the figure; then 

DI : BF :: IK : FG :: KL : QH. 
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IK : FG. 



For, sinoe DI is parallel to BF^ 
the triangles IDA and FBA are 
6(j[xiiangalar ; and we have 

DI I BF :: AI : AF; 

and, since IK is parallel to FO^ 
we have, in like manner, 

AI : AF :: IK : FG] 

hence (b. n., p, 4, c), DI : BF : 

In the same manner, we may prove that 

IK I FG' :i KL : GH] 

and so with the other segments: hence, the line DE ifl 
divided at the points I, K, Z, in the same propoi-tion, as 
the base BO is divided, at the points F, G, H. 

Oct. Therefore, if BO were divided into equal parts at 
the points F^ (?, ZT, the parallel DE would be divided also 
into equal parts at the points I^ K^ L. 



PBOPOSITION XXm. THEOREM. 

In a right-angled triangle^ if a perpendicular is drawn from 
the vertex of the right angle to the hypothenuse^ 

XsL The triangles on each side of the perpendicular are similoi 
to the given triangle^ and to each other: 

2dL Either side cdxmt the right angle is a mean proportional 
hetween Ae hypothentise and the adjacent segment: 

Sd, The perpendicular is a mean proportional hehoeen the seg* 
ments of the hypothenuse. 

Let BAO be a right-angled triangle, and AD perpen* 
dioular to the hypothenuse BO. 

First The triangles BAD and 
BAO have the common angle B^ 
the right angle BDA^BAO, and 
therefore, the third angle BAD of 
the one, equal to the third angle 
{7, of the other (b. i., p. 25, c. 2) : 
hence, these two triangles are similar (p. 18). In the 
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inanner it may be shown that the 
triangles DAQ and BAC are simi- 
lar ; hence, the three triangles are 
all equiangular and similar. 

Sfxxmdhj, The triangles BAD^ 
BACf being similar, their homolo- 
gous sides are proportional. But BD in the small triangle, 
and BA in the large one, are homologous sides, because 
they lie opposite the equal angles BAD^ BCA (p. 18, s.) ; the 
hypothenuse BA of the small triangle is homologous with the 
hypothenuse BC of the large triangle : hence, the proportion, 

BD : BA :: BA : BC. 

By the same reasoning we have 

BO : AG :: AO : BO] 

hence, each of the sides AB^ JCJ is a mean proportional 
between the hypotheniise and the adjacent segment. 

Thirdly. Since the triangles DBA, DAO^ are similar, we 
have, by comparing their homologous sides, 

BD I AD i: AD I D0\ 

hence, the perpendicular AD is a mean proportional between 
the segments BD^ DC^ of the hypothenuse. 

Sclwlium. Since BD : AB :: AB i BO, 

we have (b. ii., p. 1, c), AB^^o^BDxBO. 

VoT a like reason, AG^oDOxBO; 

therefore, Aff+Ad^o=BDxBO+DOxBO=o{BD+DO)X 

BC^c^BCxBC^O'BG^ ; 

that is. Hie square described on the hypothenuse BO is eguivor 
hnt ta the sum of the squares described on the two sides BA, A CL 
Thus, we again arrive at this property of the right-angled 
triangle, and by a path very different from that which for- 
merly conducted us to it: and thus it appears that, strictly 
flpeaking, this property is a consequence of the more gen« 
eral property, that the sides of equiangular triangles are 
proportional. Thus, the fundamental propositions of geoiXH 
etry are reduced, as it were, to this single one, that equi^ 
umgulnxr triangles have their homologous sides proportionaL 
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It happens firequentlj, as in this instance, that bj 
deducing consequences from one or more propositions, we 
are led back to some proposition already proved. In &Gt, 
the chief characteristic of geometrical theorems, and one 
indubitable proof of their certainty is, that, however we 
combine them together, provided that our reasoning be 
correct, the results we obtain always agree with each other. 
The case would be different, if any proposition were false 
or only approximately true: it would firequently happen 
that on combining the propositions together, the error 
would increase and l)ecome perceptible. Examples in which 
the conclusions do not agree with each other, are to be seen 
in all the demonstrations, in which the reductio ad absurdum 
is employed. In such demonstrations, if the hypothesis is 
untrue, a train of accurate reasoning leads to a manifest 
absurdity : that is, to a conclusion in contradiction to a 
principle previously established : and from this we conclude 
that the hypothesis is false. 

Cbr. If from the point Ay in the 
circumference of a arcle, two chords 
BAy ACy be drawn to the extremi- 
ties of a diameter BOy the triangle jg — ^ 
BAG will be right-angled at A (b. 
m., p. 18, c. 2) ; hence, first, the perpendicular AD is a mean 
proportional between the two segments BDy DCy of the diametery 

hence, Iff-oBDxDO. 

Furthermore, by the proposition, the chord BA is a mean 
proportional between the diaTneter BO, and the adjacent segment 
BD, that is, 

B^^O^BCxBDy and A^oBCxCD. 




PKOPOSITION XXIV. THEOREM. 

Thoo triangles having an angle in each equaly are to each other 

as the rectangles of the adjacent sides. 

Let ABCy ADEy be two triangles having the equal angles 
il, placed, the one on the other ; then the triangle 

ABO : ADE :: ABxAO : ADxAK 

8 
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Draw BE. Then, the triangles ABE^ 
ADE, having the common yertex E, and 
their bases in the same straight line, are to 
each other as their bases, (p. 6, o.) that is 

BAE : DAE : : BA : DA. 

In Kke manner, since j5 is a common 
vertex, the triangle 

BAG : BAE :: AC : AE. 

Multiply together the corresponding terms of these proper- 
tions, omitting the common factor BAE; and we have (b. il, 
p. 13), 

BAG : PAE : BAxAG : ABxAE. 

Gc/r. K the two triangles are equiva- 
lent, we have, 

BAxAG^DAxAE: 
hence (b. ii., p. 2), 

BA : DA : AE : AG; 

consequently, DG and BE are parallel 
(p. 16). 




PEOPOSITION XXV. THEOEEM. 

Similar triangles are to each other as the squares described on 

their homologous sides. 

Let ABG, DEF, be two similar triangles, having the 
angle A equal to 2?, and the angle B=E: then wiU tie 
triangle BAG he to the triangle EDF, as a^ square describ- 
ed on any side of BAG to b, square described on the 
homologous side of EDF. 

First, by reason of the* equal an- 
gles A and D, we have (p. 24), 

BAG : DEF : : BAxAG : DExDF. 
Also, because the triangles are similar 
(P. 18), 

BA : DE :: AG : DF, 
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And multiplying the terms of this proportioD by the 
corresponding terms of the identical proportion 

AC I DF .: AG I DF, 

there will result 

BAxAC : DExDF :: AC^ i SF' 

Consequently (b. il, 'B. 4, c), 

BAG : DEF :; AG* : ^\ 

Therefore, the similar triangles BAG^ EDF^ are to each 
other as the squares described on their homologous sides 
AG, DFy or as the squares described on any other two 
homologous sides. 

PBOPosrnoN xxvi. thbobsm. 

Tu)o similar polygans may be divided into the same number </ 
triangles^ similar each to each, and similarly placed. 

Let AEDGB, FKIHG, be two similar polygons. 
From the vertex of q 

any angle -4, in the poly- !>„..,.— ---'y^^^ _--r^ 

gon AEDGB, draw di- [ / \ ,^\ 
agonals, J.-D, -4 C. From 
the vertex of the homo- 
logous angle jP, in the 
other polygon, draw the 
diagonals JF7, FH^ to the vertices of the other angles. 

The polygons being similar, the homologous angles^ 
ABG^ FGH^ are equal, and the sides AB^ BG, proportional 
to FG, QH, that is, 

AB : FG :: BG : GH (d, 1), 

Wlierefore, the triangles ABG^ FGff, have an angle in each 
equal, and the adjacent sides proportional: hence, they are 
similar (p. 20) ; consequently, the angle BGA is equal to 
GHF, Taking away these equal angles from the equal 
angles BGB, GHI, and there remains AGD^FHL But 
since the triangles ABG^ FGH^ are similar, we have 

AG : FH .1 BG I GH\ 

and since the polygons are similar, 
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BG I GH II CD X HI', 
hence, AC : FH :: CD i EL 

The angle ACD, we already know, is equal to FHI] 
hence, the triangles ACD, FHI^ are similar (p. 20). In the 
Bame manner, it may be shown that all the remaining tri- 
angles are similar, whatever be the number of sides in the 
polygons proposed: therefore, two similar polygons may be 
divided into the same number of triangles, similar, and 
similarly placed. 

Scholium. The converse of the proposition is equally 
true: If two polygons are composed of the same nurnber of 
triangles similar ajui similarly situated, the two polygons an 
similar. 

For, the similarity of the respective triangles will give 
the angles, 

ABC=FGH, BOA^QHF, AOD^FHI: 

hence, BGD^QHI, likewise, CBE^HIK, &c. 

Moreover, we have, 

AB : Fa :\ BC \ GH i: CD : EI ii DE x IK, Aa; 

hence, the two polygons have their angles equal each to eacB, 
and their sides proportional ; consequently, they are similar. 

PROPOSITION XXVIL THEOKEM. 

The perimeters of similar polygons are to each oih&r as their 
homologous sides : and the polygons are to each other as the 
squares described on these sides. 

Let ABB OB and FKIEG, be two similar polygons: 
then 

per. AEDCB : per. FKIEG : : AE : FK 

First. Since the fig- 
ures are similar, we 
have 

AB : FG :: BO : 
GE :: OB : EI, &c., 

hence, the sum of the 
ntecedents AB+BO+ 



B 



A' 







I 



BOOK IV. 117 

C2>, &c, which makes up the perimeter of the first poly* 
gon, is to the sum of the consequents FO+OH+HIy Ac, 
which makes up the perimeter of the second polygon, as 
any one antecedent is to its consequent (b. ii., p. 10) ; that 
is, as AB to FQ^ or as any other two homologous sides. 

Secondly. Since the triangles ABC, FOH, are similaTi 
we have (p. 25), 

ABC : FGH :: I^ : JS'; 
and firom the similar triangles ACD^ FHI^ 

ACD : FBI : : AC^ : FH^ ; 

therefore, by reason of the common ratio,- Au to FIi^ w« 
have (b. n., p. 4, c.) 

ABC : FGH :: ACD : FBI. 

By the same reasoning, we should find 

ACD : FBI :: ADF : FIK; 

and so on, if there were more triangles. And fix>m this 
series of equal ratios, we conclude that the sum of the 
antecedents ABC+ACB+ADE, which makes up the poly- 
gon AEDCB^ is to the sum of the consequents FOB+ 
FBI+FIKy which makes up the polygon FKIBO^ as one 
antecedent ABC^ is to its consequent FOB (b. ii., p. 10), or 
as AB is to FO (p. 25) ; hence, similar polygcms are ta 
each other as the squares described on their homologous sides. , 

Cbr. Jff" three similar figures are described on the ihres 
sides of a right-angled triangle^ the figure on the hypothenuse %$ 
equivalent to the sum of the other tivo. 

Let A^ -B, Cj denote three similar figures described on 
the hypothpnuse and sides of a right-angled triangle, and (^ 
ft, c, the corresponding squares; then, 

A : B : C :: a : b : e; 
and, A : B+ C :: a : b + e (b. n., p. 9) : 
but, a is equivxdent to b + c (p. 11) ; 

hence, A is equivalent B+C 
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PROPOSITION XXVni. THEOEEM. 

If two chords intersect each other in a circle, the seffmerUs art 

reciprocally proportumal. 

Let tlie chords AB and CD intersect at 0: tlien 

AO : DO i: OG i OB. 

Draw AO and BD. In the triangles 
AOG^ DOB^ the angles at are equal, 
being vertical angles (b. 1., p. 4) : the angle 
A is equal to the angle jD, because both are 
inscribed in the same segment (b. hi., p. 18, 
0. 1) ; for the same reason the angle G=^B] 
the triangles are therefore similar (p. 18), and the homologoufl 
sides give the proportion 

AO : BO :: CO :. OB. 
Cor. Therefore, 

AOxOBoDOxCO: 

hence, the rectangle of the two segments of one chord a 
equivalent to the rectangle of the two segments of the 
other. 




PBOPOSITION XXIX. THEOREM. 

J^ from a point without a circle^ two secants he drawn term 
nating in the concave arc, the whole secants will he redpro- 
. cally proportional to their external segments. 

Let the secants OB, 00, be drawn from the point 0\ 
then 

OB : 00 \\ OD : OA. 

For, drawing AC, BD, the triangles 
AOO, BOD have the angle common; 
likewise the angle B=^C {b. hi., p. 18, c. 1) ; 
these triangles are therefore similar (p. 18), 
and their homologous sides give the pro- 
portion, 

OB : OC :: OD : OA. 

Cor. Hence, the rectangle 

OBxOAoOGxOD. 
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Scholium. This proposition, it may be observed, bears a 
close analogy to the preceding, and differs firom it only as 
the two chords ABy CD^ instead of intersecting each other 
within, cut each other without the circle. The following 
proposition may be regarded as a particular case of the 
proposition just demonstrated. 

PKOPOSITION XXX. THEOEEM. 

Jf from a point without a circUf a tangent and a secant be 
dravm^ the tangent vrill he a mean proportional between the 
secant and its eoctemal segment 

From the point 0, let the tangent OA^ and the secant 
OC be drawn, then 

00 : OA :: OA : OD, 



or, OAoOOxOD. 

For, drawing AD and AC, the trian- 
gles BAO, OAO, have the angle com- 
mon ; also, the angle OAD, formed by a 
tangent and a chord, is measured by half 
the arc AD (b. ni., p. 21) ; and the an- 
gle has the same measure (b. iil, p. 18); 
hence, the angle OAD= (a. 1) : there- 
fore, the two triangles are similar, and 
we have the proportion 

00 : OA :: OA i OD. 




8 



which gives OA o OOx OD. 



PROPOSITION XXXL THEOKEM, 

If either angle of a triangle is bisected by a line terminating in 
the opposite side, the rectangle of the sides about tJie bisected 
angle, is equivalent to the square of the bisecting line, together 
with the rectangle contained by the segments of the third 
side. 

In the triangle BAO^ let AD bisect the angle A ; then 



ABxAC^O^AD^+BDxDO. 
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Describe a circle through the three 
points ^,5, G (b.iii.,prob. 13,s.); prolong 
AD till it meets the circumference in -E> 
and draw GE, 

The triangle BAD is similar to the 
triangle EAG\ for, by hypothesis, the 
angle BAD^EAG\ also, the angle 5=^, 
since they are both measured by half the arc A G (b. hi., p. 
18) ; hence, these triangles are similar, and the homolo- 
gous sides give the proportion 

BA \ AE \\ AD \ AG\ 
hence, BAy.AG^oAExAD\ hxA AE^AD+DE, 
and multiplying each of these equals by AD, we have 

AEy.AD^o^A&-\-AD'KDE\ 
now (p. 28, c), ADxDEoBDxDG\ 



2 



hence, finally, BAxAGoAD +BDxDG. 



PROPOSITION XXXII. THEOREM. 

Tn any triangle^ the rectangle contained hy two sides is equivor 
lent to the rectangle contained by the diameter of the cvrcum- 
scribed circle^ and the perpendicular let fall on the third side. 

In the triangle BAG^ let AD be drawn perpendicular to 
BG] and let EG be the diameter of the circumscribed 
circle: then will 

ABxAG^^ADxGE. 

For, drawing AE^ the triangles 
DBA^ GAE^ are right-angled, the one 
at jD, the other at A : also, the angle 
B^E (b. III., p. 18, 0. 1) ; these tri- 
angles are therefore similar, and we 
have 

AB I GE :i AD I AG] 

and hence, ABxAGo GExAD. 

Got, If these equal quantities be multiplied by BG^ there 
will result 

ABxAGxBG=-GExADxBG\ 
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noWy ADxBO is double the area of the triangle (p. 6); 
therefore, the product of the three sides of a trtangk is equal 
to its area multiplied hy twice the dvametor of the circumscribed 
circle* 

The product of three lines is sometimes represented 
by a solid^ for a reason that will be seen hereafter. Its 
value is easily conceiyed, by supposing the lines to be 
reduced to number^ and then multiplying these numbers 
together. « 

Scholium, It may also be demonstrated, that the area of 
a triangle is equal to its perimeter multiplied hy half the radius 
cf the inscribed circle. 

For, the triangles AOB^ 
BOG, AOO, which have a 
common vertex at 0, have 
for their common altitude the 
radius of the inscribed circle; 
hence, the sum of these tri- 
angles will be equal to the 
sum of the bases -4 J?, BC^ AC, multiplied by half the 
radius 0D\ hence, the area of the triangle ABO is equal 
to its perimeter multiplied by half the radius of the inscribed 
drdc 




PBOPOSITION XXXTTT. THEOREM. 

In every quadrilaterai inscribed in a circle, the rectangle, of the 
two diagonals is equivalent to the sum of the rectangles of 
the opposite sides. 

Let ABCD be a quadrilateral inscribed in a circle, and 
ACy BDy its diagonals: then we shall have 

ACxBDoABX CD+ADxBC. 

Take the arc CCh=^AD, and draw 
BO J meeting the diagonal AC m L 

The angle ABD^CBI, since the 
one has for its measure half of the arc 
AD (b. in., p. 18), and the other, half 
of CO, equal to AD ; the angle ADB 
^BCIf because they are subtended by 
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the same arc ; hence, the triangle 
ABJD is similar to the triangle IBOy 
and we have the proportion 

AD : CI :: BD : BO; 

and consequently, 

ADX BC^o^ CIX BD. B^ 

Again, the triangle ABI is similar to the triangle BDG; 
for the arc AD being equal to CO, if OD be added to 
each of them, we shall have the arc AO—DC] hence, the 
angle J.-B/is equal to DBG] also, the angle jB4/ to BDC^ 
because they stand on the same arc ; hence, the triangles 
ABI, DBC, are similar, and the homologous sides give the 
proportion 

AB I BD :: AI : CD] 

hence, ABxCDoAIX BD. 

Adding the two results obtained, and observing that 

AIxBD+CIxBD={AI+CI)xBD=AOxBD, 

we shall have 

ADxBC+ABx CDoACxBD. 



PROBLEMS 
RELATING TO THE FOURTH BOOK. 

PROBLEM I. 

2b divide a given straight line into any nurriber of equal parts, 
or into parts proportional to given lines. 

First, Let it be proposed to divide the 
line AB into five equal parts. Through 
the extremity A, draw the indefinite straight 
line A Q : take AC oi any magnitude, and 
apply it five times wponAG] join the last 
point of division G, and the extremity B 
of the given line, by the straight line GB] 
then through (^ draw CI parallel to GBi 
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Al will be the fifth part of the line AB ; and by apply- 
ing AI five times upon AB^ the line AB will be divided 
into five equal parts. 

For, since CI is parallel to GB^ the sides AO^ AB^ 
are cut proportionally in G and / (p. 15). But AC Sa 
the fifth part of AQ, hence, AI is the fifth part of AB 

Sdoonily. Let it be 
proposed to divide the 
line AB into parts pro- 
portional to the given 
lines P, Q, E. Through 
A, draw the indefinite 
line AO] make AO=F, 
CD^ Q, I)JS=B; join the 

extremities B and B; and through the points C and B^ 
draw CIj DF, parallel to EB ; the line AB will be divided 
into parts AI^ IF^ FB, proportional to the given lines P^ Q, R, 

For, by reason of the parallels CI, DF^ EB^ the parts 
AI^ IF, FB, are proportional to the parts A (7, CD, BE (p. 
16, a 2) ; and by construction, these are equal to the given 
lines P, Q, R. 

PSOBLEM n. 

To find f fjurth proportional to three given lines^ A^ B^ C 

Draw the two indefi- 
nite lines BEy DF^ form- 
ing any angle with each 
other. Upon DE take 
DA^A, and BB=B; 
upon BF take BC^C, 
draw AC] and through 
the point jB, draw BX parallel to AC; and BX will be 
the fourth proportional required. For, since BX is parallel 
to -4.(7, we have the proportion (p, 15,0. 1), 

BA : BB :: BC : BX; 

now, the first three terms of this proportion are equal to 
the three given lines : consequently, BX is the fourth pro- 
portional required. 
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Chr. A third proportional to two given lines, A, B, may 
be found in the same manner, for it will be the same as a 
fourth proportional to the three lines, .4, J8, jB, 



PBOBLEM IIL 

To find a mean proportional hetween tivo given lines A and JS» 

Upon the indefinite line DF, 
take D]S=A, and EF=B] and 
upon the whole line DF^ as a 
diameter, describe the semicircum- 
ference DQF\ at the point E^ 
erect, upon the diameter, the per- 
pendicular EG meeting the semicircumference in Q\ EGr 
will be the mean proportional required. 

For, the perpendicular EO^ let fall from a point in the 
circumfereDice upon the diameter, is a mean proportional 
between the two segments of the diameter DE^ EF (p. 23, 
0.) ; and these segments are equal to the given lines A and B, 




PROBLEM IV. 

To divide a given line into two such parts, that the grecUer 
part shall be a mean proportional between Hie whole Uns 
and the other part. 

Let AB be the given line. 

At the extremity B, erect the 
perpendicular BG, equal to the 
half of AB ; from the point (7, 
as a centre, with the radius CB, 
describe a semicircle ; draw AG 
cutting the circumference in i?; -^ ^ 

and take AF=AD : then F will be the point of division^ 
and we shall have, 

AB : AF :: AF : FB. 




For, AB being perpendicular to the radi^is at its ex- 
tremity, is a tangent (b. hi., p. 9) ; and if AG he prolonged 
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till it again meets the ciicmnferenee, in JB^ we ahall haya 
(R 80), 

AE I AB II AB I AD] 

hence, by division, 

AE-AB : AB :: AB-AD : AD. 

Bnt, since the radius is the half of AB^ the diameter DS 
is equal to AB^ and consequently, AE—AB=AI)=AF] 
also, because AF^AD, we have AB—AD^FB: hence, 

AF : AB :: FB : AB, or AF; 

whence, by inversion, 

AB : AF :: AF x FR 

Scholium. This sort of division of the line AB, viz., so 
Aat the whoU line shall he to the greater part as the greater pari 
is to the less, is called division in extreme and mean ratio. 
It may further be observed, that the secant AE is divided 
in extreme and mean ratio at the point D] for, since AB^ 
DE, we have, 

AE I BE :: BE : AD. 



PB0BL£M V. 

Through a given point, in a given angle, to draw a line so 
thai the segments comprehended between the point and the 
two sides of the angle, shall be eguoL 

Let BCD be the given angle, and A the given point 

Through the point A, draw AE 
parallel to CD, make BE—CE, and 
through the points B and A, draw 
JSAlD ; this will be the line required. 

For, AE being parallel to CD, we 
have, 

BE : EC :: BA : AD] 
but BE=EC\ therefore, BA=AD. 
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PROBLEM VI. 



To describe a sjua/y>e that shall he equivaJent to a given parai' 

lelogram, or to a given triangle* 

X Y 




A £ 




First Let ABGD be 
the given parallelogram, 
AB its base, and DJE 
its altitude : between AB 
and JDU find a mean 
proportional XT] then 
will the square described upon XT be equivalent to the 
parallelogram ABGD. 

For, by construction, 

AB : XT :: XT : BE; 
therefore, 




HY 



but ABxDE is the measure of the parallelogram (p. 5), 
and XT^ that of the square ; conaequently, they are equiv* 
alent. 

Secondly, Let BAC 
be the given triangle, 
BC its base, AD its al- 
titude : find a mean pro- 
portional between BC 
and the half of AD^ and 
let XT be that mean ; the square described upon XT 
will be equivalent to the triangle ABC, 

For, since 

BC : XT :: XT : \AD, 

it follows, that 

XT^oBGx\AD) 

hence, the square described upon XT is equivalent to tke 
triangle BAC. 

PROBLEM Vn. 

Upon a given line, to describe a rectangle that shall be ejuifO' 

lent to a given rectangle. 



Let AD be the line, and ABFC the given rectangle. 
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Find a fourth pro- 
portional to the three 
lines, AD, AB, AC, and 
let AX be that fourth 
proportional ; a rectan* 
gle constructed with the 
sides AD and AX will be equivalent to the rectangle ABFCL 

For, since 

AD : AB :: AC : AX^ 

it follows, that ADxAXoABxAO] 

hence, the rectangle ADEX is equiyalent to the rectangle 
ABFa 



PBOBLXM Vm. 

To find two lines whose ratio shall he the same as the ratio of 
two rectangles contained hy given lines. 

Let AxB, CxD, be the rectangles contained by the 
given lines A, J?, t7, and D. 

Find X, a fourth proportional to the 
three lines, B, C, D; then will the two 
lines A and X haye the same ratio to 
eadi other as the rectangles AxB and 
CxD. 

For since, 

B : O II D : X, 

it follows that OxDoBxX; hence, 

AxB : GxD :: AxB : BxX 



AH 

Bh 



Chr. Hence, to obtain the ratio of the squares described 
upon the given lines A and (7, find a third proportional J^ 
to the lines A and (7, so that 

A : :: : X; 

you will then have 

AxX=o^(f, or A\XoAxG*] hence, 
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PROBLEM IX. 

To find a triangle that shall he equivalent to a given jrvlygon. 

Let AEDGB be the given polygon. 

First, Draw the diagonal CE 
cutting " off the triangle GDE\ 
through the point D, draw DF 
parallel to GE^ meeting AE pro- 
longed, in F\ draw GF: the poly- t? 

gon AEDGB is equivalent to 

the polygon AFGB^ which has one side less than the 

given polygon. 

For the tflangles GDE^ GFE, have the base GE com- 
mon, they have also equal altitudes, since their vertices D 
and F^ are situated in a line DF parallel to the base: 
these triangles are therefore equivalent (p. 2, o.) Add to 
each of them the figure AEGB, and there will result the 
polygon AEDGBj equivalent to the polygon AFGB. 

The angle. JS may in like manner be cut off, by sub- 
stituting for the triangle ABG, the equivalent triangle -4.6^67, 
and thus the pentagon AEDGB will be changed into an 
equivalent triangle GGF. 

The same process may be applied to every other figure; 
for, by successively diminishing the number of its sides, 
one being retrenched at each step of the process, the equiv- 
alent triangle will at last be found. 

Scholium, We have already seen that every triangle may 
be changed into an equivalent square (prob. 6); and thus 
a square may always be found equivalent to a given recti- 
lineal figure, which operation is called squaring the recti 
lineal figure, or the quadrature of it. 

The problem of the quadrature of the circle consists in 
finding a squarer equivalent to a circle whose diameter is 
given. 
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PBOBLEBC X. 

% find the side of a square which shall be equivaJerU h the 
sum or the difference of two given squares. 

Let A and B be the sides of the given squares. 

First If it is required to find « 

a square equivalent to the sum 
of these squares, draw the two 
indefinite lines, JED, FF, at right 
angles to each other ; take ED= 
A, and FO=^B ; and draw DG : ^ 
this will be the required side of the square. 

For the triangle BFO being right-angled, the square 
described upon the hypothenuse i)(7, is equivalent to the 
sum of the squares upon FD and FG (p. 11). 

Secondly. If it is required to find a square equivalent 
to the diflFerence of the given squares, form, as before, 
the right angle FFH] take GF equal to the shorter 
of the sides A and B\ fit>m the point & as a centre, with 
a radius GH^ equal to the other side, describe an arc 
cutting FH in Hi the square described upon FH will be 
equivalent to the diflFerence of the squares described upon 
the lines A and B. 

For, the triangle GFH is right-angled, the hjrpothenuse 
Gff=^Aj and the side GF=B ; hence, the square described 
upon Fff, is equivalent to the diflFerence of the squares A 
and B (p. 11, c. 1). 

Scholium. A square may thus be found, equivalent to the 
sum of any number of squares ; for a construction similar 
to that which reduces two of them to one, will reduce 
three of them to two, and these two to one, and so of 
others. It would be the same, if any of the squares wei^ 
to be subtracted from the sum of the others. 

9 
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PBOBLEM XI. 

Jh find a square which shall he to a given square as one given 

line is to another given line. 

Let AC \>Q the given square, and M and N tlie given 
lines. 

Upon tlie indefi- ^ C _- 

nite line EG^ take EF 
=M, and FG=N', up- 
on EG as a diameter 
describe a semicircuni' 
ference, and at the 
point F erect the per- 




B 



pendicidar FH. From the point ff, draw the chords HG^ 
HE, which produce indefinitely: upon the first, take HK 
equal to the side AB of the given square, and through the 
point K draw KI parallel to EG ; HI will be the side of 
the required square. 

For, by reason of the parallels KI, GE, we have 

HI : HK :: HE : HG; 

hence, Sl^ : HK^ : : ^^ : HG^ : 

but in the right-angled triangle GHE, the square of HE 
is to the square of HG as the segment EF is to the seg- 
ment FG (p. 11, c. 3), or as if is to iV; hence, 

Hf : HK^ :i M i N. 

But HK=AB ; therefore, the square described upon HI is 
to the square described upon AB as J/ is to iV. 

pboblsm: xn. 

Upovi a given lirie^ to describe a polygon similar to a given 

polygon. 

Let FG be the given line, and AEDCB the given 
polygon. 
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In the given poly- 
gon, draw the diago- 
nals AC^ AD] at the 
point F make the angle 
QFH-BA Q and at the 
point (7, the angle FOE 
^ABO ; the lines FH, 

QH will intersect each other in JST, and the triangle FQH 
will be similar to ABO (p. 18). In the same manner upon 
FH^ homologous to J (7, describe the triangle FIH similar 
to ADC] and upon FI^ homologous to AD^ describe the 
triangle FIK similar to ADE. The polygon FQHIK will 
be similar to ABCDE^ as required. 

For, these two polygons are composed of the same 
number of similar triangles, similarly placed (p. 26, a) 

PROBLEM XIII. 

7^00 stTKilar figures being given^ to describe a similar figure 
which shall be equivalent to their sum or differenee. 

Let A and B be homologous sides of the given figures. 

Knd a square equivalent 
to the sum or difference of 
the squares described upon A * 
and 5; let X be the side of 
that square; then will X be 
that side in the figure required, ^ 

which is homologous to the 

sides A and B in the given figures. Let the figure itseli, 
then, be constructed on the side X, as in the last problem. 
This figure will be equivalent to the sum or differenoe of 
the figures described on A and B (p. 27, c.) 

pBOBLEif xrv. 

fb describe a figure similar to a given figure, and bearing to 

it the given ratio of M to N, 

Let A he Sk side of the given figure, X the homologous 
side of the required figure. 
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Find the value of X, such, that its 
square shall be to the square of J., as if to 
N (PROB. 11). Then upon X describe a fig- 
lu'e similar to the given figure (prob.12): 
this will be the figure required. 




PEOBLEM XV. 

lb constrict a figure similar to the figure P, and equivalent to 

the figure Q. 

Find Mj the side of a 
square equivalent to the fig- 
ure P, and iV the side of a 
square equivalent to the figure 
Q .(PROB. 9, s.) Let X be a 
fourth proportional to the 

three given lines, M, N, AB ; upon the side X, homologous 
to AB^ describe a figure similar to the figure P ; it will also 
be equivalent to the figure Q. 

For, calhng Y the figure described upon the side X, 
we have, 

P : r :: ZB^ : X'; 
but by construction, 




AB : X :: M : N, OT, AB^ : 


^ 


hence, P : . T :: J/^ : 


; i^. 


But, by construction also, 




M^^c^P, and N^< 


>=G- 


therefore, P : Y : : P : 


Q; 



M' 



lf\ 



consequently, F=o= Q. ; hence, the figure Y is similar ta 
the figure P, and equivalent to the figure Q. 



PEOBLEM XVI. 



To construct a rectangle equivalent to a given square, and hath 
ing the sum of its adjacent sides equal to a given line. 

Let be the square, and the line AB equal to ihe 
sxun of the sides of the required rectanglop 
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FB 



Upon AB as a diam* 
eter, describe a semicir- 
camference; at ui, draw 
AD perpendicular to AB^ 
and make it equal to the 
side of the square 0] 
then draw the line i?-& parallel to the diameter AB\ from the 
point -ff, where the parallel cutd the circumference, draw 
EF perpendicular to the diameter; AF and FB will be 
the sides of the required rectangle. 

For, their sum is equal to AB] and their rectangle 
AFxFB is equivalent to the square of FF, or to the square 
of AD] hence, this rectangle is equivalent to the given 
square d 

SchoUum. The problem is impossible, if the distance AJ) 
exceeds the radius ; that is, the side of the square C must 
not exceed half the line AB. 



PBOBLEM xvn. 

2b construct a rectangle that sfiall be equivalent to a yiven 
square^ and the difference of whose adjacent sides shall he 
equal to a given line. 

Let O denote the given square, and AB the difference 
of the sides of the rectangle. 

Upon the given line AB, as a 
diameter, describe a circumference. 
At the extremity of the diameter, 
draw the tangent AD, and make it 
equal to the side of the square C] 
through the point D and the cen- 
tre draw the secant DOF, inter- 
fiecting the circumference in E and 
F; then will DE and DF be the 
adjacent sides of the required rectangle. 

For, the difference of these lines is equal to the diame 
ter EF or AB] and the rectangle DE, DF is equivalent tc 
AD (p. 80); hence, the rectangle DFxDE, is equivalent 
to the given square C 
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TBOBLEM XVni. 

2fb find the common m^xtsure, between the side and diagonal of 

a square. 

Let ABCO be any square, and J. 67 its diagonal. 

We first apply GB upon GA. 
For this purpose let the semicir- 
cumference DBE be described, from 
the centre (I with the radius GB, 
and produce AG to K It is evident 
that GB is contained once in AG, 
with the remainder AI). The result 
of the first operation is, therefore, a 
quotient I, with the remainder u4.i^. 
This remainder must now be compared with BGj or its equal 
AB. 

Since Itie angle ABG is a right angle, AB is a tangent, 
and since AH is a secant drawn from the same point, we 
havf" {V 80), 

AD : AB :: AB : AM 

tleiioe, m the second operation, where AD is compared 
with AB, the equal ratio of AB to AE may be taken instead: 
but ABj or its equal GD, is contained twice in AH, with 
the remainder AD] the result of the second operation is 
therefore a quotient 2 with the remainder AD, and this must 
i\e again compared- with AB. 

Thus, the third operation consists in comparing again 
AD with AB, and may be reduced in the same manner to 
the comparison of AB or its equal GD with AU] from 
which there will again be obtained a quotient 2, and the 
remainder AD. 

Hence, it is evident that the process will never termi- 
nate, and consequently that no remainder is contained in 
its divisor an exact number of times ; therefore, there is 
no common measure between the side and the diagonal of 
h square. This property has already been shown, since (P. 

11,0.5), . 

AB : AG :: 1 : ^2, 
but it acquires a greater degree of clearness by the geo- 
metrical investigation. 
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RBGXJLAR POLYGONS— MEASUREMENT OP THE CIRCLR 

DEFINITION. 

A REauLAB Polygon is one which is both equilateral 
and equiangular. 

A regular polygon may have any number of sides. 
The equilateral triangle is one of three sides; the square, 
is one of four. 

PROPOSITION L THEOREM. 

Regular polygons of the same number of sides are similar figwts. 

Let ABODEF^ ahcedf be two such polygons. 

Then, either angle, 
as Ay of the polygon 
ABCDEF, is equal to 
twice as many right an- 
gles less four, as the fig- 
ure has sides, divided by A 
&e number of sides ; and the same is true of either angle 
of the other polygon (b. i., p. 26, c. 4) ; hence (a. 1), the 
angles of the polygons are equal. 

Again, since the polygons are regular, the sides AB^ BC^ 

ODj Ac., are equal, and so likewise the sides a&, ic, cd 

(d.), &C.; hence 

AB : ab :: BO : be :: OD : ed, ko.; 

therefore, the two polygons have their angles equal, and 
iheir sides taken in the same order proportional ; conse- 
quently, they are similar (b. rv., D. 1). 

Cbr. 1. The perimeters of two regular polygons of the 
same number of sides, are to each other as their homolo- 
gous sides, and their surfaces are to each other as the 
squares of those sides (b. rv., p. 27). 
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Cor. 2. The angle of a regular polygon, like the angle 
of an equiangular polygon, is determined by the number 
of its sides (b. i., p. 26, c. 4). 

PBOPOSITION II. THEOEEM. 

i regular polygon may he circumscribed by ike circuwfcreTUit 
of a circle^ and a circle may be inscribed vnthin it 

Let JEfGFJSj &c., be any regular polygon. 

Through the three points A, B, (7, 
describe the circumference of a circle : 
the centre will lie in the line OP, 
drawn perpendicular to BC at the 
middle point P (b. hi., p. 6, s.) Then 
draw OB and OC. 

K the quadrilateral OPCD be 
placed upon the quadrilateral OPBAj 
they will coincide; for, the side OP is common; the angle 
OPG=OPBj each being a right angle; hence, the side 
PC will apply to its equal PB, and the point C will 
fall on B: besides, the polygon being regular, the angle 
PCI)=PBA (d.) ; hence, CD will take the direction BA ; 
and since CJD^BA, the point B will fall on A, and the 
two quadrilaterals will coincide. Hence, OB is equal to 
AO; and co;isequently, the circumference which oasses 
through the three points A, B, C, will also pass through 
the point B, In the same manner it may be shown, that 
the circumference which passes through the three points 
B, Of B, will also pass through the point JS] and so of all 
the other vertices; hence, the circumference which passes 
through the points J., B, CJ passes also through the vertices 
of all the angles of the polygon, consequently, the circum- 
ference of the circle circumscribes the polygon (b. hi., d. 7). 

Again, in reference to this circle, all the sides AB, BC, 
CBy &c., of the polygon, are equal chords ; they are there 
fore equally distant from the centre (b. hi., p. 8) : hence, if 
from the point as a centre, with the distance OP, a cir- 
cumference be described, it will touch the side -BO, and all 
the other sides of the polygon, each in its middle point, and 
the circle will be inscribed in the polygon (b. ni., D. 11). 
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Ssholium. The point 0, the common centre of the in- 
Boribed and circumscribed circles, may 'also be regarded as 
the centre of the polygon; and the angle A OB is called 
Ae angle at the centrCy being formed by two lines drawn 
from the centre to the extremities of the same side AJBi 
rhe perpendicular OP, is called the apothem of the polygon 

Oor, 1. Since all the chords AB^ BC^ CD^ &c., are equal, 
all the angles at the centre are likewise equal (b. hi,, p. 4) ; and 
therefore, the value of any angle will be found by dividing 
four right angles by the number of sides of the polygon. 

Cor. 2. To inscribe a regular 
polygon of any number of sides 
in a given circle, we have only 
to divide the circumference into 
as many equal parts as the poly- 
gon has sides; for, when the arcs 
are equal, the chords AB, BC^ CD^ 
&c, are also equal (b. hi., p. 4) ; 
hence, likewise the triangles AOB^ BOO, COD, must be 
equal, because their sides are equal each to each (b. i., p. 10) ; 
therefore, by addition, all the angles ABC^ BCD, CDEy &c., are 
equal (a. 2) ; hence, the figure ABCDEH, is a regular polygon. 




psoposmoN m. problem. 

To inscribe a square in a given circle. 

Draw two diameters AC, BD, intersecting each other 
at right angles; join their extremities A, B, C, D, the 
figure ABCD will be a square. 

For, the angles A OB, BOC, &c., 
being equal, the chords AB, BC, 
&C., are also equal (b. hi., p. 4) : 
and the angles ABC, BCD, &c., 
being inscribed in semicircles, are 
right angles (b. hi., p, 18, c. 2). 

Scholium. Since the triangle 
BOO is right-angled and isosceles, 
we ,have (b. iv., p. 11, c. 5), BO : BO : : V2 : 1 ; 
hence, the side of the inscribed square is to the radius, as the 
square root of two, to unity. 
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PKOPOSITION IV. THEOEEM. 

If Q reguUxfr h&cagon he inscribed in a circle, its side toiU le 

equal io the radius. 

Let ABODJSH, be a regular hexagon, inscribed in a 
circle: then will its side AB be eqnal to the radius OA. 

For, the angle A OB is equal 
to one-sixth of four right angles, 
(p. 2, 0. 1), or one-third of two 
right angles : hence, the sum 
of the remaining angles . OAB, 
OBA, is equal to two-thirds of 
two right angles (b. i., p. 25). 
But the triangle A OB is isos- 
celes, hence, the angles at the 

base are equal (b. i., p. 11) : therefore each is one-third ot 
two right angles: hence, the triangle A OB is equiangu- 
lar : hence, AB =A (b. i., p. 12). 




PBOPOSITION V. PBOBLEM. 

To inscribe in a given circle^ a regular heocagon. 

Let be the centre, and OB the radius of the given 
circle. 

Beginning at any point, as 
Bj apply the radius BO, six 
times as a chord to the circum- 
ference, and we shall form the 
regular hexagon BODEFA (p. 
4). Hence, to inscribe a regu- 
lar hexagon in a given circle, 
the radius must be applied six 
times as a chord, to the cir- 
cumference; which will bring 
us round to the point of begin- 
ning. 

Obr. 1 K the vertices of the alternate angles be joined 




J 
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by the lines AO^ OH, HA, there will be inscribed in the 
oircle an equilateral triangle ACE, since each of its angles 
will be measiired by one-sixth of four right angles, or one- 
third of two (b. I., P. 25, c. 6). 

Cbr. 2. If we draw the radii OA^ 00, the figure OCBA 
will be a rhombus: for, we have 

00=0B=^BA=AO. 

Hence, the sum of the squares of the diagonals is equiya> 
lent to the sum of the squares of the sides (b. iy., p. 14, c. 2): 

that is, Ad^+OB^oiAB^< ° 



AOB 



and by taking away OB , we have, 

:9 



SOB ; hence, 
^ : S : 



A0'< 

AC^ : OB' : S : 1; or, 

AC : OjB :: V8 :• 1: 
hence, the side of the inscribed equilateral triangle is to ih$ 
radius, as (he square root'of three, to unity. 



PBOPOSmON VI. PBOBLEM. 

In a given circle to inscribe a regular decagon. 

Let be the centre, and OA the radius of the given 
circle. 

Divide the radius OA in 
extreme and mean ratio at 
the point if (b. iv., prob. 4) : 
Take OAf, the greater seg- 
ment, and lay it off from A 
to B\ the chord AB will 
be the side of the regu- 
lar decagon, and by apply- 
ing it ten times to the cir- 
cumference, the decagon will 
be inscribed in the circle. 

For, drawing MB, we have by construction, 

AO : OM .1 OM : AM; 
or, since AB^OM, 

AO I AB II AB I Ail 
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But since the triangles ABO^ 
AMB^ have a common angle 
A^ included between propor- 
tional sides, they are similar 
(b. IV., P. 20). Now the triangle ly 
BAO being isosceles, AMB 
must be isosceles also, and 
AB=BM] but AB=OM] 
hence, also MB==MO ; hence, 
the triangle BMO is isosceles. 

Again, in the isosceles tri- 
angle BMOj the angle AMB 
being exterior, is double the interior angle (b. i., p. 
25, 0. 6): but the angle AMB=MAB; hence, the triangle 
OAB is such, that each of ihe angles OAB or OBA, at its 
base, is double the angle 0, at its vertex ; hence, the three 
angles of the triangle are together equal to five times the an- 
gle 0, which consequently, is the fifth part of two right angles, 
or the tenth part of four; hence, the arc AB is the tenth 
part of the circumference, and the chord AB is. the side 
of the regular decagon. 

Cor. 1. By joining the vertices of the alternate angles 
of the decagon, a regular pentagon ACEOI will be in- 
scribed. 

Cor. 2. Any regular polygon being inscribed, if the arcs 
which the sides subtend be severally bisected, the chords of 
those semi-arcs will form a new regular polygon of double 
the number of sides : thus it is plain, that the square will 
enable us to inscribe, successively, regular polygons of 8, 
16, 32, &c., sides. And in like manner, by means of the 
hexagon, regular polygons of 12, 24, 48, &c., sides may be 
inscribed; and by means of the decagon, polygons of 20, 
40, 80, &c., sides. 

Cor. 8. It is further evident, that any of the inscribed 
polygons will be less than the inscribed polygon of double 
the number of sides, since a part is less than the whole. 
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PKOPOGinoN vn. pbobleil 




A ttgyHaT inscribed polygon being given, to circumscribe a wniF 

ilar polygon about the same circle. 

Let be the centre of the circle, and CDEFAB 
zegular inscribed polygon. 

At T, the middle 
point of the arc AB^ 
draw a tangent OH^ 
and do the same at the 
middle point of each of 
the arcs BC^ CD^ &c. ; 
these tangents will be 
parallel to the chords 
AB, BQ CD, &c. (B. m., 
p. 10, c.) ; and will, by 
their intersections, form 
the regular circumscrib- 
ed polygon GUIK &c., similar to the one inscribed. 

For, since T is the middle point of the arc BTA, and 
N the middle point of the equal arc BNC, it follows, that 
BT=BN'] or that the vertex B of the inscribed polygon, 
is at the middle point of the arc NBT. Draw f/K The 
line OH will pass through the point B. 

For, the right-angled triangles OTff, NOff, having the 
common hypothenuse Off, and the side 07= 0-^ are equal 
(b. L, p. 17), and consequently the angle TOH=HON,^heTe* 
fore the line OH passes through the middle point B of the 
arc TN (b. in., p. 15). Ia the same manner it may be 
shown that 01 passes through 0; and similarly for the 
other vertices. 

But since OH is parallel to AB, and HI to BO, th 
angle OHI=^ABC (b. i., p. 24); in like manner, HIK^BCD 
and so for the other angles: hence, the angles of the cir 
cumscribed polygon are equal to those of the inscribed. 
And further, by reason of these same parallels, we have 

GH : AB :: OH : OB, md HI : BO :: OH : OB: 
therefore, OH : AB :: HI i BC. 
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•But AB=BG, 
therefore QH^HL 
For a like 



reason. 




fl7= ZffJ &c. ; hence, 
the sides of the circnm- 
scribed polygon are all 
equal; hence, this poly- 
gon is regular and simi- 
lar to the inscribed 
polygon. 

Cor, 1. Eeciprocal- 
ly : if the circumscribed polygon OHIK &c., be given, and 
the inscribed one ABG &c., be required, it will only be 
necessary to draw from the vertices of the angles O^ H^ /, 
&c., of the given polygon, straight lines 0(7, OH^ &c., meet- 
ing the circumference in the points Ay -B, (?, &c. ; then to 
join these points by the chords AB^ BO^ &c. ; this will 
form the inscribed polygon. An easier solution of this 
problem would be, simply to join the points of contact T^ 
N, P, &c., by chords TN^ NP, &c., which likewise would 
form an inscribed polygon similar to the circumscribed one 

Chr, % Hence, we may circumscribe about a circle any 
regular .^jolygon similar to an inscribed one, and con- 
versely. 

(hr. 8. It is plain that NH+HT^HT+TG^^HO, one 
of the equal sides of the polygon.. 

Cor. 4. If through 5, -4, F^ &c., the middle points of 
the arcs NBT, TAS^ SFB, &c., we draw tangent lines, W6 
shall thus form a new regular ciifeumscribed polygon having 
double the number of sides: and this process may be re- 
peated as often as we please. The new polygon will be 
regular, because it wiU be similar to a new inscribed poly- 
gon which may be formed (p. 6, c. 2) of double the number 
of sides of the first. It is plain, that each new circumscribed 
polygon will be less than the one from which it was denied, 
since a part is less than the whole. 
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FBOPOSinON VnL THBOBXBL 

The area of a regukar polygon is equal to its perimeter muU' 
plied by half the radius of the inscribed circle. 

Let there be the regular polygon OHIK^ and ON^ OT^ 
radii of the inscribed circle drawn to the points of tan- 
gency: then will its area be equal to the perimeter mul- 
tiplied by one-half of OT. 

For, the triangle OOH is 
measured by OHx \ OT ; the trian- 
gle OHl by HIX\ON: but ON^ 
OT; hence, the two triangles taken 
together are measured by 

{GH-hHr^xlOT. 

And, by finding the measures of 
the other triangles, it will appear 
that the sum of' them all, or the 
whole polygon, is measured by the sum of the bases OH^ 
HI, &c., or, the perimeter of the polygon, multiplied by 
one-half of OT] that is, the area of the polygon is equal 
to its perimeter multiplied by half the radius of the in 
scribed circle. 




PSOPOSITION IX. THEOSEM. 

7%« perimeters of regular polygons, having the same number of 
sides^ are to each other as the radii of the circumscribed 
circles; and alsOy as the radii of the inscribed circles; and 
their areas are to each other as the squares of those radii, 

Let AB be the side of one polygon, the centre, and 
consequently OA the radius of the circumscribed circle, 
and 0Z>, perpendicular to AB^ the radius of the inscribed 
circle. Let oft, be a side of the other a D B 
polygon, the centre, oa and od, the 
radii of the circumscribed and the 
inBcribed circles. 

Then, the perimeters of the two 
polygons are to each other as the 
sides AB and ab (b. iv., p. 27) : but 
the angles il'and a are equal, being 
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each half of the angle of the poly- 
gon ; so also are the angles B and 
J; hence, the triangles ABO^ oho, 
are similar, as are, . likewise, the 
right-angled triangles ADO, ado] 
therefore, 

AB : oJ : : AO : ao :i DO : do ; 

hence, the perimeters of the poly- 
gons are to each other as the radii 

AO^ oo, of the circumscribed circles, and also, as the radii 
DO, do J of the inscribed circles. 

The surfaces of these polygons are to each other as the 
squares of the homologous sides AB, ah (b. iv., P. 27) ; they 
are therefore likewise to each other as the squares of -40, 
ao, the radii of the circumscribed circles, or as the squares 
of OjD, od, the radii of the inscribed circles. 




PEOPOSITION X. THEOEEM. 



Two regular polygons, of the same number of sides, can always 
he formed, the one circumscribed about a circle, the other in* 
scribed in it, which shall differ from each other by less than 
any given surface. 

Let Q be the side of a square less than the given sur- 
face. Bisect AC, Si fourth part of the circumference, and 
then bisect the half of this fourth, and proceed in this 
manner, always bisecting one of the arcs formed by the 
last bisection, until an arc is found whose chord AB is less 
than Q. As this arc will be an exact part of the circum- 
ference, if we apply the chords AB, BG, CD, &c., each equal 
to AB, the last will terminate at A, and there will be formed 
a regular polygon ABGDE &c., inscribed in the circle. 

Next, describe about the circle a similar polygon cibcde 
&C. (p. 7) : the difference of these two polygons will be 
less than the square of Q. 

For, from the points a and h, draw the lines aO, J(?, to 
the centre 0: they will pass through the points A and B 
(p. 7). Draw also OK to the point of contact Ki it wiD 
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AB in /, and be per- 
pendicular to it (b. m., p. 6, &) 
Prolong A to JE, and draw 
BM 

Let p represent the cir* 
comscribed polygon, and P the 
inscribed polygon: then since 
the triangles a 06, AOBj are 
like parts of p and P, we 
have (b. n., p. 11), 

aOb : AOB :: p : P: 

But the triangles being similar (b. iv., P. 25), 

aOb : AOB :: Oa : oT, or OZ*. 
Hence, p : P :: Oa : 0K\ 

Again, since the triangles OoiT, EAB are similar, having 
their sides respectively parallel (b iv., p. 21). 

Oa : 6E^ : : AE^ : M*, hence 

jp : P : : -4.^ : £B\ or by division (b. n., p. 6^ 



l9 



: p-P :: AB : ^^ -BB , or ^15*. 

But |) is less than the square described on the diameter 
AE {t.IjCA); therefore, p--P is less than the square de- 
scribed on AB: that is, less than the given square on Q: 
hence, the difference between the circumscribed and inscribed 
polygons may, by increasing the number of sides, always be 
made less than any given surface. 



PBOPOSmON XL PBOBLSM. 

The surface of a regidar tnserihed polygon^ and that of a «Vn^ 
Sar circumscribed polygon^ being given ; to find the surfaces 
of the regular inscribed and circumscribed polygons hxving 
dovble the number of sides. 

Let AB be a side of -the given inscribed polygon; 
BF, parallel to AB, a side of the circumscribed polygon, 
and the centre of the circle. If the chord AM and the 
tangents AP, BQ^ be drawn, AM will be a side of an in- 

10 




146 GEOMETEY. 

scribed polygon, having twice the number of sides; and 
AP+Pif=2PM or PQ, will be a side .of the similar dr- 
cnmscribed polygon (p. 7, 0. 3). - 

Now, as the same construc- 
tion will take place at each 
angle corresponding to ACMj 
it will be sufficient to consider 
ACM by itself; for the trian- 
gles connected with it are evi- 
dently to each other aa the 
whole polygons of which they 
form part. Let P, then, be 
the surface of the inscribed 
polygon whose side is ABj p, that of Hhe similar circum- 
scribed polygon ; P' the surface of the polygon whose side 
is AM, p' that of the similar circumscribed polygon: P 
and p are given ; we have to find P and p\ 

First Now the triangles J.GZ?, AGM, having the com- 
mon vertex A, are to each other as their bases CD, CM (b. 
IV., P. 6, c.) ; they are likewise to each other as the poly 
gons P and P', of which they form part (b. ii., p. 11) : hence, 

P : P' :: CD : CM. 

Again, the triangles CAM^ GME^ having the common vertex 
ilfj are to each other as their bases CA, CE ; they are like- 
wise to each other as the polygons P' and p of which they 
form part; hence, 

P' I p :: CA : CR 

But since AD and ME are parallel, we have, 

CD : CM :: CA : CE] 

hence, P : P' : : P' : p; 

hence, the polygon P' is a mean proportional between the 
two given polygons P and p, and consequently, 

P'=z^/:p^, 

Secondly. The altitude CM being common, the triangle 
CPM is to the triangle CPE, as PM is to PE; but since 
CP bisects the angle MCE, we have (b. iv., p. 17), 

PM I PE II CM I CE II CD : CA :: P : P'; 

heuoei 0PM : CPE ix P i P'\ 
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and consequently, 

CPU : CPM+CPE,or CMS ..Pi P+P\ 
and hence, 2CPM, or CMPA : GME : : 2P : P+P\ 

Bat CMPA is to (7i£fi^ as the polygons p' and p^ of which 
hey fonn part: hence, 

jj' : jp :: 2P : P+-P'. 

Kow as P' has been already determined ; this new propor- 
tion will serve to determine jp', and give us 

and thus by means of the polygons P and j) it is easy to 
find the polygons P and p'^ which have double the num- 
ber of sides. 



PBOPosmoN xn. pboblem. 

lb fini the approximaJti wreck of a circk whose radius is unity. 

Let the radius of the circle be 1 ; the side of the in- 
scribed square will be V2 (P- 8, a) ; that of the circum- 
scribed square will be equal to the diameter 2; hence, the 
surfiBM^e of the inscribed square will be two, and that of the 
circumscribed square will be 4 Hence, P=2, and 2^=4; 
by the last proposition we shall find the 

mscribed octagon P'= 'v/8=2.8284271, 

1ft 
circumscribed octagon !>'= oXTTg =8.8187086. 

The inscribed and the circumscribed octagons being thus 
determined, we shall easily, by means of them, determine 
the polygons having twice the number of sides. We have 
only in this case to put P=2.8284271, i)=8.8137085 ; we 
shall find 

i>'= VPx^=8.0614674, 

y = ^^=8.1825979. 

These polygons of 16 sides will enable us to find the 
polygons of 82 sides ; and the processes may be oontinuer) 
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antil tlie difference between the inscribed and circnmsciibed 
polygons is less than any given surface (p. 10). Since the 
circle lies between the polygons, it will differ from either 
polygon by less than the polygons differ from each other: 
tod hence, in so far as the figures which express the areas 
of the two polygons agree, they will be the true figurea to 
express the area of the circle. 

We have subjoined the computation of these polygons^ 
carried on till they agree as far as the seventh place of 
decimals. 



NuMBBR or SiSKt. 


IMSCKIBID P(>LTCM>lf». 


ClECVKSCRIBBD FOLTeKIBf 


4 , . , 


. 2.0000000 . . 


. . 4.0000000 


8 . . . 


. 2.8284271 . . 


, . 8.8187085 


16 . . . 


, 8.0614674 . . 


. . 8.182597* 


82 . . . 


8.1214451 . . 


, . 8.1517249 


64 . . . 


, 3.1365485 . , 


. . 3.1441184 


128 . . . 


8.1403311 . . 


. . 8.1422236 


256 .. . 


3.1412772 . , 


. . 3.1417504 


612 . . . 


. 8.1415188 . . 


, . 8.1416321 


1024 . . . 


8.1415729 . , 


. . 3.1416025 


2048 . . . 


3.1415877 ; . 


, . 3.1415951 


4096 . . . 


. 8.1415914 . . 


. . 8.1415988 


8192 . . . 


. 3.1415928 . . 


. . 8.1415928 


16884 . . 


. 8.1415925 . . 


. . 8.1415927 


82768 . . 


. 8.1415926 . . 


, . 3.1415926 



The approximate area of the circle, we infer, therefore, 
is equal to 3.1415926. Some doubt may exist perhaps 
about the last decimal figure, owing to errors proceeding 
from the parts omitted ; but the calculation has been car- 
ried on with an additional figure, that the final result here 
given might be absolutely correct even to the last decimal 
place. The number generally used, for computation, m 
8.1416, a number very near the true area. 

Scholium 1. Since the inscribed polygon has the same 
uimiber of sides as the circumscribed polygon, and since 
the two polygons are regular, they will be similar (p. 1) : 
and, therefore, when their areas approach to an equality 
with the circle, their perimeters will approach to an equrf* 
ity with the circumference. 
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SchoUum 2. Thftt magnitude to which a varying mag- 
mtude approaches continually, and which it cannot pasSi la 
called a limit 

Having shown that the inscribed and circumscribed 
polygons may be made to differ from each other by less . 
than any given surface (p. 10), and since each differs from 
the circle less than from the other polygon, it follows that 
the circle is the limit of aU inscribed and circumscribed 
polygons, formed by continually doubling the number of 
sides, and that the circumference is the limit of their peri« 
meters. Hence, no sensible error can arise in supposing 
that what is true of such a polygon is also true of its 
limit, the circle. Indeed, the circle is but a re^ar pol j^ 
gon of an infinite number of sides. 

PROPOSITION Xin. THEOREM.. 



The circumferences cf drdes are to eack other as their radii^ 
wni die areas are to each other as the squares of ilveir radii. 

Let us designate the circumference of the circle whose 
radius is CA by circ. CA ; and its area, by area CA: it is 
4hen to be shown that 

arc CA : cite OB : : CA : OB, and that 



area CA : firea OB : : CA^ : 0B\ 




Inscribe within the circles two regular polygons of thuf 
same number of sides. Then, whatever be the number of 
sides, their perimeters will be to each other as the radii 
CA and OB (p. 9). Now, iC the arcs subtended by the sides 
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of iKe polygons be continually bisected, and corresponding 
polygons formed, the perimeter of each new polygon will 
approach the circumference of the circumscribed circle, and 
at the limit (p. 1^, s. 2), we shall have 

drc, CA : drc, OB : : CA : OR 



Again, the areas of the inscribed polygons are to each 
othor as GA to OB (p. 9). But when the number of 
sid«r« of the polygons is increased, as before, at the limit 
we shall have 



area CA : area OB 






as 



ob\ 



Cot, 1. It is plain that the limit of any portion of the 
perimeter of an inscribed regular polygon lying between 
the vertices of two angles, is the corresponding arc of the 
circumscribed circle. Thus, the limit of the portion of the 
perimeter intercepted between and E is the arc QFK 

Cot. 2. K we multiply the antecedent and consequent 
of the second couplet of the first proportion by 2, and of 
the second by 4, we shall have 



and 



cArc. CA 
area CA 



drc. OB 
area OB 









2G4 



4G4 



3 



205; 



that is, the circwmferenees of circles are to each other as thttr 
diameters, and their areas are to each other as the aguoerts oj 
^uir diameters. 
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PBOPOSITION XIV. TU£OB£Bt. 

Similar cares art to each other as their radii: and similar seo 
tors are to each other as the squares of their radii. 

Let ABj DJEf be similar arcs, and ACB, DOE, similar 
sectors: then 

AB : DJE :: CA : OB; 
and ACB : BOE :: 03^ : 0^. 



For, since the arcs are sim- A^^ ^^B 

ilar, the angle is equal to 
the angle (b. iv., d. 6). But 
we have (b. m., p. 17X 



v^ 



circ. CA^ 
circ. OB; 



angle : 4 right angles : : AB : 
and, angle : 4 right angles : : BB 
hence (b. il, p. 4, a), 

AB : BE : : circ. CA : circ. OB ; 

but these circumferences are as the radii AC^ BO (p. 18); 
hence, 

AB I BE XI OA : OB. 

For a like reason, the sectors ACB^ BOE^ are to each 
other as the whole circles: which again are as the squares 
of their radii (p. 18) ; therefore, 

secL AOB : sect BOE :: GA^ : Olf. 



PBOPOSITION XV. theobem:. 



The area of a cirde is equal to the product of half the radius 

by the circurr^erence. 



Let AOBE be a circle whose cen- 
tre is and radius OA : then will 

area OA=^\OAxcirc. OA. 

For, inscribe in the circle any regu* 
lar polygon, and draw OF perpendicu- 
lar to one of its sides. The area of 
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the polygon is equal to ^OF, mul- 
tiplied by the perimeter (p. 8). Now, 
let the arcs which are subtended by 
the sides of the polygon be bisected 
and new polygons formed as before : 
the limit of the perimeter is the cir- 
cumference of the circle ; the limit of . 
the apothem is the radius OA, and 
the limit of the area of the polygon is the area of the 
circle (p. 12, s. 2). Passing to the limit, the expression for 
the area becomes 

area OA=\OAXcirc. OA ; 

consequently, the area of a circle is equal to the product 
of half the radius by the circumference. 

Got, The area of a sector is equal to the arc of the 
sector multiplied by half the radius. 
For, we have (b. hi., p. 17, s. 4), 

aecL AOB : area OA : : AMB : drc. CA ; 

or, sect ACB : area GA : : AMBx 
^CA : drc. CAx^GA. 

But, drc. GAx\GA is equal to the 
area C4; hence, AMBx^CA is equal 
to the area of the sector. 

PKOPOSmON XVI. THEOKJiaL 

The area of a drcle is equal to the square of the radius mvt 
tipUed by the roMo of the diameter to the drcumfsrence. 

Let the circumference of the circle whose diameter in 
uftity be denoted by * : then, since the diameters of ci^ 
des are to each other as their circumferences (p. 13, c. 2), * 
will denote the ratio of any diameter to its circumferenoa 
We shall then have 

1 : flt : : 2GA : drc. CA : 
therefore, drc. GA=<ifX2GA. 

Multiplying both members by JCIi, we have 

\GAxdrc. CA=^*X CJ?, 
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or (p. 15) area, CA^^X C^, 

that is, Oie area of a circle is equal 

to c into the square of the radius. 

Scholium 1. Let CA^Ry and area 
GA==A: then, A=^E\ making 
Cul=l; we shall have 

area OA^*. 

Bat we have found the area of the circle whose ludius is 
1 to be 8.1415926 (P. 12) : therefore, we have 

<=3.1415926. 

In common calculations, we take «'=3.141& 

Scholium 2. The problem of the quadrature of the circle, 
OS it is called, consists in finding a square equivalent in 
surface to a circle, the radius of which is known. Now it 
has just been proved, that a circle is equivalent to the rect- 
angle contained by its circumference and half its radius 
(p. 15) ; and this rectangle may be changed into an equiv- 
alent square, by finding a mean proportional between ita 
length and its breadth (b. iv., prob. 3). To square the 
circle, therefore, is to find the circumference when the 
radius is given ; and for efiecting this, it is enough to 
know the ratio of the diameter to the circumference. 

Hitherto the ratio in question has never been determin- 
ed except approximatively ; but the approximation has 
been carried so far, that a knowledge of the exact ratio 
would afford no real advantage whatever beyond that of 
the approximate ratio. Accordingly, this problem, which 
engaged geometers so deeply, when their methods of 
approximation were less perfect, is now degraded to the 
rank of those idle questions, with which no one })ossessing 
tlie slightest tincture of geometrical science, will occupy 
may portion of. his time. 

Archimedes showed that the ratio of the diameter to the 
circumferenoe is included between 8^% and 3^ ; hence, 3} 
or V aff^^rds at once a pretty accurate approximation to 
the number above 'designated by «•; and the simplicity 
of this first approximation has brought it into yery general 
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use. MetiuSj for the same quantity, found the much more 
accurate valu!e ff f . At last, the value of «', developed to 
a certain order of decimals, was found by other calculators 
to be 8.1415926535897932 &c. : and some have had patience 
enough to continue these decimals to the hundred and 
twenty-seventh, or even to the hundred and fortieth place. 
Such an approximation is practically equivalent to perfect 
accuracy: the root of an imperfect power is in no case 
more accurately known. 

PEOPOSITION XVn. THEOKEM. 



N' 



-N 



]^ the circumferences of two circles mterseet each other, the arc 
of the common chord in the less circle mill he longer than 
the corresponding arc of the greater.* 

Let A and B be the centres of two circles, A 0^ BC^ 
their radii, C and D the points in which their ci^cumfe^ 
ences intersect and CD their common chord : then will the 
arc DEC described with the radius BG^ be longer than the 
arc DFG described with the greater radius AG. 

Join the centres A and B^ 
and prolong AB to E. Then, 
since AB bisects the chord 
GD at right angles (b. ill., P. 11) ; 
it also bisects the arcs at 
the points F and E (b. hi., p. 
6). Draw GE and DE which 
will be equal to each other 
(b. m., p. 4) ; also GF and DF. 

Bisect the arcs GE^ EI), 
and also the arcs GF, FD, and 
draw chords subtending the new 
arcs: there will thus be inscribed in the two segments 
DEG, DFG, portions of two polygons, having the same 
number of sides in each. 

Now, since the point F is within the triangle DEG^ 




* The aro considered in this demonstration is the one which is less thsn • 
MmieirelA. 
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BG plus ED is greater than CF plus FD (b. l, p. 8): 
hence, the hal^ OE is greater than the half| CF. If now, 
with (7 as a oentre, and OE as a radius, we desoribe an 
arc EH^ the chord OE being greater than CF, the arc CFH 
will be greater than the arc OF (b. hi., p. 6). If we sup* 
pose the arc OKE to move with the chord CE then, 
when the chord OE becomes the chord CH^ the arc OKE 
will pass through the points and H^ and will have with 
CFH^ the common chord OH. 

l£f now, we bisect the arc which is equal to OKE^ and 
also "the arc CFH, we know firom what has already been 
shown, that the chord of half the outer arc will be greater 
than the chord of half the inner arc CFH, much more will 
it be greater than the chord of CLy which is half the arc 
OF] that is, the chord of the arc CK, one-half of CE^ 
win always be greater than the chord of the arc (7Z, one* 
half of CF. Hence, the perimeter of that portion of the 
polygon inscribed in the segment OED, will be greater than 
the perimeter of the corresponding polygon inscribed in the 
segment CFD. If, then, we continue the operations indefi- 
nitely, the limit of the outer perimeter will be the arc OED, 
and of the inner, the arc CFDi hence, the arc OED is 
greater than the arc CFD. 

Cot. If equal chords be taken in unequal circles, the 
arc of the chord in the greatest circle will be the shortest ; 
for, the ciicleB may always be placed as in the figure. 



BOOK VI. 



PLANES AND POLYEDRAL ANGUSa 



DEFINITIONS. 

1. A Btraiglit line is perpendicular to a plane, wbec it 
ui perpendicular to every straight line of the pU le 
which passes through its foot : conversely, the plane is 
perpendicular to the line. The point at which the perptn- 
dicnlar meets the plane, is called the foot of the perpend io* 
ular. 

2. A line is parallel to a plane, when it cannot meet 
that plane, to what distance soever both be produoei 
Conversely, the plane is parallel to the line. 

8. Two planes are parallel to each other, when they 
cannot meet, to what distance soever both be produced. 

4. The indefinite space included between two planes 
which intersect each other, is called a dusdral angle: the 
planes are called the faces of the angle, and their line of 
common intersection, the edge of the angle. 

A diedral angle is measured by the>. angle contained be* 
tween two lines, one drawn in each face, and both perpen- 
dicular to the common intersection at the same point. This 
angle may be acute, obtuse, or a right angle. If it is a 
right angle, the two faces are perpendicular to each other. 

6. A PoLYEDRAL angle is the indefinite space in(5luded 
by several planes meeting at a common point. Each plane 
is called a face: the line in which any two faces intersect, 
is called an ed^e : and the common point of meeting of aD 
the planes, is called the vertex of the polyedral angle. 
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Thus, tbe poljedral angle whose yer> 
(ex is iS^ is bounded by the four faoes, 
AJiB, BSG, CSD, DSA. Three planes, at 
least, are necessary to fonn a polyednd 
angle. 

A polyedral angle bounded by three 
planes, is called a triedral angle, 

POOTULATSB. 

1. Let it be granted, that from a given point of a 
plane, a line may be drawn perpendicular to that plane. 

2. Let it be granted, that from a given point without a 
plane, a perpendicular may be let fall on the plane. 

PBOPOBinON I. THEOBSM. 

A straiglit line cannot be partly in a plane^ and partly out of it 

For, by the definition of a plane (b, I., D. 9), when a 
straight line has two points common with it, the line lies 
wholly in the plane. 

Scholium. To discover whether a surface is plane, apply 
. straight line in different ways to that surface, and ascer- 
tain if it coincides with the surface throughout its whole 
extent 

PBOPOSITION II. THEOREM. 

Ihvo straight lines which intersect each other^ lie in the same 

plane, and determine its position. 

Let A By AOy be two straight lines 
which intersect each other in J. ; a plane 
may be conceived in which the straight 
line AB \s found ; if this plane be turned 
round AB, until it pass through the point 
Gf then the line AC, which has two of its points A and 
(7, in this plane, lies wholly in it; hence, the position of 
ike plane is determined by the single condition of contain* 
ing the Wo straight lines AB, A 0. 
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Cbr. 1. Any three points -4, J?, 
Cy not in a straight line, determine 
the position of a plane. Hence, a 
triangle BAC^ determines the posi- 
tion of a plane. 

(hr. 2. Hence, also, two paral- 
lels AB^ CD^ determine the posi- 
tion of a plane ; for, drawing the 
secant EF^ the plane of the two 
straight lines AE^ EF^ is that of 
the paraUeis AB^ CD. But the lines AE^ EF, determine 
this plane ; therefore, so do the parallels, AB, CI), 




rv 9 







PEOPOSITION m. THEOBEM. 

* 

ff^ two planes cut ons another^ their comiMm section unU be a 

straight line. 

Let the two planes AB, CD, cut 
one another, and let E and F 
be two points of their common 
section. Draw the straight line 
EF. This line lies wholly in the 
plane AB, and also, wholly in the 
plane CD (b. i., d. 9) : therefore, 
it is in both plaaes at once. But 
since a straight line and a point out of it cannot lie in 
two planes at the same time (p. il, g. 1), EF contains all 
the points common to both planes, and consequently, ia 
their common intersection. 

PROPOSITION IV. THEOBiaL 

If a straight line he perpendicular to two straight lines at thei 
point of intersection^ it vxill he perpendicular to the plam 
of those lines. 

Let MN be the plane of the two lines BB, CO^ and let 
AP be perpendicular to each of them at their point of 
intersection P\ then will AP be perpendicular to every 
line of the plane passing through P, and consequently to 
the plane itself (i>. 1). 
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Tor, thioxigh P draw in the 
plane JfAT, any straight line as PQ. 
Through any point of this line, as 
Q, draw BQO, so that BQ shall 
be equal io QC (b. iv., prob. 5) ; 
draw AB, AQ, AC. 

The base BC being divided into 
two equal parts at the point Q^ the 
triangle BPG gives (b. iv., p. 14). 

The triangle BAG in like manner gives, 

jto'+zb* o 2i:^'+2 eo". 

Taking the first of these equals fh>m the second, and 
observing that the triangles APC^ APB, being right-angled 
at P, give 




AO^-PO 'OAP, and AB'-PB*o-AP , 

we shall have, 

AK+AP^ O 2A^-2P^. 
Therefore, by taking the halves of both, we have 

AP'oA^-Pq^ or A^=o=AP^+P^ ; 

hence, the triangle APQ is right-angled at P; hence, AP 
is perpendicular to PQ. 

Scholium. Thus, it is evident, not only that a straight 
line may be perpendicular to all the straight lines which 
pass through its foot, in a plane, but that it always must 
be so, whenever it is perpendicular to two straight lines 
drawn in the plane : hence, a line and plane may fulfil the 
conditions of the first definition. 

Cbr. 1. The perpendicular AP is shorter than any 
oblique line AQ ; therefore, it measures the shortest distance 
from the point A to the plane MNi 

OoT. 2. At a given point jP, on a plane, it is impossi- 
ble to erect more than one perpendicular to the plane ; for, 
if there could be two perpendiculars at the same point P, 
draw through these two perpendiculars a plane, whose sec- 
tion with the plane MN is PQ\ then these two perpen- 
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dicularsi would be both perpendicular to the line PQ,. at 
the same point, which is impossible (b. l, p. 14, c.) 

It is also impossible to let fall from a given point, cut 
of a plane, two perpendiculars to that plane; for, if AP^ 
AQj "be two such perpendiculars, the triangle APQ will 
have two right angles APQ^ AQP^ which is impossible (b, 
L, P. 25, c. 8). 

PBOPOSITION V. THEOBEM. 

Ifj from a point witliout a^plane^ a perpendicular be drawn to 
ilie phine, and oblique lines be dravm to its different points: 

1st The oblique lines which meet the plane at points equally 
distant from the foot of the perpendicular^ are equal : 

2(2. Of two oblique lines which meet the plane at unequal dis- 
tancesj i/ie one passing through the remote point is the longer. 

Let AP be perpendicular to the plane JfiV; AB, AQ 
AD, oblique lines interceptiiig the equal distances PBj PG^ 
PL, and AE 2k line intercepting the larger distance PE\ 
then will AB=^AC^AD\ and AE will be greater than 
AD. 

For, the angles APB, APC, APD, ^ 

being right angles, and the distances 
PB, PC^ PD, equal to each other, ^ 
the triangles APB, APG, APD, 
have in each an equal angle con- 
tained by two equal sides : there- 
fore they are equal (b. l, p, 5); 
hence, the hypothenuses, or the 
oblique lines AB, AG, AD, are equal 
io each other. 

Again, since the distance PE is greater than PD, or its 
equal PB^ the oblique line AJE is greater than ^-B, or its 
equal AD (b. 1, p. 15). 

(hr. All the equal oblique lines, AB, AC, AD, &c., ter- 
minate in the circumference BCD, described from P, tto 
foot of the perpendicular, as a centre ; therefore, a point A 
being given out of a plane, the point P at which the per 
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pendicular let fall from A would meet that plane, may be 
found by marking upon that plane three points, j5, 0, JD, 
equally distant from the point Aj and then finding the 
centre of the circle which passes through these points ; this 
centre will be P, the point sought 

ScJioliiun. The angle ABP is called the inclination of the 
obliqii€ line AB to Hie plane MN\ which inclination is evi- 
dently equal with wspect to all such lines AB^ AG^ AD^ as 
make equal angles with the perpendicular; for, all the tri- 
angles A BP^ A CP^ ADP^ &c., are equal to each other. 

PROPOSITION TL THEOBEM. 

If frmn the foot of a perpendiciUar a Kne be draum at right 
angles to any Une of a plane^ and the point of intersection 
be joined with any point of the perpendicular, this last Urn 
will be perpendicular to the line of the plane. 

Let ^P be perpendicular to the plaue NM, and PD 
perpendicular to BC] join I) with any point of the per* 
pendicular, as J. ; ' then will AD also be perpendicular to 

Ba 

Take DB=DO, and draw PB, 
PC, AB, AG. Now, since DB is 
equal to I)G, the oblique line PB 
is equal to PG (b. 1, p. 5): and 
since PB is equal to PG, the 
obUque line AB is equal to ^C' 
(p. 5) ; therefore, the line AD 
has two of its points A and D 
equally distant from the extremi- -^^ 

ties B and C; therefore, AD is a perpendicular to BG, at 
its middle point D (b. i., p. 16, c.) 

Cbr. It is evident, likewise, that BG is perpendicular 

to the plane of the triangle APD, since it is perpendicu* 

, lar to the two straight lines AD^ PD of that plane (p. 4). 

SiAolium 1. The two lines AE, BG, afford an instance of 
two lines which are not parallel, and yet do not meet, be- 
cause they are not situated in the same plane. The short- 

.11 
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eiit distajice between these lines is 
the straight line PD^ which is at 
once perpendicnlar to the line AP 
and to the line BG. The distance 
PD is the shortest distance between 
them : because, if we join any other 
two points, such as A and J?, we 
shaU have AB>AD, AD>PD\ 
therefore, still more, AByPD, 

Scholium 2. The two lines AE^ OB^ though not situated 
in the same plane, are conceived as forming a ^ght angle 
with each other ; because AE and the line drawn through 
any one of its points parallel to BG^ would make with 
each other a right angle. In the same manner, AB^ PD, 
which represent any two straight lines not situated in the 
same plane, are supposed to form with each other the same 
angle, as would be formed by AB and a straight line 
drawn through any point of AB, parallel to PI). 



PROPOSITION Vn. THEOREM. 

If one ' of two parallel lines be perpendicular to a plane, A» 
other will also he perpendicular to the same plarie. 

Let ED, AP, be two parallel lines; if AP is perpen- 
dicular to the plane -^i:l^ then will ED be also perpendio- 
ular to it. 

For, through the parallels A E 

AP, DE, pass a plane ; its inter- 
section with the plane MN will M 
be PD ; in the plane MN draw \ pc 
BD perpendicular to PD, and 
then draw AD. 

Now, BD is perpendicular to 
the plane APDE (p. 6, c) there- 
fore, the angle BDE is a right angle; but the angle Edf 
is also a right angle, since AP is perpendicular to PA 
itnd DE parallel to AP (b. i., p. 20, c. 1) ; therefore, the line 
DE is perpendicular to the two straight lines i)P, DB\ 
eonsequently it is perpendicular to their plane MN (P..4)^ 
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Cot. 1. Conversely : if the stndglit lines AP^ UE^ are 
perpendicular to the same plane MN^ thej will be paralleL 
For, if they be not parallel, draW| through the point D^ % 
line parallel ^o Af^ this parallel will be perpendicular to 
the plane MiT^ theretore, through the same point D mora 
than one perpendicular will be erected to the same plan^ 
wiiich is impossible (p. 4, c. 2). 

Cot. 2. Two lines A and B, parallel to a third G^ are 
parallel to each other ; for, conceive a plane perpendiculai 
to the line C\ the lines A and B, being parallel to 0^ are 
perpendicular to this plane ; therefore, by the preceding 
corollary, they are parallel to each other. 

The three parallels are supposed not to be in the same 
plane ; otherwise the proposition would be already proved. 
(b. l, p. 22). 

pboposition viil theosem. 

^ a straight line is paraUel to a line of a plane^ it is par* 

aUel to (he plane. 

Let the straight line AB be parallel to the line OD of 
the plane KM; then will it be parallel to the plane NAf. 

For, if the line AB, which lies j^ B 

in the plane ABDCy could meet the 

plane MN, it could only be in some 1£ 

point of the line CD^ the common 

intersection of the two planes; but 

the hue AB cannot meet CDy since 

they are parallel (b. l, d. 16) : hence, 

it will not meet the plane MN] therefore, it is pnmllel to 

that plane (d. 2). 

PROPOsrrioN ix. theorem. 

l^vo pUmiea tohick are perpendicular to the eame eltaig?U Kne 

are parallel to each other. 

Let the planes MN, PQ^ be perpaidicular to the line 
AB^ then will they be parallel. 
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For, if they can meet any 
where, let be one of their ^ 
common points, and draw OA, 
OB. Now, the line AB, which 
is perpendicular to the plane 
IfN, is perpendicular to the 
straight line OA, drawn through 
its foot in that plane (d. 1) ; for 
the same reason AB is perpendicular to BO ; therefore, there 
are two perpendiculars, OA and OB, let fall from the same 
point 0, upon the same straight line, which is impossible 
(b. I., p. 14) ; therefore, the planes MN, FQ, cannot meet 
each other ; consequently, they are parallel. 




PROPOSITION X. THEOREM. 

If a plane cut two parallel planes, the lines of intersection tffiU 

be parallel. 

Let the parallel planes N'M, QP^ be intersected by the 
plane EH] then will the lines of intersection EF, GB, 
be parallel. 

For, if the lines EF, GH, m. 

lying in the same plane, were g 

not parallel, they would meet 
each other when prolonged ; and 
then the planes MN^ PQj in which 
those lines lie, would also meet; 
and hence, the planes would not 

be parallel, which is contrary to '~~ ~Q 

the hypothesis. 
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PROPOSITION XL THEOREM. 

If two planes are parallel^ a straight line which is perpendhih 
lar to one, is also perpendicular to the other. 

Let JfiVJ PQ, be two parallel planes, and let AB bo 
perpendicular to the plane NM\ then will it also be per- 
pendicular to QP. 
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For, draw any line BC in the 
plane PQ, and through the lines 
AB and BC^ pass a plane ABC^ 
intersecting the plane MN in 
AD\ the intersection AD is par- 
allel to BC (p. 10). But the line 
45, being perpendicular to the 
plane MN^ is perpendicular to 
the straight line AD (d. 1) ; therefore, also, to its parallel 
BC (b. I., p. 20, c. 1) ; hence, the line AB being perpendicu- 
lar to any line BC\ drawn through its foot in the piano 
PQ, is perpendicular to that plane (d. 1). 




PBOPOSmON XII. THEOREM. 

AU paraSds included between two paralkl planes are equat 

Let MN^ PQy be two parallel planes, and HF^ OE^ two 
parallel lines: then will OE^HF. 

For, through the parallels OE^ 
HF, draw the plane EOHF, in- 
tersecting the parallel planes in 
EF and OH, The intersections 
EF^ OH^ are parallel to each other 
(p. 10) ; and since OE, HF are 
parallel, the figure EOHF is 
a parallelogram ; consequently, 
EG^FH (B. I., P. 28). 

dor. Hence, it follows, that two parallel planes are every* 
where equidistant For, suppose EO to be perpendicular to 
the plane PQ; then, the parallel Fff is also perpendicular 
to it (p 7), and the two parallels are likewise perpendioii*' 
lar to the plane MN (p. 11) ; and being paralld, they 
equal, as shown by the proposition. 
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PBOPOSinON XHL THEOBEll. 



If two angles^ not situated in the same plane, have their sidn 
parallel and lying in the same . direction, these angles vnUbe 
egual and their planes tviU be parallel 

Let the angles CAJE and DBF, have the side AC 
parallel to BD, and lying in the same direction : also, AE 
parallel to BF, and lying in the same direction ; then will 
the angles OAF and DBF be equal, and their planes pa^ 
allel. 

For, take A and BD equal to 
each other, and also AF=BF; 
and draw CF, DF, AB, CD, EF. 
Since AC \& equal and parallel to 
BDy the figure ABDG is a paral- 
lelogram (b. I., P. 30) ; therefore, CD 
is equal and parallel to AB, For 
a similar reason, EF is equal and 
parallel to AB\ hence, also, CD 
is equal and parallel to EF (p. 

7, c. 2) ; hence, the figure DFEC ' " ~Q 

is a parallelogram, and the side CE is equal and parallel 
to DF] therefore, the triangles CAE, DBF, have their cor- 
responding sides equal ; consequently, the angle CAE=DBF, 
Again, the plane ACE is parallel to the plane BDF. 
For, if not, suppose a plane to be drawn through the point 
A, parallel to BDF. If this plane be different from AOE, 
it will meet the lines CD, EF, in points different from C 
and E, for instance in G and IT] then, the three lines BA^ 
DO, FIT, will be equal (p. 12), and each equal to AB: 
but the lines AB, CD, EF, are already known to be equal; 
hence, DC=DG, and HF=:FE, which is absurd; hence, 
Ihe plane ACE ia parallel to BDF. 

Cot. If two parallel planes MN, PQ, are met by two 
other planes CABD, EABF, the angles CAE, DBF, formed 
by the intersections of the parallel planes are equal; for, 
the intersection AC ib parallel to BD, and AE to BF 
(p. 10) ; therefore, the angle CAE == DBF. 
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PBOPOBinON ZIV. THEOBJfiM. 

^ Uwtt draigfd Unes^ not situated in the same phme^ art equal 
and parcUld^ the triangles formed by joining the extremiiim 
of these lines unU be equal, and t/ieir planes paralieL 

Let AB^ CDy UF, be three equal and parallel lines. 

Since AB is equal and paral- m 
lei to CD, the figure ABDO is 
a parallelogram ; hence^ the side 
AC ia equal and parallel to BB 
(b. l, p. 30). For a like reason, 
the sides AJE, BF^ are equal and 
parallel, as also OE, DF\ hence, 
the two triangles A GE, BDF, have 
their sides equal, and are therefore 
equal (b. l, p. 10) ; and as their sides 
are parallel and lie in the same 
directions, their planes are parallel (p. 13). 




PBOPOSITION XV. TH£OBEM. 

J^ two straight lines be cut by three parallel planes^ they witt b$ 

divided proportionally. 

Suppose the line AB to meet the parallel planes MN^ 
PQ, ES, at the points A, E, B ; and the line CD to meet 
the same planes at the points C, F, Bi then 

AE : EB :: CF : FB. 

Draw AB meeting the plane M 
PQmG, and draw AC, EG, GF, 
BD. Since the parallel planes PQ, 
BSf are cut by the third plane 
BAB, the intersections BB and EG 
are parallel (p. 10) : and we have 

AE : EB :: AG : GB. 

and the intersections AC, GF, 
being parallel, 

AG : GB :: CF : FB; 
hence (b. ii., p. 4, c), AE : EB 
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PROPOSITION XVI. THEOREM. 

Jf a lint 18 perpendicular to a phne, every plane passed 
through the perpendicular, is also perpendicular to the j^lane. 

Let AP be perpendicular to the plane NM; then will 
every plane passing through AP be perpendicular to NM 

Let BF be any plane passing through 
APj and BC its intersection with the 
plane MN. In the plane i/iVJ draw DP 
perpendicular to BP: then the line AP, jj 
being perpendicular to the plane MN, 
is perpendicular to each of the two 
straight lines BO, DM Now, since AP 
and DH are both perpendicular to the 
common intersection BC, the angle which 
they form will measure the angle between the planes (d. 4) : 
but the angle APD, or APJE, is a right angle: hence, the 
two planes are perpendicular to each other. 

Scholium. When three straight lines, such as -4P, BP, 
DP, are perpendicular to each other, any two may be 
r^arded as determining a plane, and the three will deter- 
mine three planes. Now, each line is perpendicular to the 
plane of the other two, and the three planes are perpen- 
dicular to each other. 




PROPOSITION XVII. THEOREM. 

If two planes are perpendicular to each other, a line drawn 
in one of them perpendicular t9 their common intersection, 
will be perpendicular to the other plane. 

Let the plane BA be perpendicular to 
NM\ then, if the line AP be perpendic- 
ular to the intersection BC, it will also 
be perpendicular to the plane NM. - 

For, in the plane MN, draw PD per- 
pendicular to PB\ then, because the 
planes are perpendicular, the angle APD 
is a right angle (d. 4) ; therefore, the line 
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AP is perpendicular to tlie two straight lines PB, PDy 
passing through its foot; therefore, it is perpendicular to 
their plane MN (p. 4). 

Cor. If the plane BA is perpendicular to the plane J/2VJ 
and if at a point P of the common intersection we erect 
a perpendicular to the plane i/iV", that perpendicular will 
be in the plane BA. For, let us suppose it will not, then, 
in the plane BA draw AP perpendicular to PBy the com- 
mon intersection, and this AP at the same time, is per- 
pendicular to the plane MN, by the theorem; therefore at 
tbe same point P there are two perpendiculars to the plane 
MN^ one out of the plane BA^ and one in it, which is im 
possible (p. 4, c. 2). 



PROPOSITION XVIII. THEOREBf. 

Jf two planes which cut each otiier are perpendicular to a third 
planCy their common intersection is also perpendicular to tluU 
plane. 

Let the planes BA^ DAy be perpen- 
dicular to NM\ then will their intersec- 
tion AP be perpendicular to NM. 

For, at the point P, erect a perpen- 
dicular to the plane MN\ that perpen- 
dicular must be at once in the plane 
AB and in the plane AD (p, 17, a) ; 
therefore, it is their common intersection 
AP. 




PROPOSITION XIX. THEOREM. 

The sum of either two of the plane angles which include a 
triedral angle^ is greater than the third. 

The proposition requires demonstration only when the 
plane angle, which is compared with the sum of the two 
otbers, is greater than either of them. Therefore, suppose the 
triedral angle S to he formed by the three plane angles 
ASB, ASC, BSC, md that the ani?le ASB is the greatest; 
we are to shor that ASBKASC-i-HSG. 
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In the plane ASB make the 
angle BSD^BSG, and draw the 
straight line ADB at pleasure ; then 
make JSC=JSI), and draw AO, EC. 

The two sides BS^ SD, are equal 
to the two BS^ SCj and the angle 
BSD=BSG] therefore, the triangles 
BSD, BSG, are equal (b. i., p. 5); hence, BD=BG 
AB <,AC+BO\ taking BD jfrom the one side, and from the 
other its equal BC^ there remains AD<iAC. . The two sid€» 
AS^ SD, are equal to the two AS, SO] the third side AJD 
is less than the third side AC; therefore, the angle ASD<^ 
ASC (b. l, p. 9, c.) Adding BSD=BSO, we have 

ASD+BSD, or ASB<ASC+BSG. 



But 



PBOPOSITION XX. THEOEEM. 

The si^m of the plane angles which include any polyedrcA asugli 

is less than four right angles. 

Let S be the vertex of a polyedral angle bounded by 
the faces BSG, GSD, DSE, ESA, ASB; then will the sum 
of the plane angles about S be less than four right anglea 

For, let the polyedral angle be cut 
by any plane ADj intersecting the edges 
in the points A^ B, G, jD, jF, and the 
faces in the lines AB, BG, GD, BE, 
EA, From any point of this plane, as 
0, draw the straight lines 0-4, OB, 00, 
OD, OE. 

We thus form two sets of triangles, 
one set having a common vertex S, 
the other having a common vertex 0, 
and both having the common bases AB, BGj GD, DE, EA. 
Now, in the set which has the common vertex S, the sum 
of all the angles is equal to the sum of all the plane angle* 
which comprise the polyedral angle whose vertex is S, to 
gether with the sura of all the angles at the bases: viz.: 
SAB, SBA, SBG, &c. ; and the entire sum is equal to twice «* 
many right angles as there are triangles. In the set whoM 
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oommott vertex is Q, the Bum <^ all the anglet is equal 
to the four right angles about 0, together with the inte» 
rior angles of the polygon, and this sum is eG[ual to 
twioe as many right angles as there are triangles. Since 
the number of triangles, in each set, is the same, it fol* 
lows that these sums are equal. But in the triedral 
angle whose vertex is .B; ABS+SBO>ABC (p. 19), and 
the like may be shown at each of the other vertices, 
O^D, E^ Ai hence, the sum of the angles at the bases, in 
the triangles whose common vertex is ^ is greater than 
the sum of the angles at the bases, in the set whose com* 
mon vertex is : therefore, the sum of the vertical angles 
about S is less than the sum of the angles about : thai 
is, less than four right angles. > 

Scholium, This demonstration is founded on the suppo- 
sition that the polyedral angle is convex, or that the plane 
of no one face produced can ever meet the polyedral angle; 
if it were otherwise, the sum of the plane angles would no 
longer be limited, and might be of any magnitude. 

PROPOSITION XXI. THEOREM, 

ff tun triedral angles are included by plane angles which are 
equal each to each^ the planes of t/ie equal angles are equally 
viclined to each otJier, 

Let S and T be the vertices of two triedral angles, and 
let the angle ASC=DTF, the angle ASB=^DTE, and the 
angle BSC^ETF\ then will the inclination of the -planes 
ASG, ASB, be equal to that of the planes DTF, DTE, 

For, having taken SB at 
pleasure, draw BO perpendicu- 
lar to the plane ASC\ from the 
point 0, where the perpendicu- 
lar meets the plane, draw 0-4, 
OCJ perpendicular to SA^ SC\ 
draw AB, BC. Next take 
TE=SB] draw EP perpendicular to the plane JDTF; from 
the point P draw PD, PF, perpendicular respectively to 
7Z>, TF; lastly, draw DE and JE*: 
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The triangle SAB, is right- 
angled at A, and the triangle 
TDH al D (p. 6) : and since 
the angle ^aS5=J9?!E; we have 
SB A^ TED, Moreover, since 
SB = TU, the triangle SAB is 
equal to the triangle TDE] 
therefore, SA^TD, and AB=DE. 

In like manner, it may be shown, that SC=TF, and 
BC=EF. That proved, the quadrilateral ASCO is equal 
to the quadrilateral DTFP: for, place the angle A SO upon 
its equal 2>ri^; because SA^TD, and SC=TF, the point 
A will fall on i?, and the point C on F] and, at the same 
time, -40, which is perpendicular to aS!4, will fall on DP, 
which is perpendicular to 2!Z?, and, in like manner, OC on 
PF] wherefore, the point will fall on the point P, and 
hence, AO ia equal to DP, 

But the triangles A OB, DPE, are right-angle^ at and 
P\ the hypothenuse AB^DE, and the side AO=^DP: 
hence, those triangles are equal (b. i., p. 17) ; and, conse- 
quently, the angle OAB—PDE. But the angle OAB mea- 
sures the inclination of the two faces ASB, ASC\ and the 
angle PDE measures that of the two faces DTE, DTF\ 
hence, those two inclinations are equal to each other. 

Scholium 1. It must, however, be observed, that the 
angle A of the right-angled triangle AOB is properly the 
inclination of the two planes ASB, ASG, only when the 
perpendicular BO falls on the same side of SA, with SG\ 
for, if it fell on the other side, the angle of the two planes 
would be obtuse, and the obtuse angle together with the 
angle A of the triangle OAB would make two right angles. 
But in the same case, the angle of the two planes TDE, 
TDF^ woidd also be obtuse, and the obtuse angle together 
with the angle D of the triangle DPE, would make two 
right angles; and the angle A being thus always equal to 
the angle D, it would follow that the inclination of the 
two planes ASB, ASG, must be equal to that of the two 
planes TDE, TDF. 

Scholium 2. K two triedral angles are included by three 
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plane angles, respectively equal to each other, and i^ at 
the same time, the equal or homologous angles are disposed 
in Hie same arder^ the two triedral angles will coincide when 
applied the one to the other, and consequently, are equal 
(A, 14). 

For, we have already seen that the quadrilateral SAOG 
may be placed upon its equal TDPF\ thus, placing SA upon 
7!D, SO falls upon TF^ and the point upon the point P. 
But because the triangles AOB^ DPE^ are equal, OjB, per- 
pendicular to the plane ASC^ is equal to PEy perpendicu- 
lar to the plane TDF\ besides, these perpendiculars lie in 
the same direction; therefore, the point B will fall upon 
the point E^ the line SB upon TE^ and the two angles will 
wholly coincide. 

Scholium 8. The equality of the triedral angles does 
not exist, unless the equal faces are arranged in the same 
manner. For, if they were arranged in an inverse order^ or, 
what is the same, if the perpendiculars OB, PE, instead of 
lying in the same direction with regard to the planes ASO^ 
DTF, lay in opposite directions, then it would be impossi- 
ble to make these triedral angles coincide the one with the 
other. The theorem would not, however, on this account^ 
be less true, viz. : that the faces containing the equal 
angles must be equally inclined to each other ; so that 
the two triedral angles would be equal in all their con- 
stituent parts, without, however, admitting of superpose 
tion. This sort of equality, which is not absolute, or 
such as adoiits of superposition, ought to be distinguish- 
ed by a particular name: we shall call it, equality hy sym- 
metry. 

Thus, those two triedral angles, which are formed by 
laces respectively equal to each other, but disposed in an 
inverse order, will be called triedral angles eguai by symm/^ 
iry^ or simply symmetrical a^igles. 
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POLYEDRONS. 



DEFINITIONS. 




1. PoLiEDRON is a name given to any solid "bcunded 
by polygons. The bounding polygons are called faces of 
the polyedron ; and the straight line in which any two 
adjacent faces meet each other, is called an edgt of t^ 
polyedron. 



2. A Prism is a polyedron in which two 
of the faces are equal polygons with their 
planes and homologous sides parallel, and all 
the other faces parallelograms. 



8. The equal and parallel polygons are called Jxwes of 
the prism — ^the one the lower, the other, the upper base— 
and the parallelograms taken together, make up the laABrA 
or convex surfoLce of the prism. 

4. The Altitude of a prism is the distance betwaen 
its two bases, and is measured by a line drawn froLi a 
point in one base, perpendicular to the plane of the ofl f. 

5. A right prism is one whose edges, 
formed by the intersection of the lateral faces, 
are perpendicular to the planes of the bases. 
Each edge is then equal to the altitude of the 
prism. In every other case, the prism is 
oblique, and each edge is then greater than the 
altitude. 




BOOK VII. 



175 




6. A Tbiangulab Prism is one whose bases are tri- 
sngles : a quadrangular prism is one whose bases are quad* 
lilaterals : a perUangular prism is one whose bases are ipNX" 
tagons: a heocangykur prism is one whose bases are hexa- 
gons, &;a 

7. A Farallelopipsdok is a prism whose bases are 
parallelograms. 



8. A Eectangular Paballelopifb- 
DON is one whose &ce3 are all rectangles. 
When the faces are squares, it is csdled 
a cuie, or regular hexaedrcn. 



9. A Pyramid is a solid bounded by 
a polygon, and by triangles meeting at a 
common point, called the vertex. The 
polygon is called the hose of the pyra- 
mid, and the triangles, taken together, 
the convex^ or lateral surface. The pyra- 
mid, hke the prism, takes different names, 
according to the form of its base: thus, 
it may be triangular, quadrangular, pent- 
angular, &c. 

10. The ALTiTin)E of a pyramid is the perpendicular 
let fidl from the vertex on the plane of the base. 

11. A Eight Pyraihd is one whose base is a regulai 
polygon, and in which the perpendicular let fell from the 
vertex upon the base passes through the centre of the base^ 
This perpendicular is then called the asds of the pyramidi 

12. The Slant Height of a right pyramid, is the per- 
pendicular let fall from the vertex to either side of the 
polygon which forms the base. 



18. K a pyramid is cut by a plane 
parallel to its base, forming a second 
base, the part lying between the bases, 
is called a truneated pyramid^ or frustum 
of a pyramid 
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14. The altitude of a frustum is the perpendicular dis* 
tance between its bases: and the sUmt height, is that por- 
tion of the slant height of the pyramid intercepted between 
the bases of the frustum. 

15. The diagonal of a polyedron is a line joining the 
Tertices of any two of its angles, not in the same face. 

16. Similar polyedrons are those whose polyedral angles 
are equal, each to each, and which are bounded by tho 
same number of similar faces. 

17. Parts which are like placed, in similar polyedrona, 
whether faces, edges, or angles, are called homologous. 

18. A regular polyedron is one whose faces are equal 
and regular polygons, and whose polyedral angles are equal 



PROPOSITION L THEOREM. 

The convex surface of a right prism is equal to the perimeter 
of eitfier base multiplied by its altitude. 

Let ABCDE-K be a right prism: then will its convex 
surface be equal to 

{AB +BC+ CD+1)E+EA) x AF. 

For, the convex surface is equal to 
the sum of all the rectangles AG, BH, 
CI, DK, EF, which compose it. Now, 
the altitudes AF, BG, CH, &c., of the 
rectangles, are equal to the altitude of 
the prism, and the area of each rect- 
angle is equal to its base multiplied by 
its altitude (b. iv., p. 5). Hence, the sum 
of these rectangles, or the convex sur- 
fSaice of the prism, is equal to 

{AB +BC+ CJD+BE+EA) X AF ; 
that is, to the perimeter of the base of the prism multi- 
plied by the altitude. 

Cor. If two right prisms have the same altitude, theif 
convex surfaces are to each other as the perimeters of 
their bases. 
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PBOPOsinoN n. thsobem. 

In every prism^ the eeUiona Jbrmed by paraUd planes, an 

equal polygons. 

Let the prism Aff be intersected by the parallel planes 
^P, SV; then are the polygons NOPQR, STVXY, equal 

For, the sides ST^ NO^ are parallel, 
being the intersections of two parallel 
planes with a third plane ABOF\ these 
same sides, ST^ NOj are included be* 
tween the parallels NS^ OTy which are 
edges of the prism : hence, NO is 
equal to ST. For like reasons, the 
sides OP, PQ, QR, &c., of the section 
NOPQR, are equal to the sides TV, 
7X, Xr, &c., of the section STVXY, 
each to each ; and since the equal 
sides are at the same time parallel, it 
follows that the angles KOP^ OPQ^ &c., of the first section, 
are equal to the angles STV, TVX, &c., of the second, each 
to each (b. vi., p. 13). Hence, the two sections NOPQR, 
STVXTf are equal polygons. 

Obr. Every section of a prism, parallel to the bases, is 
equal to either base. 




PROPOSmON III. THEOREM. 

1/ a pyramid be cut by a plane paralUl io its base: 

IsL The edges and the altitude will be divided proportionally: 

2d The section will be a polygon similar to the base. 

Let the pyramid S-ABCDE^ of which SO is the altitude 
be cut by the plane abode] then will 

Sa : SA :\ So : SO, 

and the same for the other edges; and the polygon oioZe^ 
will be similar to the base ABODE. 

12 
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First Since the planes ABO, abc, are 
parallel, their interaectioiis AB, oh, by the 
third plane SAB, are also parallel (b. VI., 
P. 10) ; hence, the triangles SAB, Sab, are 
similar (b. iv., p. 21), and we have 

SA : Sa :: SB : Sh; 
for a like reason, we have 

SB ; Sh :: SO : & ; 
and so on. Hence, the edges SA, SB, SO, 
&c^ are cut proportionallj in a, b, e, &c. 
The altitude SO is likewise cut in the same proportion, at 
the point o ; for BO and bo are parallel, therefore, we ha»o 
SO : So :: SB : Sb. 

Secondly. Since ab is parallel to AB, be to BC, cdto CD, 
Itc, the angle cAc ia equal to ABO, the angle bed to BCD, 
and so on (b. vi., P. 13). Also, by reason of the similar 
triangles SAB, Sai, we have 

AB : ab :i SB : Sb; 
and by reason of the similar triangles SBC, She, we have 



SB : Sb : 


: BO 


be; 


hence, AB : al : 


: BO 


be; 


we migtt likewise Lave 






BO : be : 


OB 


ed, 



and 80 on. Hence, the polygons ABODE, abcde have their 
angles equal, each to each, and their sides, taken in the 
same order, proportional ; hence, they are similar (b. IV., D. 1). 

Oor. 1. Let SABGDS, 
SXYZ, be two pyramids, 
having a common vertex 
and their bases in the same 
plane ; if these pyramids are 
cut by a plane parallel to 
the plane of their bases, (he 
Kctions, ahcde, xyz, will he to 
flocft other aa the bases ABODE, 
^YZ. 



iBODE 


abak 


:: SS" 


but, AB : 


d> :: 


SA : . 


hence, ABCDE 


abcde 


:: sT 


For the same reason, 






XTZ : 


xjo :: 


ST : 
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For, ths polygons ABCDS, abedr^ being sunilar, their 
■nriaces are as the squorea of the homologoos sktee AB, 
ti>\ that ia, B-ir^ p. 27), 



S". 



But since abc and ii^ are in one plane, we have lUcewiae 
(B, Ti., p. 15), 

SA : Sa :: SX : Sc; 
hence, ABCDE : abcde : : XTZ : xyz ; 
therefore, Uie aections tJxde^ xyn, are to each other as the 
hasee ABCDE, XTZ, 

Cor. 2. If the bases ABCDE, XTZ, are equiTalent, any 
sections abcde, xyz, made at equal distances from the bases, 
are also equivalent 

PSOPOSITIOM IV. THEoaUL 

The mmiex surfaot of a right pyramid ia ejual to ths perimeter 
of its base mvitiplied by ha^ the slant height 

Let <? be the vertex, ABCDE the base, and SF the slant 
height of a right pyramid ; then the convex Bur&ce is equal 
to ^SFx{AB+ BC+ CD + DE+EA), 

For, since the pyramid is right, the 
point 0, in which the axis meets the 
bnae, is the centre <^ the polygon 
A BODE (D. 11) ; hence, the lines OJ, 
OB, OC, &G., drawn to the vertices of 
the base, are equal 

In the right-angled triangles SAO, 
8BO, the bases and perpendiculars are 
eqiial : henoe, the hypothenuses are 
equal: and it may be proved in the 
uune way, that all the edges of the right pyramid itre 
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equal. The triangles, therefore, which 
form the convex surface of the prism 
are all equal to each other. But the 
area of either of these triangles, as ESAj 
is equal to its base EA, multiplied by- 
half the perpendicular SF^ which is the 
slant height of the pyramid : hence, the 
area of all the triangles, or the convex 
surface of the pyramid, is equal to the 
perimeter of the base multiphed by half 
the slant height 

Cor. The convex surface of the frustum of a right pyramii 
18 equal to half the sum of the perimeters of its upper and 
lower bases multiplied by its slant height. 

For, since the section abode is similar to the base (p. 8), 
and since the base ABODE is a regular polygon (n. 11), it 
follows that the sides ca, aJ, 6c, cd, and cfe, are all equal to 
each other. Hence, the convex surface of the frustum 
ABGDEd is composed of the equal trapezoids EAae, AEba^ 
&c., and the perpendicular distance between the parallel 
sides of either of these trapezoids is equal to Ff the slant 
height of the frustum. But the area of either of the trap- 
ezoids, as AEea^ is equal to \{EA + ea)xFy (b. iv., P. 7): 
hence, the area of all of them, or the convex surface of 
the frustum, is equal to half the sum of the perimeters of 
the upper and lower bases multiplied by the slant heighk 



PROPOSITION v. THEOEEM. 

If the three faces which include a triedral angle of a prism 
equal to the three faces which include a triedral angle c^ a 
second prism, each to each, and are like placed, the two 
prisma are equal 

Let B and b be the vertices of two triedral angles in 
eluded by faces respectively equal to each other, and 
similarly placed ; then will the prism ABGDE-K be eqnal 
to the prism ctbcde-k. 

For, place the base abode upon the equal base ABGDJE', 
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then, since the triedral angles at b and B are equal, tho 
parallelogram bh will ooincide with BH, and the parallelo- 
gram bf with BF. But the two upper bases being equal 
to their corresponding lower bases, are equal to each other, 
and consequently, will coincide : hence, hi will coincide 
^ith HI, ik with IK, kf with KF; and therefore, the 
lateral faces of the prisms will coincide : hence, the two 
prisms coinciding throughout, are equal (a, 14). 

Qyr. Two right prisms, which have equal buses and equal 
aUitudes, are equal For, since the side AB is equal to aJ, 
and the altitude BG to bg, the rectangle ABOF is equal to 
069/ ; so also, the rectangle BO HO is equal to bghc\ and 
thus the three faces, which include the triedral angle jB^ 
are equal to the three which include the triedral angle i, 
eadi to eacL Hence, the two prisms are equal 



PROPOSITION VI. THEOREM. 

In every paraUdopipedony the opposite faces are equai cmd 

paralieL 

Let ABCD be a parallelopipedon, then will its opposite 
fisioes be equal and parallel. 

For, the bases ABCD, EFQH, are 
equal parallelograms, and have their 
planes parallel (d. 7). It remains only 
to show, that the same is true of any 
two opposite lateral faces, such as 
BCGF, ADHR 
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Now, BO ifi eqiial and parallel to 
AD, because the base ABCD is a par- 
allelogram; and since the lateral faces 
are also parallelograms, BF is equal and 
parallel to AE^ and the like may be 
shown for the sides FO and EH^ CO and 
DH\ hence, the angle CBF is equal to the angle DAE^ and 
the planes DAE^ CBF^ are parallel (b. vl, p. 13) ; and the 
parallelogram BCOF, is equal to- the parallelogram ADHR 
In the same way, it may be shown that the opposite paral- 
lelograms ABFE, DCGHj are equal and parallel. 

Cor. 1. Since the parallelopipedon is a solid bounded 
by six faces, of which any two lying opposite to each 
other, are equal and parallel, it follows that any face and 
the one opposite to it, may be assumed as the bases of the 
parallelopipedon. 

Cbr. 2. The diagonals of a parallelopipedon bisect each other. 
For, suppose two diagonals BIT, BF, to be drawn through 
opposite vertices. Draw also BD, FH. Then, since BF is 
equal and parallel to BHy the figure BDHF is a parallelo- 
gram; hence^ the diagonals BH, BF, 
mutually bisect each other at E (b. i., p. 
81). In like manner, it may be 
shown that the diagonal BH and any 
other diagonal bisect each other ; hence, 
the four diagonals mutually bisect each 
other, in a common point. If the six 
&ces are equal to each other, this point may be regarded 
as the centre of the parallelopipedon. 

Scholium. If three straight lines AB, AE, AD, passing 
through the same point A, and making given angles with 
each other, are known, a parallelopipedon may be formed 
on these lines. For this purpose, conceive a plane to be 
passed through the extremity of each line, and parallel to 
the plane of the other two, that is, through the point B 
pass a plane parallel to BAE, through B 2l plane parallel 
to BAE, and through E a plane parallel to BAD. The 
mutual intersections of these planes will form the edges of 
the parallelopipt)don required. 




J 
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PKOPOSITION VU. THEOREM. 

^ a pla/M be passed through the opposite diagonal edges of a 
paraUdopipedon^ it will divide Hie solid into two equivaleni 
triangidar prisms. 

Let the parallelopipedon ABCD-H be divided by the 
plane BDHF^ passing through the opposite edges BF^ DH: 
then will the triangular prism ABD-If, be equivalent to 
the triangular prism BCD-H. 

For, through the vertices B and F^ 
pass the planes Bcda^ Fghe^ at right 
angles to the edge BF, the former cut- 
ting the three other edges of the par- 
allelopipedon prolonged in the points 
c^ di a, the latter in the points ^, A, e. 

Now, the sections Bcda, Fghe, are 
equal parallelograms. For, the cutting 
planes being perpendicular to the same 
straight line BF^ are parallel (b. vi., p. 
9) : hence, the sections are equal (p. 2) ; and they are paa^ 
allelograms because Ba, cd, two opposite sides of the same 
section, are formed by the meeting of a plane aBcd, witk 
two#parallel planes ABFF, DCOH (b. vl, p. 10). For % 
similar reason Be and ad are parallel; hence, the figuiee 
are equal parallelograms. 

For a like reason the figure aBFe is a parallelogram; 
so also, are BcgF^ cghd, adhe, the other lateral fitcea of the 
solid oBcd'h ; hence, that solid is a prism (d. 2), and that 
prism is right, since the edge BF is perpendicular to its 
bases. 

But the right prism aBcd-h is divided by the plane BB 
into two equal right prisms aBd-h, Bcd-h; for, the basee 
aBdj Bod, are equal, being halves of the same parallelo- 
gram, and since the prisms have the common altitude BF^ 
they are equal (p. 5, c.) 

It is now to be proved that the oblique triangular 
prism ABB'ff is equivalent to the right triangular prism 
oBd-h, Since these prisms have a common part ABD-h^ it 
wiU only be necessary to prove that the remaining partSi 
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namely, the solids aBd-B, eFh-H, are ^H 

equivalent. Since ABFK aBFe, are ^ .-^-^'/^^l^v 

parallelograms, the sides AF, ae, are j\ -/--; j\ V. 

each equal to BF ; hence, they are p\ A(^f\L 

equal to each other; and taking away / Yi^ 'jl) f 

the common part* Ae, there remains / L^^'/lK \ 

Aa^Ee, In the same manner it may \\ L-/y^\ 

be proved that Bd^Hh. \ /'''C^^"\i 

To bring about the superposition of W^- ^ 

the two solids, eFh-Hj aBd-B, let the 
base eFh be placed on the equal base aBd — ^the point e 
falling on a, the point h on d: the edges eF, hH^ will then 
coincide with aAj dS^ since all the edges are perpendicular 
to the same plane aBcd. Hence, the two solids will coin- 
cide exactly with eaoh other; consequently, the oblique 
prism ABB'H is equivalent to the right prism aBd-h. In 
the same manner, it may be shown that the oblique prism 
BCD-H is equivalent to the right prism Bcd-h. But the 
two right prisms have been proved equal: hence, the two 
triangular prisms ABB-H, BCBl-H^ being equivalent to 
equal right prisms, are equivalent to each other. 

Cor. Every triangular prism ABB-H is half the paral- 
lelopipedon AO^ having the same triedral angn; A, and the 
same edges AB^ AB^ AE. 

PROPOSITION Vni. THEOEEHL 

^ two paraUelopipedons have a common lower base, and their 
upper bases in the same plane and betheen the sam>e paral' 
lets, they are equ^alerit. 

Let the paraUelopipedons AG, AL, have the common 
case ABCB, and their upper bases EG^ IL, in the same 
plane, and between the same parallels EK^HL] then wiH 
they be equivalent. 

There may be three cases, according as EI is greatei 
than, equal to, or less than EF\ but the demonstration, foi 
each case, is the same. 

We will show, in the first place, that the triangular 
Drisms AIE'JS, JBKF-G are eq^ual. Since EF and I£' ate 
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each equal to AB (& i., 
p. 28), they are equal to 
each other. Add FI to 
each, and we have 

EI^FKi 

and since the angle AEF 
is equal to BFK (b. i., 
P. 20, a 8) ; the triangle 
AEI is equal to the triangle BFK (b. i., p. 6). Again, 
since EI is equal to FK^ and EH equal and parallel to 
FO, the parallelogram EM is equal to the parallelogram 
FL (b. I., p. 28, C. 2) : also, the parallelogram All is equal 
to the parallelogram CF (p. 6) : hence, the three faces 
which include the polyedral angle at E are respectively 
equal to the three which include the polyedral angle at F^ 
and being like placed, the triangular prism AIEU is equal 
to the triangular prism BKF-O (p. 5). 

But, if the triangular prism AIEH be taken away 
from the solid AL^ there will remain the parallelopipedon 
ABGD'Af; and if the equal triangular prism BKF-G be 
taken away from the same solid, there will remain the 
parallelopipedon ABCB-If; hence, the two parallelopipedons 
ABOJD-M, ABCD-H, are equivalent 

J ) ' » f 

^ PROPOSITION IX. THEOBEIC 

Two parallelopipedons^ having their lower bases egual, and equal 

aUitudeSj are equivalent 

Let the parallelopipedons AG, AL, have the common 
base A BCD, and equal altitudes; then will their upper 
bases, EFQH, IKLM, be in the same plane; and the two 
parallelopipedons will be equivalent 

For, let the edges FE, OH, be prolonged, as also, KL 
and IM, till, by their intersections, they form the paral- 
lelogram NOPQ, in the plane of the upper bases: this 
parallelogram will be equal to either of the bases IL^ EO. 
For, the upper bases IL, EG, being each equal to the 
common base AC, are equal to each other. But OP 
which is equal to FG, is also equal to KL, and ON is 



1S6 



GJSOMETRY. 



equal to Kly being be 
tween the same paral- 
lels: hence, the paral- 
lelogram NP is equal 
to IL or EQ (b. i., p. 
28, 0. 2). 

Now, if a third par- 
allelopipiedon be con- 
ceived, having for its 
lower base the paral- 
lelogram ABCD, and for 
its upper base NOPQ, 
this third parallelopipedon will be equivalent to the paral- 
lelopipedon AG, since they have the same lower base, and 
their upper bases lie in the same plane and between the 
eame parallels, QG, NF (p. 8). For a like reason, this third 
parallelopipedon will also be equivalent to the parallelo- 
pipedon AL] hence, the two parallelopipedons AG^ AL, 
which have equal bases and equal altitudes, are equivalent 
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PROPOSITION X. THEOREM. 



Any parallelopipedon may be changed into an equival&nt Ttdr 
angular parallelopipedon having an equal altitude and an 
equivalent base. 

Let ABCD'H be any parallelopipedon. 

From the vertices A, 
B, C, D, draw AI, BK, 
C6, DAf^ perpendicular to 
the plane of the lower 
base, and equal to the 
altitude oi AG: there will 
thus be formed the paral- 
lelopipedon AL equiva- 
lent to -4(7 (p. 9), and 
having its lateral faces 
AKy BL, &c., rectangles. 
Now, if the base ABCJD 
18 a rectangle, AL will be a rectangular parallelopipedon 
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«|myaleut to AOy aad consequentlj, the panJlelopipedoo 
leqiured. 

But if ABCD is not a rectangle, draw 
AQ and BN" perpendicular to 1)0^ and 
OQ and NP perpendicular to the base; 
we shall then have, a rectangular poral- 
Idopipedon ABNO-Q: for, by construc- 
tion, the bases ABNO^ and IKPQy are 
rectangles; so also, are the lateral faces, 
the edges AI^ OQ, &c, being perpendicu- 
lar to the plane of the base; hence, the 
BoUd AP is a rectangular parallellopipedon. But the two 
parallelopipedons AP^ AL^ msiy be conceived as having the 
same base ABKI, and the same altitude AO: hence, the 
parallelopipedon AO, which was at first changed into an 
equivalent parallelopipedon AL, is now changed into an 
equivalent rectangular parallelopipedon AP, having the 
same altitude AI^ and a base ABNO equivalent to the base 
ABOD. 
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PROPOSITION XI. THEOREM. 



Two rectangular paralkhptpedons, which have equal hasee^ 

to each oi/ier as tlieir altitudes^ 
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Let the parallelopipedons AO, AL, have the oommou 
base BD, then will they be to each other as their altitudes 
AE, AL 

First Suppose the altitudes AE, AI^ to 
be to each other as two whole numbers, 
aa 15 is to 8, for example. Divide AE 
into 15 equal parts, whereof AI will con* 
tain 8 ; and through o^ y, e, &c., the points 
%A division, pass planes parallel to the 
cmnmon base. These planes will divide 
the solid AO into 15 parallelopipedons, all 
equal to each other, because they have 
equal bases and equal altitudes — equal 
bases, since every section KLMI, parallel 
to the base ABCD, is equal to that base (p. 2), equal alti« 

\ • 
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feudes, because the altitudes are the equal 
divisions, Ax^ xy, yz, &c. But of those 15 
equal parallelopipedons, 8 are contained 
in AL] hence, the solid J. G^ is to the 
solid AL as 15 is to 8, or generally, as 
the altitude AJE is to the altitude AL 
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Second. K the ratio of AE to AL 
cannot be expressed exactly in numbers, 
it may still be shown, that we shall 
have 

solid AG : solid AL :: AJS : AL 

For, if this proportion is not correct, suppose we have, 

sol AG : ' sol AL : : AE : AO greater than AL 

Divide AE into equal parts, such that each shall be less 
than 0/; there will be at least one point of division m, 
between and L Let P denote the parallelopipedon, 
whose base is ABGD^ and altitude Am ; since the altitudes 
AE^ Am, are to each other as two whole numbers, we 
have 

sol AG : P :: AE : Am. 
But by hypothesis, we have 

sol AG : sol AL : : AE : AO; 
therefore (b. ii., p. 4), 

sol AL : P : : AO : Am^ 

But AO ia greater than Am ; hence, if the proportion is 
correct, the solid AL must be greater than P. On the 
contrary, however, it is less: therefore, AO cannot be 
greater than AT. By the same mode of reasoning, it may 
be shown that the fourth term cannot be less than AI] 
therefore, it is equal to AL: hence, rectangular pai*allelo- 
pipedons having equal bases, are to each other as theii 
altitudes. 
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Ibfo fvdangular paraUehpipedonSj Iwvmg equal cdtUudes^ af^e IB 

each other as their bases. 

Let the paraUelopipedons AG, AK, have the same alti- 
tude AE] then will thej be to each other as their bases 
AC, AN. 

For, having placed the 
two solids by the side of 
each other, as the figure 
represents, prolong the plane 
NKLO till it meets the plane 
DCOH in PQ; we thus 
have a third parallelopipe- 
don AQ, which may be 
compared with each of the 
parallelopipedons AQ, AK. 
The two solids AG, AQ, 
having the same base ADHE 
are to each other as their 
altitudes AB^ A0\ in like 
manner, the two solids AQ^ AK^ having the same base 
AOLE, are to each other as their altitudes AD, AM. 
Hence, we have 

sol AG : sol AQ : : AB : A0\ 

also, sol AQ : sol. AK : : AD : AM. 

Multiplying together the corresponding terms of these pro- 
portions, and omitting, in the result the common multi* 
plier sol AQ\ we shall have 

sol AG : sol AK : : ABxAD : AOxAM 

But ABxAD represents the area of the base ABOD] and 
A Ox AM represents the area of the base AMNO] hence, 
two rectangular parallelopipedons having equal altitudes^ 
wre to each other as their bases. 
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Any tivo rectcmffiUar pa^aUelopipedons are to each cAer aa^ A4 
procbicts of their hoses by their altitudes ; thai is, as iht 
products of their three dimensions. 

Having placed the two 
solids AQ^ AZ^ so that 
their faces have the com- 
mon angle BAE, produce 
the planes necessary for 
completing the third par- 
allelopipedon AK^ which 
will have an equal altitude 
with the parallelopipedon 
AG. By the last proposi- 
tion, we have 

sol. AG : sol. AK : : 
ABOD : AMNO. 

But the two parallelopipe- 

dons AK^ AZ^ having the same base NA^ are to each other 

as their altitudes AE^ AX\ hence, we have, 

sol. AK : sol, AZ : : AE : AX, 

Multiplying together the corresponding terms of these jw^ 
portions, and omitting in the result the common multiplier 
sot AK] we shall have, 

sol. AG : sol. AZ : : ABCDxAE : AMNOxAX 

Instead of the bases ABCD and AMNO, put ABxAD and 
AOxAify and we shall have, 

sol AG : solAZ :: ABxADxAE : AOxAMxAX 

hence, any two rectangular parallelopipedons are to eaei 
other, as the products of their three dimensions. 

SchoUum^ 1. The magnitude of a solid, its volume oi 
extent, is called its solidity; and this word is ^ exclusivelj 
employed to designate the measure of a soli^ thus, w« 
say the solidity of a rectangular parallelopipedon is equal 
to the product of its base by its altitude, or to thO, product 
of its three dimensions. 
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In order to comprehend tlie natare of this measurement, 
it is necessary to consider, that the number of linear units 
in one dimension of the base multiplied by the number of 
linear units in the other dimension of the base, will give 
the number of superficial units in the base of the parallel- 
opipedon (b.iv., p.4, s.) For each unit in height, there are 
evidently, as many solid units as there are superficial units 
in the base. Therefore, the number of superficial units in 
the base multiplied by the number of linear units in the 
altitude, gives the number of solid units in the parallelo- 
pipedon. 

If then, we assume as the unit of measure, the cube 
whose edge is equal to the linear unit, the solidity will be 
expressed numerically, by the number of times which tht 
lolid contains its unit of measure. 

Sdiolium 2. As the three dimensions of the cube are 
eqiial, if the edge is 1, the solidity is 1x1x1=1: if 
the edge is 2, the solidity is 2x2x2=8; if the edge 
is 3, the solidity is 8x3x3=27 ; and so on. Hence, 
if the edges of a series of cubes are to each other as the 
numbers 1, 2, S, &c., the cubes themselves, or their solidi* 
ties, are as the numbers 1, 8, 27, &c. Hence it is, that 
in arithmetic, the cube of a number is the name given to 
a product which results from three equal &ctor& 

K it were proposed to find a cube double of a given 
cube, we should have, unity to the cube-root of 2, as the 
edge of the given cube to the edge of the required cube. 
Now, by a geometrical construction, it is easy to find the 
square root of 2 ; but the cube-root of it cannot be found, 
by the operations of elementary geometry, which are limit* 
ed to the employment of the straight line and circle. 

Owing to the difficulty of the solution, the problem 
of the duplication of the cube became celebrated among the 
ancient geometers, as well as that of the trisedion of em 
angk^ which is a problem nearly of the same species. The 
solutions of these problems have, however, long since been 
discovered ; and though less simple than the constructions 
of elementary geometry, they are not, on that account, less 
ngorous or less satisfactory. 
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PEOPOSITION XIV. THEOEEM. 

7Ac solidity of a paralklopipedon, and generally of any prism^ 
is equal to the product of its base by its altitude. 

First Any parallelopipedon is equivalent to a rectait- 
golar parallelopipedon, having an equal altitude and an 
equivalent base (p. 10). But, the solidity of a rectangular 
parallelopipedon is equal to its base multiplied by its 
height ; hence, the solidity of any parallelopipedon is equal 
to the product of its base by its altitude. 

Second. Any triangular prism is half a parallelopipedon 
so constructed as to have an equal altitude and a double 
base (p. 7). But the solidity of the parallelopipedon is 
equal to its base multiplied by its altitude ; hence, that of 
the triangular prism is also equal to the product of its base, 
which is half that of the parallelopipedon, multiplied into 
its altitude. 

Third. Any prism may be divided into as many trian- 
gular prisms of the same altitude, as there are triangles 
formed by drawing diagonals from a common vertex in 
the polygon which constitutes its base. But the solidity 
of each triangular prism is equal to its base multiplied by 
its altitude; and since the altitudes are equal, it follows 
that the sum of all the triangular prisms must be equal to 
the sum of all the triangles which constitute their basest 
multiplied by the common altitude. 

Hence, the solidity of any polygonal prism, is equal to 
the product of its base by its altitude. 

Cor. Since any two prisms are to each other as the 
products of their bases and altitudes, if the altitudes be 
equal, they will be to each other as their bases simply; 
hence, two prisms of the same altitude are to each other as 
their bases. For a like reason, two prisms having equivakni 
loses are to each other as their altitudes. 
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7\a> timgular pyramida, having equivalent haaea and tqual 
aititudet, are equivalent, or equal in aotiditi/. 

Let S-ABO, S-abc, be two such pyramids ; let their 
equivalent bases ABO, abc, be situated in the same plane, 
•od let AT be their commoa altitude: then will tbcy be 
equivalent 




For, if these pyramida are not equivalent, let S-abc bo 
the smaller; and suppose Aa to be the altitude of a prism 
which, having ABC for its base, is equal to their differ 
enoa. 

Divide the altitude AT into equal parts Ax, xy, yz, Sui., 
each less than Aa, and let k denote one of those parts ; 
through the points of division pass planes parallel to the 
planes of the bases ; the corresponding sections formed by 
these planes in the two pyramids are respectively equiva- 
lent namely, BEF to def, QHI to ghi, Ac. (p. 3, c. 2). 

This being done, upon the triangles ABO, DEF, QHI, 
hi., taken as bases, construct exterior prisms having for 
edges the parts AD, DO, OX, &&, of the edge SA ; in like 
manner, on bases def, gki, ftfon, &c, in the second pyramid, 
ooustruct interior prisms, having for edges the onrrespoud- 
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mg parts of Sa. It is plain, that the sum of all the exte- 
rior prisms of the pyramid S-ABG is greater than this 
pyramid; and also, that the sum of all the interior prisms 
of the pyramid S-ahc is less than this pyramid. Hence, 
the difference, between the sum of all the exterior prisms 
of one pyramid, and the sum of all the interior prisms of 
the other, is greater than the difference between the Wo 
pyramids themselves. 

Now, beginning with the bases, the second exterior prism 
EFD'Q^ is equivalent to the first interior prism ^-a, 
because they have the same altitude A, and their bases 
EFD, efd^ are equivalent ; for a like reason, the third exte* 
rior prism HIG-K^ and the second interior prism hig-d are 
equivalent; the fourth exterior and the third interior; and 
so on, to the last in each series. Hence, all the exterior 
prisms of the pyramid JS-ABO, excepting the first prisai 
BCA'Dy have equivalent corresponding ones in the interior 
prisms of the pyramid S-dbc : hence, the prism BGA-D, is 
the difference between the sum of all the exterior prisma 
of the pyramid S-ABC, and the sum of the interior prisms 
of the pyramid tS-ahc. But the difference between these 
two sets of prisms has already been proved to be greater 
rthan that between the two pyramids; which latter difference 
twe supposed to be equal to the prism BOA^a : hence, the 
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pnsm BGA'Dy sliould be greater than the prism BOA-a, 
But in realitj it is less; for thej have the same bttie 
ABOf and the altitude Ax of the first is less than the 
altitude Aa of the second. Hence, the supposed inequality 
between the two pyramids cannot exist ; therefore, the two 
pyramids S-ABOj S-abc, having equal altitudes and equiva 
lent bases, are themselves equivalent 

PROPOSITION XVI. THKOBKM. 

Every triangular frism may be divided into three equivcdefU 

triomgyJar pyramids. 

Let ABO-DEF be a triangular prism; then may it be 
divided into three equivalent triangular pyramids. 

Cut off the pyramid FABG 
from the prism, by the plane 
FAG\ there will remain the 
solid F-ACDE, which may be 
considered as , a quadrangular 
pyramid, whose vertex is F^ 
and whose base is the parallel- 
ogram ACDEi Draw the diag- 
onal ^99^ and pass the plane 
FOE^ which will cut the quad- 
rangular pyramid into , two 
triangular pyramids F-A CE^ 
F-CDE,' These two triangular pyramids have for their 
common altitude the perpendicular let fall from F, on the 
plane ACDE\ they have equal bases; for the triangles 
ACE, GDE^ are halves of the same parallelogram ; hence, the 
two pyramids F-AGE^ F-GDE^ are equivalent (p. 15)* But 
the pyramid F-GDE^^^ndi the pyramid F-ABG, have equal 
bases ABGy DEF\ they have also the same altitude, namely, 
the distance between the parallel planes ABG^ DEF ; hence, 
the two pyramids are equivalent Now, the pyramid F-GDE^ 
has already been proved equivalent to F-AGE; hence, the 
three pyramids F-ABG^ FCDE, F-AGE^ which compose the 
firism, are all equivalent 

Cbr. 1 Every triangular pyramid is a third part of a 
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tiiangulax prism, which has an equivaleiit base and an 
equal altitade. 

Oor, 2. The solidity of a triangular pyramid is equal 
to a third part of the product of its base by its altitude. 

PEOPOSITION XVIL THEOKEM. 

The solidity of every pyramid is equal to a third part of the 

prodtict of its base by its altitude. 

Let S-ABCDE be a pyramid : then will its solidity be 
equal to one-third of the product of the base ABODE by 
the altitude SO, 

Pass the planes aSEB, SEO, thr(5hgh 
the vertex S^ and the dLogonals JGB, E0\ 
the polygonal pyramid S-ABODE will 
then be divided into several triangular 
pyramids, all having the same altitude 
^0. But each of these pyramids is mea- 
sured by the product of its base ABfJ^ 
BOE, ODE, by a third part of its alti- 
tude SO (p. 16, c. 2) ; hence, the sum of 
these triangular pyramids, or the polyg- 
onal pyramid S-ABODE is measured by the sum of the 
triangles ABE, BOE, ODE, or the polygon ABODE, mul- 
tiplied by one-third of SO; hence, every pyramid is mear 
sured by a third part of the product of its base by its 
altitude. 

Oor. 1. Every pyramid is the third part of a prism 
which has the same base and the same altitude. 

Oor. 2. Two pyramids having the same altitude are to 
each other as their bases. 

Oor. 8. Two pyramids having equivalent bases are to 
each other as their altitudes. 

Oor. 4. Pyramids are to each other ieis the products of 
their bases by their altitudes. 

Scholium. The solidity of any polycdral body may b« 
^ioiuputed, by dividing the body into pyramids; and this 




BOOK VIL 



197 



division may be accomplished in various ways. One of 
the simplest is to pass all the planes of division through 
the vertex of the same polyedral angle ; in that case, there 
will be formed as many pyramids as the polyedron has 
fiices, less those faces which bound the polyedral angla 
whence the planes of division proceed* 



PROPOSITION XVIII. THEOREM. 

The solidity of the frustum of a pyramid is equal to that (f 
three pyramids having for their common altitude Hie aUi- 
tude of the frustum, and for bases Vie lower base of the 
frustum^ the upper base^ and a mean proportional between 
the tux> bases. 

Let ABCDE^ be the frustum of a pyramid: then will 
its solidity be equal to that of three pyramids having the 
common altitude of the frustum, and for bases the poly- 
gons ABCDE^ abcdsy and a mean proportional between 
them. Let T-FOH be a triangular pyramid having the 
same altitude, and an equivalent base with the pyramid 
S-ABCDE. These two pyramids are equivalent (p. 17, 0. 8). 

Now, if we regard their 
bases as situated in the 
same plane; the plane of 
the section abcd^ will form 
in the triangular pyramid a 
section fgh^ at the same 
distance above the common 
plane of the bases; and, 
therefore, the section fyh 
will be to the section o&xfe, as the base FOE is to the baai 
ABODE (p. 3, c. 1) : and since the bases are equivalent 
the sections will also be equivalent Hence, the pyramida 
S-abcde^ T-fgh will be equivalent (p. 17, c. 8). If Aese be 
taken from the entire pyramids S-ABCDEy T-FOH, the 
frustums ABCDEe, FGH-h which remain, will be equiva- 
lent: hence, if the proposition is true, in the single case of 
the frustum of a triangular pyramid, it is true in every 
other. 
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Let FGH-h bo the frustum of «. 
triang'ilax pyramid. Through the 
three points, F^ g, ff, pas9 the plane 
FgS\ it cuts off from the frustum 
l^e tnp,ngular pyramid g-FOH. This 
pyramid has for its base the lower 
base FOH of the frustum; its alti- 
tude is equal to that of the frus- 
tum, because the vertex g lies in the 
pla^e of the upper base fgh ^ 

This pyramid being cut off, there remains the quadran- 
gular pyramid g-fhEF^ whose vertex is g^ and base fhHF. 
Pass the plane gfH through the three points/ 9, fl"; it 
divides the quadrangular pyramid into two triangular 
pyramids g-fFH^ g-fhH, The latter has for its base the 
upper base gfh of the frustum ; and for its altitude, the 
altitude of the frustum, because its vertex H lies in th# 
lower base. Thus we already know two of the three pyra- 
mids which compose the frustum. 

It remains to examine the third pyramid g-FfH. Now, 
if gK be drawn parallel to /P, and if we conceive a new 
pyramid K-fFH^ having K for its vertex and fFH for iti 
base, these two pyramids have the same base EfF\ they 
also have the same altitude, because their vertices g and 
K lie in the line gK^ parallel to Ff^ and consequently, 
parallel to the plane of the base: hence, these pyramids 
are equivalent (p. 17, c. 8). But the pyramid K-fFH may 
be regarded as having FKH for its base, and its vertex 
at/: its altitude is then the same as that of the frustum. 
We are now to show that the base FKH is a mean pro- 
portional between the bases FOH and fgh. The triangle! 
FHK^ jgh, have the angle F^f\ hence (b. iv., p. 24), 

FHK I fgh :: FKxFH : fgXfh] 
blit because of the parallels, FK^fg^ 

FHK .fgh :: FH : fh. 
We have also, 

FHG : FHK :: FG : FK. ox fg. 

But the similar triangles FQH^ fg\ give 
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FO I Jg :: FH : fh] 
henoe, FQH : FHK :: FHK : fyh\ 

that is, the base ^.fflT is a mean proportional between the 
two bases FOH^ fgh. Hence, the solidity of the frustum 
of a triangular pyramid is equal to that of three pyramids 
whose common altitude is that of the frustum, and whose 
bases are the lower base of the frustum, the upper base, 
and a mean proportional between the two bases. 

' . • I i . 

PSOPOSmON XIX. THEOKEM. 

iSmtbar triangular prisma are to each other as the cubes of 

their homologous edges. 

Let CBD-Pj cbd'Pj be two similar triangular prisms, and 
BC, be. two homologous edges : then will the prism GBD-P 
be to the prism (M-p, as BO to be . 

For, since the prisms are p 
similar, the homologous 
angles B and b 'are equal, 
and the faces which bound 
them are similar (d. 16). 
Hence, if these triedral angles 
be applied, the one to the 
other, the angles cbd will 
coincide with CBD^ the edge ba with BA, and the prism 
cbd'P will take the position Bcd-p. From A draw AH per- 
pendicular to the common base of the prisms: then will 
the plane BAH be perpendicular to the plane of the com* 
mon base (b. yl, p. 16). Through a, in the plane BAH^ 
draw ah perpendicular to BH: then will ah also be per- 
pendicular to the base BDC (b. vi., p. 17) ; and AH, ah will 
be the altitudes of the two prisms. 

Since the bases OBD, cbd^ are similar, we have (b. iy., p. 26^ 

Agwc OBD : base cbd : : CS' : ^. 

Now, because of the similar triangles ABH^ oBh^ and of 
the similar parallelograms ^(7, oc, we have 

AH X ah II AB : ab M CB : A\ 

hence, multiplying together the corresponding terms, we ha?« 

base CBDxAH : base cbd X ah :: CB^ : a\ 
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But the solidity of a prism is equal to tlie base multiplied 
by the altitude (p. 14) ; hence, 

prism BCD'P : prism bcd-p : : B(f : he , 
or as the cubes of any other of their homologous edges. 

Cor, Whatever be the bases of similar prisms, tho 
prisms are to each other as the cubes of their homologous 
edges. 

For, since the prisms are similar, their bases are simi- 
lar polygons (d. 16) ; and these similar polygons may each 
be divided into the same number of similar triangles, sim- 
ilarly placed (b. iv., p. 26) ; therefore, each prism may be 
divided into the same number of triangular prisms, having 
their faces similar and like placed ; hence, their polyedral 
angles are equal (b. vl, p. 21, s. 2) ; and consequently, the 
triangular prisms are similar (d. 16). But these triangular 
prisms are to each other as the cubes of their homolo- 
gous edges, and being like parts of the polygonal prisms, 
their sums, that is, the polygonal prisms, are to each other 
as the cubes of their homologous edges. 

PROPOSITION XX. THEOREM. 

Tux) similar pyramids are to each otJier as the cubes of their 

homologous edges. 

For, since the pyramids are similar, the homologous 
polyedral angles at the vertices are equal (d. 16). Hence, 
the polyedral angles at the vertices may be made to coiii- 
dde, or the two pyramids may be so placed as to have 
the polyedral angle S common. 

In that position the bases ABCDE, 
abode, are parallel ; for, the homologous 
fiioes being similar, the angle Sab is equal 
to SABj and Sbc to 8BG] hence, the plane 
ABO, is parallel to the plane abc (B. vi., 
P. 13). This being proved, let SO be 
drawn from the vertex S, perpendicu- 
lar to the plane ABO, and let o, be the 
point where this perpendicular pierces the 
plane abc : from what has already been 
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shown, we have (p. 8), 

SO : So :: SA : Sa :: AB . ab; 

and consequently, 

^SO : ^So :: AB : ab. 

Bat the bases ABODE, aiccfe, being similar figures, we 
have (b. iv., p. 27), 

ABODE : abcds :: Zb* : a?; 

multiply the corresponding terms of these two proportions, 
there results, 

^ ABODE X\SO : albcdex\So :: AB^ : ^l 

Now, ABODE X^SO measures the solidity of the pyramid 
&ABODEy and abcdeX^So measures that of the pyramid 
iSoJccfe (p. 17) ; hence, two similar pyramids are to each 
other as the cubes of their homologous edges. 

GENERAL SCHOLIUMS. 

1. The ctief propositions of this Book relating to the 
solidity of polyedrons, may be expressed in algebraical 
terms, and so recapitulated in the briefest manner possible. 

2. Let B represent the base of a prism; H its altitude : 
then, 

solidity of prism=JBXjK 

8. Let £ represent the base of a pyramid; H its altitude : 
then, 

solidity of pyramid=-Bx JS 

4. Let H represent the altitude of the Jrustum of a pyror 

mH haying the parallel bases A and B ; VAxB is the 
mean proportional between those bases; then 

solidity of frustum=ij5r(^ +B+VAxB.) 

5. In fine, let JP and 2) represent the solidities of two similar 
prisms or pyramids; A and a, two homologous edges: 
then, 

P : p : : A : a. 
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THE THREE ROUND BODIES. 



DEFINITIONS, 




1. A Cylinder is a solid whicli may be generated by 
the revolution of a rectangle ABCDy turning about the 
immovable side AB. 

In this movement, tke sides AB, BV^ 
continuing always perpendicular to AB^ 
describe the equal circles DHP, OGQ, 
which are called the bdses of the cylwde(r; 
the side CD, describing, at the same 
time, the convex surface. 

The immovable line AB is called 
the axis of the cylinder. 

Every section MNKL^ made in the 
cylinder, by a plane, at right angles to the axis, is a circle 
equal to either of the bases. For, whilst the rectangle 
ABCD turns about AB^ the line JT/, perpendicular to AR, 
describes a circle, equal to the base, and this circle is 
nothing else than the section made by a plane, perpendio* 
ular to the axis at the point /. 

Every gectioji QPHO^ made by a plane passing through 
the axis, is a rectangle double the generating rectangle 
ABCD. 

2. Similar Cylinders are those whose axes are pio* 
portional to the radii of their bases: hence, they are gen- 
erated by similar rectangles (b. iv., d. 1). 
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S. Il^ in the ciroU ABCDS, trhioh 
forma th« base of a cjliDder, a polygon 
ABODE be inscribed, and a right f^ism, 
oonstrocted on this base, and eqo&l 
in altitude to the cylinder ; then, tlte 
prism is said to be inscribed in the cyUn- 
der, and the cylinder to be ciroimscr&ed 
abfnU the prism. 

The edges AF, BO, CH, &c., of the 
prism, being perpendicular to the plane 
of the base, are contained in the convex 
sur&ce of the cylinder ; hence, the 
prism and the cylinder touch one another along these 
edges. 

4. In like manner, if ABCD is a 
polygon, circumscribed about the base 
of a cylinder, a right prism construoted 
on this base, and equal in altitude to 
the cylinder, ia said to be circmnacnbed 
<imU the cylinder, and the cylinder to be 
inscribed in the prism. 

Let if, N, &c, be the points of con- 
tact in the sides AB, BC, &c. ; and 
through the points if, N, ka., let ifX, 
tfY, ic., be drawn perpendicular to the " 

plane of the base: these perpendiculars will then lie both 
in the surface of the cylinder, and in that of the circum* 
scribed prism; hence, they will be their lines of contact 

5. A Cons is a solid which may be generated by the 
revolution of a right-angled triangle SAB, turning about 
the immovable side SA. 

In this movement, the side AB des- 
cribes a circle BDCE, called the icae tif 
(Ae ccme ; the hypothenuse SB describes 
the convex surjaee of the cone. 

The point S is called the vertex ^ 
1^ ome, SA the axu, or the aHHude, and 
SB the slarU heisht. 

Every section HKFI, made by a 
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plane, at right angles to tlie axis, is 
a circle. Every section EDS^ made 
by a plane passing through the axis, 
is an isosceles triangle, double the 
generating triangle SAB. 

6. If, from the cone S-CDB, the 
cone S-FKH be cut off by a plane 
parallel to the base, the remaining 
solid CFHB is called a truncated cone, 
or the frustum of a cone. 

The frustum may be generated by the revolution of the 
trapezoid ABHGy turning about the side AO. The im- 
movable line -4 (? is called the aods^ or altitude of the frustum^ 
the circles BDC, EFK^ are its hases^ and BH its slant height. 

7. Similar Cones are those whose axes are propor- 
tional to the radii of their bases : hence, they are 
generated by similar right-angled triangles (b. iv., d. 1). 

8. If, in the circle ABODE, which 
forms the base of a cone, any poly- 
gon ABODE is inscribed, and from 
the vertices A, B, 0, D, E, lines are 
drawn to S, the vertex of the cone, 
these lines may be regarded as the 
edges of a pyramid whose base is 
the polygon ABODE and vertex S. 
The edges of this pyramid are in the 
convex surface of the cone, and the 

pyramid is said to be inscribed in the cone. The cone ia 
also said to be circumscribed about the pyramid. 

9. The Sphere is a solid 
terminated by a curved sur- 
fiwse, all the points of which 
are equally distant from a 
point within, called the centre. 

The sphere may be gen- 
erated by the revolution of 
a semicircle DAE, about its 
diameter DE : for, the surface 
'lescribed in this movement, 
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bj the semicircamference DAE^ will liaye all its points 
equally distant from its centre (7. 

10. Whilst the semicircle DAE^ revolving roimd its 
diameter DE^ describes the sphere, any circular sector, as 
DCF^ or FCA^ describes a soUd, called a ^harioal sector. 

11. The radius of a sphere is a straight line drawn from 
the centre to any point of the surface ; the diameter or axif 
is a line passing through the centre, and terminated, on 
both sides, by the surface. 

All the radii of a sphere are equal; all the diameters 
are equal, and each is double the radius. 

12. It will be shown (p. 7,) that every section of a 
sphere, made by a plane, is a circle: this granted, a great 
drcle is a section which passes through the centre ; a smaU 
circle^ is one which does not pass through the centre. 

13. A plane is tangent to a sphere,»when it has but one 
point in common with the surface. 

14. A zone is the portion of the surface of the sphere 
mcluded between two parallel circles, which form its bases. 
If the plane of one of these circles becomes tangent to the 
(fphere, the zone will have only a single base. 

15. A spJiericai segment is the portion of the solid sphere^ 
included between two parallel circles which form its bases, 
K the plane of one of these circles becomes tangent to the 
sphere, the segment will have only a single base. 

16. The altitude of a zone^ ox of a segment, is the distance 
between the planes of the two parallel circles, which form 
the bases of the zone or segment 

17. The Cylinder, the Cone, and the Sphere, are the 
three round bodies treated of in the Elements of Qeometry, 
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PEOPOSITION r. THEOBEM. , 

The convex mr/ace of a cylinder is eqaxA to Hve drcurtj^erenM 

of its base muUijplied by its altitude. 

Let OA be the radius of the base of a cylinder, and 
H its altitude ; denote the circumference whose radius ia 
CA by circ. GA : then will the convex surfitce of the cylin* 
der be equal to circ, CAxH. 

Inscribe in the base of the 
cylinder any regular polygon, 
BDEFQA^ and construct on 
this polygon a right prism 
having its altitude equal to h 
Hj the altitude of the cylin- 
der: this prism will be in- 
scribed in the cylinder. The 
convex surface of the prism 
is equal to the perimeter of 

the polygon, multiplied by the altitude H (b. vn., P. 1). 
Let now the arcs which are subtended by the sides of the 
polygon be continually bisected, and the .number of sides 
of the polygon continually doubled : the limit of the perime- 
ter of the polygon is drc. CA (B. 5, P. 12, B. 2), and the limit 
of the convex surface of the prism is the convex mi^sH^ 
of the cylinder. But the convex surface of the prism is 
always equal to the perimeter of its base multiplied by 
jB"; hence, the convex surface of the cylinder is equai to ik 
drcumferenee of its base multiplied by its^ altitude. 

PROPOSITION II. THEOREM. 

The solidity of a cylinder is equal to the product of its base iy 

its altitude. 

Let OA be the radius of the base of the cylinder, and 
S the altitude. Let the circle whose radius is C4 be 
denoted by arexz CA : then will the solidity of the cylinder 
be equal to area CAx H. 
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For, inscribe in the base 
of the cylinder utj regular 
polygon BDEFQA^ and con- 
struct on this polygon a right 
prism having its altitude equal 
to H^ the altitude of the 
cylinder: this prism will be 
inscribed in the cylinder. The 
solidity of this prism will be 
equal to the area of the poly- 
gon multiplied by the altitude H (b. vn., P. 14). 

Let now the number of sides of the polygon be oon« 
tinually increased^ . as before described; the solidity of 
each new prism will still be equal to its base multiplied 
by its altitude: the limit of the polygon is the area OA^ 
and the limit of the prisms, the circumscribed cylinder. 
But the solidity of each new prism is equal to the base 
multiplied by the altitude: therefore, the aoUdity of the cylinr 
der is equal to the product of its base by its cUtitude. 

Oor, 1. Cylinders of equal altitudes are to each other as 
their bases ; and cylinders of equal bases are to each other 
as their altitudes. 

Oor. % Similar cylinders are to each other as the cubes 
of their altitudes, or as the cubes of the radii of their 
bases. For, Uie bases are as the squares of their radii 
(b. y., p. 13) ; and the cylinders being similar, the radii of 
llieir bases are to each other as their altitudes (d. 2); 
heiDoey the bases are as the squares of the altitudes; there^ 
fore, the bases "multiplied by the altitudes, or the cylindeErt 
themselyes, are as the cubes of the altitudes. 

Scholium. Let B denote the radius of a cylinder's baae^ 
and H the altitude; then we shall have, 

surface of base=irXiJ , 
convex surface=2flrX-B X-BJ 
solidity =irxi?5<H 
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PBOFOSITION m. THEOBEIL 

The convex surface of a cone is equal to the drcumferenob c/ 
its base, multiplied by half the slant height. 

Let the circle ABGD be the base of a cone, S the 
vertex, SO the altitude, and SA the slant height: then 
will the convex surface be equal to circ. OAx\SA, 

For, inscribe in the base 
of the cone any regular poly- 
gon ABCDy and on this poly- 
gon as a base conceive a right 
pyramid to be constructed, 
having S for its vertex : this 
pyramid will be inscribed in 
the cone. 

From S, draw SO perpen- 
dicular to one of the sides 

of the polygon. The convex surface of the inscribed pyra- 
mid is equal to the perimeter of the polygon which forma 
its base, multiplied by half the slant height SQ (b. vii., p. 4). 
Let now the number of sides of the inscribed polygon be 
continually increased, as before described : the limit of 
the perimeters of the polygons is circ. OA ; the limit of the 
slant height of the pyramids is the slant height of the cone^ 
and the limit of their surfaces, is the convex surface of 
the circumscribed cone. But the convex surface of each 
new pyramid is equal to the perimeter of the base multi- 
plied by half the slant height (b. vii., p. 4) ; hence, iht 
convex surface of the cone is equal to the circumference of tto 
base multiplied by half its slant height. 

Scholium. Let L denote the slant height, and R tha 
radius of the base : then, 

convex surface=2flrxi2xJii=«'XJSxii. 
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PB0P06ITI0N IV. THEOREM. 

The convex surface of die frustum of a cornt is equal to di 
slant height, multiplied hy half the sum of the circumferenoet 
of its bases. 

Let BIA'DE be a frustum of a cone: then will, 
convex 8urface=-4Z)Xi(ctrc OA+circ. CD.) 

For, inscribe in the bases of 
&e frustum two regular poly- 
gons of the same number of 
sides, and having their sides 
parallel, each to each. The lines 
joining the vertices of the corres- 
ponding angles may be regarded 
as the edges of the frustum of a 
right pyramid inscribed in the 
frustum of the cone. The convex surface of the frustum 
of the pyramid is equal to half the sum of the perimeters 
of its bases multiplied by the slant height fh (b. Vll., 
P. 4, c.) Let the nuniber of sides of the inscribed polygons 
be continually increased as before described: the limits 
of the perimeters of the polygons are circ. OA and cire. 
OD ; the limit of the slant height is the slant height of 
the frustum, and the limit of the convex surface, the con- 
vex surface of the frustum ; hence, the convex surface of the 
frustum of a cone is equal to its slant height multiplied by half 
the sum of t/ie circumferences of its bases. 

Cor. Through i, the middle point of AD, draw IKL 
parallel to AB^ also K, 2W, parallel to CO. Then, since Al^ 
Wy are equal, Ai, id, are also equal (b. iv., P. 15, a 2): 
hence, Kl is*equal to ^{OA-hCD). But since the circum- 
ferences of circles are to each other as their radii (b. v., 
p. 18), 

circ. Kl=l{circ. OA+circ. CD) ; 

therefore, the convex surface of the frustum of a cone is equal 
to its slant height multiplied by the circumference of a soctiKm 
at equal distances from the two bases. 

14 
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Scholium 1. If from the mid- 
dle point I and tlie two extrem- 
ities A and D, of a line AD, 
lying wholly on one side of the 
line OCy the perpendiculars BO, 
IK, and AO, be drawn, and then 
the line AD be revolved around 
00, we shall have 

surf, described by AD=ADxl{circ. OA+circ. CD) 
that is, =^ADxcirc, KL 

For, it is evident that the surfece described by AD is that 
of the frustum of a cone, having OA and CD for the 
radii of its ba£ies. 

Scholium 2. The measure found above applies equally 
to the case when the point D falls at (7, and the sur&ce 
becomes that of a cone ; and to the ease in whiclv AD 
becomes parallel, to 0(7, and the surface becomes that of a 
cylinder. In the first case, OD is nothing: in the seGond, 
it is equal to OA. 

PKOPOSITION V. THEOBEM. 

7%6 solidity of a cone is equal to its base multiplied by a third 

of its altitude. 

Let SO be the altitude of a cone, OA the radius of its 
base, and let the area of the base be designated by orm 
OA ; then will, 

solidity =area OAX\SO. 

Inscribe in the base of the 
cone any regular polygon -^SZJjEF, 
and join the vertices J., B, CJ &c., 
with the vertex S of the cone: 
then will there be inscribed in 
the cone a right pyramid having 
the same vertex as the cone, and 
having for its base tl^e polygon 
ABDEF, The solidity of this 
pyramid will be equal to its base multiplied by one-third 
of its altitude (b. vii., p. 17). 
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Let the arcs be biseoted and the luimber of sidea 
of the polygon be continuallj increafied: the limit of tha 
polygons will be the area OA^ and the limit of the pyra* 
mids will be the cone whose vertex is S: hence, the dolid 
ity of the cone is €^[ual to its jbase mnitiplied by a third of its 
aUituck, 

Chr. 1. A cone is the third of a cylinder having ih» 
same base and the same altitude; whence it follows, 

1. That cones of equal altitudes are to each other as 
their bases; 

^ 2. That cones of equal bases are to each other as 
altitudes ; 

8. That similar cones are as the cubes of the di; 
of their bases, or as the cubes of their altitudes. 

Chr. 2. The solidity of a cone is equivalent to the 
solidity of a pyramid having an equivalent base and the 
same altitude. 

Scholium, Let H be the radius of a cone's base, H its 
altitude; then, 

soUditgr==i<X^'x^. 

PROPOSITION VI. THEOREIf. 

The solidity of the frustum of a cone is equivalent to the sum 
of the solidities of three cones whose common cdUtude is the 
altitude of the frustum, and whose bases are^ the lower base 
of the frustum^ the upper base of the frustum, and a mean 
proportional bet^oeen tJiem. 

Let AERCD be the frustum of a cone, and OP its 
altitude; then will its solidity be 
equivalent to 

^X0PX{0B^+PC^+0BXPC). 

For, inscribe in the lower and 
upper bases two regular polygons 
having the same number of sides, 
and having their sides parallel, 
each to each. Join the vertices of 
tjbfi corresponding angles, and there 
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will then be inscribed in tbe 
firustum of the cone, the frus* 
turn of a regular pyramid. The 
solidity of the frustam of this 
pyramid will be equivalent to 
three pyramids having the com- 
mon altitude of the frustum, and 
for bases, the lower base of the 
firustum, the upper base of the 
firustum, and a mean proportional 
between them (b. vii., p. 18). 

Let the number of sides of the inscribed polygons be 
continually doubled by the methods before described: the 
limits of the polygons will be, area OB and area PC] and 
the limit of the frustums of the pyramids will be the finistum 
of the cone: the expression for the solidity will then become: 

of the first pyramid, 

of the second 
of the third 




iOPxOB^X^, 



iOPxPC X*', 
iOPxOBxPCXir. 

hence, the solidity of the frustum of the cone is equivalent to 

l^XOPx{0]f+PG'+OBxPa) 



PBOPOSITION VII. THEOREM. 

Every section of a sphere^ made by a plane, is a dreJe. 

Let AMB be any section made by a plane, in tke 
sphere whose centre is C: then will it be a circle. 

For, from the point C, draw 
CO perpendicular to the plane 
AMB] and different lines CM, 
CMf to different points of the 
curve AMB, which terminates 
the section. 

The oblique lines CM, CM, 
CA, are equal, being radii of the 
sphere ; hence, they pierce the 
plane AMB at equal distances from the perpendicular 00 
^B. VL, P. 5, c.) ; therefore, all the lines OM, OM, OB, are 
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€qiial ; oonaequentlj, the section AMB is a circle, whoae 
centre is 0. 

Obr. 1. K the section pass through the centre of the 
sphere, its radius will be the radius of the sphere; hence 
all great circles are equal* 

Cbr. 2. Two great circles always bisect each other ; for 
their common intersection, passing through the centre, is a 
diameter. 

Chr. 8. Every great circle divides the sphere and its 
sor&ce into two equal parts: for, if the two parts were 
separated and afterwards placed on the common base, 
with their convexities turned the same way, the two sur^ 
&ces would exactly coincide, no point of the one being 
nearer the centre than any point of the other. 

Cbr. 4. The centre of a small circle, and that of the 
sphere, are in the same straight line, perpendicular to th9 
plane of the small circle. 

Oor. 6. The radius of any small circle is less than the 
radius of the sphere ; and the further its centre is remov 
ed from the centre of the sphere, the less is its radius. 
for, the greater CO is, the less is the chord AB^ the diam* 
eter of the small circle AMR 

Cbr. 6. An arc of a great circle may always be made 
to pass through any two given points of the surface of the 
sphere: for^ the two given points, and the centre of the 
sphere make three points, which determine the position of 
a plane. But if the two given, points were at the extremi- 
ties of a diameter, these two points and the centre would 
then lie in one straight line, and an infinite number of 
great circles might be made to pass through the two given 
points. 

Oor. 7. The distance 6^ween any two paints on the sutrfaoe of 
a sphere is less when measured on the are of a great eirch 
than when measured on the arc of a small circle. 

For, let A and B be any two points on the surface of 
a sphere, let ADB be the arc of a great circle, and AAfE 
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fte aro of a imall circle passing through them, and Ai 
the common chord. Then, since the radius CA id gttsifjfy 
than the radius OA, the arc ADB is less than the arc 
AMB (b. v., p. 17). 



TBoposmoif vm. theosebc 

Shkrp plane perpendicular to a radius at its extremity is tdi^ 

gent to ike sphere. 

Let FAO be a plane perpendicular to the raditis 
OA^ at its extremity A : then will it be tangent to the 
sphere. 

For, assuming any other point 
if in this plane, draw OA^ OM: 
then the angle 0AM is a right 
angle, and hence, the distance ^M 
is greater than OA : therefore, the 
point M lies without the sphere; 
hence, the plane FAG, can have 
no point but A common to it 
and the surface of the sphere; 
consequently, it is a tangent plane (d. 18). 

Scholium, In the same way it may be shown, that two 
spheres are tangent the one to the other, when the dis- 
tance between their centres is equal to the sum or the 
difference of their radii ; in which case, the centres and 
the point of contact lie in the same straight line. 

PBOPOSITION UL LEMMA. 

If a regular semi-polygon he revolved oibout a tihe passinif 
Arough ike centre and the vertices of two opposite angh»j 
the surface described by its perimeter will be equal to tht 
aSDis muUipUed by the circumference of the inscribed drcU. 

Let the regular semi-polygon ABCDEF, be revolved 
about the line AF as an axis: then will the surface des- 
feribed by its perimeter be equal to AF multiplied by the 
^■^/Umference of the inscribed circle. 
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For, from E and i>, the extremities 
of one of the equal sides, let &U the 
perpendiculars EH^ Dly on the axis AF\ 
and from the centre 0, draw ON per- 
pendicular to the side DE : ON will be 
the radius of the inscribed circle (b. v., 
P. 2). Now, the surfSsu^ described in the 
revolution, by any one side of the reg- 
ular polygon, as DE^ has been shown 
to be equal to DExdrc NM (p. 4, s. 1). 
But since the triangles EDK^ ONif^ are 
similaT (b. iv., p. 21), 

ED : EK or m :: ON : NJf :: circ. ON : circ. mt\ 
hence, EDXcircNM—HIXcirc. ON; 

and since the like may be shown for each of the other 
aides, it is plain that the surface described by the entire 
perimeter is equal to 

{FH+m+IP+PQ+QA)Xcirc ON=-AFXcirc. ON 

Cor. The surface described by any portion of the peri- 
meter, as EBC^ is equal to the distance between the two 
perpendiculars let fsdl from its extremities on the axis, 
multiplied by the circumference of the inscribed circle. 

For, the surface described by BE is equal to HlXcift.^ 
ON, and the surface described by BO is equal to IPxdti* 
ON: hence, the surface described by EB+BC, is equal ta 
{m+IP)Xcirc. ON^ or equal to HPxdrc. ON. 

PBOPOSITIOK X. THBOBXIC 

The surfaoe of a sphere is ejual to the product of tfa diamdat 
by the circumference *of a greai circle. 



Let ABODE be a semicircle. Inscribe in it a regu- 
lar semi-polygon, and fix)m the centre draw OF perpen- 
dicular to one of the sides. 

Let the semicircle and the semi-polygon be revolved 
about the common axis AE : the semicircumference ABCBB 
will describe the surface of a sphere (d. 9) ; and the peri^ 
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meter of the semi-polygon will describe 
m surface which has for its measure 
AE X circ. OF (p. 9), and this will be 
true whatever be the number of sides of 
the semi-polygon. 

If now, the arcs be continually bisected, 
the limit of the perimeters of the semi- 
polygons will be the semicircumference 
ABODE] the limit of the area described 
by the perimeter will be surface of the 
sphere, and the limit of the perpendicular OF will be the 
radius 0E\ hence, the surface of the sphere is equal to 
AEXcirc. OE, 

Cor 1. Since the area of a great circle is equal to the 
product of its circumference by half the radius, of one- 
fourth of the diameter (b. v., p. 15), it follows that the sur* 
fo/ce of a sphere is equal to four of its great circles : that is, 
equal to 4flrx 03 (b. v., p. 16). 

Oor. 2. The surface of a zone is equal to its altitude mvl' 
Hplied by the circumference of a great circle. 

For, the surface described by any por- 
tion of the perimeter Cf the inscribed 
polygon, SiS BG+CDf is equal to EHx 
circ. OF (p. 9, c.) : and when we pass to 
the limit, we have the surface of the zone 
equal to EHXcirc. OA. 

Oor. 8. When the zone has but one 
base, as the zone described by the arc 
ABGD, its surface will still be equal to 
the altitude AE multiplied by the circum- 
ference of a great circle. 

Oor, 4. Two zones, taken in the same sphere or in 
equal spheres, are to each other as their altitudes; and 
any zone is to the surface of the sphere as the altitude of 
the zone is to the diameter of the sphere. 
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PBOPOSinON XI. LKMMA. 

(f a triamgh and a rectangU^ having the 9ame hose and ih$ 
same aMtuds^ twm together about the common hase^ the solid 
generated by the triangle ie a third of the cylinder generated 
by the rectangle. 

Let BAG be a triangle, BFEC a rectangle, having the 
oommon base BG^ about which they are to be revolved* 

On the axis, let fall the per* 
pendicular AD : then, the cone 
generated by the triangle BAD is 
a third part of the cylinder gen- 
erated by the rectangle BFAD (p. 
y., c. 1) : also, the cone generated 
by the triangle DAG is a third 

part of the cylinder generated by the rectangle DAEG: 
hence, the sum of the two cones, or the solid generated 
by BAGy is a third part of the sum of the cylinders gen- 
erated by the two rectangles, or a third part of the cylinder 
generated by the rectangle BFEG, 

If the perpendicular AD fidls 
without the triangle ; the solid 
generated by GBA is, in that 
case, the difference of the two 
cones generated by BAD and 
CAD\ but at the same time, the cylinder generated by 
BFEG^ is the difference of the two cylinders generated 
by BFAD and CEAD. Hence, the solid, generated by the 
revolution of the triangle, is still a third part of the cylin* 
der generated by the revolution of the rectangle having 
the same base and the same altitude. 

Scholium, The circle of which AD is the radius, has 
for its measure rxAlf] hence, *XAD xBG measures the 
cylinder generated by BFEG, and l^xAffxBG measuren 
the solid generated by the triangle BAG. 
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pKOPosmoN 2n. lshma. 

If a triangb be revolved about any line dravm Araugk ib t;^ 
4ex in Ae same plane, the solid generated urili have for iii 
measure, the area of the triangle muUifHed by two-thirds (f 
the drcumference traced by the middle point of the hose. 

Let CAB be a triangle, I the middle point of tho :)aBe, 
iBEid CD the line about which it is to be revolTed: lihes 
will the solid generated be measured by . 

area CABx^circIK. 

Prolong the base AB till it 
meets the axis CD in D\ from 
the points A and B, draw AM, 
BN, perpendicular to the axis, 

and draw CP perpendicular to q^^ J, ^^ -X 

DA produced. 

The scholiimi to the last proposition gives the following 
measures: 




solid generated by CAD==i*xAM xCD, 
solid generated by CBD^^ieXBN^xCDi 

hence, the difference of these solids, which is the BoM 
generated by the triangle CAB, has for its measure 

yx{Ajt-mf)xCD. 

To this expression another form may be given. From I 
the middle point of AB, draw IK perpendicular to (JD\ 
and through B, draw BO parallel to CD. We shall then 
have (b. iv., p. 7, s.), 

AM+BN=UK, 2indA3f-JSy=^A0; 
hence, {AM+BN)xiAM-BN)=AM^-BN^^2iKxA0i 

hence, the measure of the solid is also equal to 

i^XlKxAOxCD. 

But CP being perpendiculai* to AB ptodueed, the tiiitij^ 
A OB and CPD are similar; hence, . 

AO : CP :: AB : CD. 

and, AOxCD=CPxAB. , 
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Bift CPxAB is double the area of the triaiigle VIB) 
therefore, 

A0xCD^2CABi 

iimoe, the solid generated by the triangle GAB is measured by 

\^XCABXIK^CABX^^XIK\ 

ind since 2txIK^circ. IK^ We have, 

8olid= CAB X f circ IJt 

dor. If the triangle is 
isosceles, the perpendicular 
CP will pass through I, 
Ae middle point of the 
biee; and we shall have 

CAB^ABxiCI. 

Substituting this value of ^ 

CAB in the measure of the solid before found, viz. : 

aoM=^CABx^ieXlK^ gives, 
8oM=^i^xABxIKx 01 
But tiie triangles A OB^ CKI^ are similar (b. iv., p. 21) ; 
hence, AB : BO or MN : : CI i IK^ 
which give^ AB x IK=MNx CI. 

Substituting for ABxIKy we have, 

8olid=l*C7*XiCV^: 

that is, the solid generated bj the revolution of an isod- 
odes triangle about any line drawn through its vertex, is 
fneasured by two-thirds of « into the square of the perpendicular 
let faU on the base^ inio the distance betioeen the tux> perpendih 
tdars ht fall fivm the extremities of the base on the aocis. 

Scholium. The demonstration appears to involve the sup- 
position that AB prolonged will meet the axis: but the 
results are equally true if AB is parallel to the axis. 

Thus, the cylinder generated by ^ 

IC^^ is measured by ^xAM^xMH: 
the cone generated by CAM is mea- 
wired by i^xAM^xCJf; and the 
cone generated by CBN is measured 
by J ex ilZ'xaV. 
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Add the first two solids, and from tbe sum 
subtract the third : we shall then have 



;.s. 



BoUd by CAB=='!cxAirx{MN+ 



rZ 




and since ^i£^^+JGlf =yC!A/J we have 

soUd by CAB=^icxAltxlMN. 

But AM^OP and MNrr^AB] hence, 

solid hj' CAB=ABxCPxl^xCP=^CABxlcirc. CP. 

But the circumference traced by P is equal to the circum- 
ference traced by the middle point of the base : hence, the 
result agrees with the general enunciation. 






PROPOSITION XIII. LEMMA. 

If a regular semi-polygon he revolved about a line passing 
Oirough its centre and the vertices of two opposite angles^ the 
solid generated tvill he measured hy two-thirds the area of 
the inscribed circle multiplied hy the axis. 

Let ODBF be a regular semi-polygon and 01 the radiua 
of the inscribed circle: then, if this semi-polygon be re- 
volved about OFj the solid generated will have for its 
measure, 

I area OIxOF. 

For, since the polygon is regular, 
the triangles, OFA, OAB, OBO, &c., are 
isosceles and equal; then, all the per- 
pendiculars let fall from on their 
bases, will be equal to OiJ the radius 
of the inscribed circle. 

Now, we have the following mea- 
sures for the solids generated by these 
triangles (p. 12, c.) : viz., 

OFA is measured by l^xOfxFM, 
OAB " " " incx OfxMN, 

OBG " " " i^xOfxON, &c.; 
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hencOi the entire solid generated by the semi-polygon if 
measured bj 

}*X Of{FM+MN+NO+ OQ+QB+RCF) : 
ihatisjby i^xOTxOF. 

But^ «'XQ7*=arw 01 (b. v., p. 16): 

henoei solidity =| ami OIxGF. 

PROPOSmON XIV. THSOBKM. 

ThA soUdity of a sphere is equal to its surfixce mttUiplied by a 

third of its radius. 

Let be the centre of a sphere and OA its radius: 
then its solidity is equal to its surface into one-third of 
OA. 

For, inscribe in the semi-circle 
ABODE a regular semi-polygon, hav* 
ing any number of sides, and let 01 
be the radius of the circle inscribed in 
flie polygon. 

If the semicircle and semi-polygon 
be revolved about EA, the semicircle 
will generate a sphere, and the semi- 
poljgon a solid which has for its mea- 
sure i^oTxEA (p. 18); and this is 
true whatever be the number of sides 
of the semi-polygon. But if the number of sides of the 
polygon be continually doubled, the limit of the solids 
generated by the polygons will be the sphere; and when 
we pass to the limit the expression for the solidity will 
become l^xOA^xEA, or by substituting 20A for EA^ it 

■ O 4 

becomes J«'X04 xOAj which is also equal to\iirxOA X 
10 A. But 4^x0-4 is equal to the surface of the sphere 
(p. X., c. 1) : hence, the solidity of a sphere is equal to its 
surface multiplied by a third of its radius. 

Scholium 1. The solidity of every spherical sector is equal 
to tlie zone which forms its base^ multiplied by a third of the 
radius. 





FoF, ^6 solid described hj my 
portion of the regular polygon, as the 
isosceles triangle OAB, is measured by 
lieOTxAF (p. 12, c); and when we 
pass to the. limit which is the spherical 
sector, the expression for this measure 
becomes f flrXJ.0 XAF, which is equal 
to iiirxAOxAFxlAO. But 2*X^0 
is the circumference of a great circle 
of the sphere (b. v., p, 16), which being 
multiplied by AF gives the surface 
of the zone which forms the base of the sector (p. X, 
c. 2) ; and the proof is equally applicable to the spherical 
sector described by the circular sector BOO: hence, iht 
solidity of the spherical sector is equal to the zone which formt 
its base, multiplied by a third of the radius. 

Scholium 2. Since the surface of a sphere whose radittf 
)s B, is expressed by 4flrxi2 (p. x., C. 1), it follows that 
the surfaces of spheres are to each other as the squares of 
their radii; and since their solidities are as their surfaces 
multiplied by their radii, it follows that the solidities of spheres 
are to each other as the cubes of their radii, or as the cubes of 
their diameters. 

Scholium 3. Let B be the radius of a sphere; its mt- 
face will bie expressed by 4«'Xi2, and its solidity by 

2 3 

iffcXB Xji?, or f flTXjB . If the diameter be denoted by i?, 

3 3 

we shall have B=\D, and B =\D : hence, the solidity of 
the sphere may be expressed by 



PROPOSITION XV. THEOREM. 

The swfa^ of a sphere is to the whole surface of the ciretmr 
scribed cylinder, including its bases, as 2 is to S: and tia 
solidities of these two bodies are to each other in the samit 
ratio. 

Let MPNQ be a great circle of the sphere ; ABCD the 



/ 
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OBraonisaribed square; if the semi* 
circle PMQ and the half square 
PADQ are at the same time made 
to HBYolve about the diameter PQ, 
the semicircle will generate the 
sphere, while the half square will 
generate the cylinder circumscribed 
about that sphere. 

The altitude AD of the cylinder 
is equal to the diameter PQ] the 

base of the cylinder is equal to a great circle, since its 
diameter AB is equal to MN] hence, the convex surface 
of the cylinder is equal to the circumference of the great 
circle multiplied by its diameter (p. 1). This measure is 
the same as that of the surface of the sphere (p. 10) ; 
hence, the surface of the sfJiere is equal to the convex surface 
of the circumscribed cylinder. 

But the surface of the sphere is equal to four great 
circles; hence, the convex surface of the cylinder is also 
equal to four great circles : and adding the two bases, each 
equal to a great circle, the total surface of the circumscrib 
ed cylinder is equal to six great circles ; hence, the surface 
of the sphere is to the total surface of the circumscribed 
cylinder, as 4 is to 6, or as 2 is to 8; which is the first 
branch of the proposition. 

In the next place, since the base of the circumscribed 

cylinder is equal to a great circle of the sphere, and its 

altitude to the 4^ameter, the solidity of the cylinder is 

equal to a great circle multiplied by its diameter (p. 2). 

But the solidity of the sphere is equal to four great circles 

multiplied by a third of the radius (p. 14) ; in other terms, 

to one great circle multiplied by ^ of the radius, or by | 

of the diameter; hence, the sphere is to the circumscribed 

oylinder as 2 to 8, and consequently, the solidities of these 

two bodies are as their sur&ces. 

• 
Sc/iolium 1. Conceive a polyedron, all of whose faces 

touch the sphere; this polyedron may be considered as 

composed of pyramids, each pyramid having for its vertex 

the centre of the sphere, and for ito base one of the poly- 
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edfon's &ces. Now, it is evident that all these pyramidi 
have the radius of the sphere for their common alti- 
tude: so that the solidity of each pyramid will be equal 
to one face of the polyedron multiplied by a third of 
the radius : hence, the whole polyedron is equal to its 
surface multiplied by a third of the radius of the inscrib- 
ed sphere. 

It is therefore manifest, that the solidities of polye- 
drons circumscribed about the sphere, are to each other 
as their surfaces. Thus, the property, which we have 
shown to be true with regard to the circumscribed cylin- 
der, is also true with regard to an infinite number of 
other solids. 

We might likewise have observed, that the surfaces of 
polygons, circumscribed about a circle, are^>9> each othei 
as their perimeters. ! . . — 



PEOPOSmON XVL THEOBEM. 

ff a circular segment is revolved about a diameter exterior to 
ity the solid generated is measured by one-sixth of m mto 
iJie sqimre of the chord, into the distance between two per- 
pendiculars let fall from the extremities of the arc on th 
axis. 

Let DMB be a circular segment, and AG the axifl 
about which it is revolved. 

On the axis, let fall the perpendic- 
ulars BEy BF\ from the centre (7, 
draw CI perpendicular to the chord 
BD ; also draw the radii CB, CD. 

The solid generated by the sector 

CDMB is measured by In^xC^XEF 
(p. 14, s. 1). The solid generated by 
the isosceles triangle CDB has for 
its measure i^xCI^xEF (p. 12, c); hence, the solid gen- 
erated by the segment BMB, is measured by 




BOOK VIII. 



But in lite right-angled triangle OBIj we have (b. iy. p. 8^ a)^ 

lience, tlie eolid generated by the segment DMB^ has for 
its measure 

\^XEFx\Bff^\*XBffxEF. 

Scholium. The solid generated by the segment BMD is 
to the sphere which has BD for a diameter, 

as \*XB^XEF IB to \*xBff, or 9A EF Xo BD. 

PROPOSITION XVII. THEOREM. 

Every segment of a sphere is wjeasuted by half the sum of ii» 
hoses multiplied by its altitude^ plus the solidity of a sphere 
whose diameter is this same altitude. 

Let BMB be the arc of a circle, and DF, BE, per- 
pendiculars let fall on the radius OA : then, if the area 
FDMBE be revolved about the radius CA it will generate 
a spherical segment. It is required to find the measure of 
this segment 

The solid generated by the circular 
segment DMB is measured by (p. 16) 

\'KX^XEF: 

the firustum of the cone described by 
the trapezoid FDBE is measured by 
(P. 6) _ 

i*XEFx{BE^+DF^+BExDF) : 

hence, the segment of the sphere, which is the sum of 
these two solids, is measured by 

{'rxEFx{2BE^+2DF^+2BExDF^B^ 
But by drawing BO parallel to EF, we have, 

DO=-I)F-BE and D^^lJF^-2DFxBE+BJ^ ; 

and, B&^Bd^+D^^Ep'+DF'-2DFxBE+BE\ 

Substituting this value for BD in the expression for the 
solidity of the segment, we have, 

15 




226 G-EOMETRY. \ 

equal to \nexEFx{iBE^+iDp+EF^ ; 

an exprcjssion which may be written in two parts, viz., 

EFx{p^^^^2^) and ^.xET; 

and these parts correspond with the enunciation. 

Cor, If the radius of either base is nothing, the seg- 
ment becomes a spherical segment with a single base; 
hence, any spherical segment, with a single base, is equivakrU 
to half the cylinder having the same base and the same aUitvdt^ 
plus the sphere' of which this altitude is the diarrusbsr. 

GENERAL SCHOLIUMS. 

/ 1. Let R be the radius of a cylinder's base, H its alti- 
tude: the solidity of the cylinder is 

' L Let R be the radius of a cone's base, H its alti- 

tude: the solidity of the cone is 

ncxR^X\H=\<tcxR^xH. 

8. Let A and B be the radii of the bases of a frustum 
of a cone, H its altitude : the solidity of the frustum is 

\<f(XSx{J^'^B^'VAxB). 

4. Let R be the radius of a sphere ; its solidity is 

5. Let R be the radius of a spherical sector, E the 
altitude of a zone, which forms its base : the solidity of 
the sector is 

\*XltxH. 

6. Let P and Q be the two bases of a spherical seg- 
ment, H its altitude : the solidity of the segment is 

?^XH-V\n(XH^. 

7s If the spherical segment has but one ba^o. its 
solidity is ^Pxff+i^xE^. 



BOOK IX. 

SPHERICAL GEOMETRY. 

DBFINITIOKS. 

1. A Spherical Triangle is a portion of the snrAioe 
of a sphere, bounded by three arcs of great circles. 

These arcs are named the sides of the triangle, and 
each is less than a semicircumference. The angles which 
the planes of the circles make with each other, are the 
angles of the triangle. 

2. A spherical triangle takes the *name of rightHingled^ 
isosceles^ equilateral^ in the same cases as a rectilineal tri- 
angle. 

8. A Sphkkical Polygon is a portion of the sur&ce 
of a sphere bounded by three or more arcs of great circles. 

4. A LiJNE is a portion of the surface of a sphere in- 
cluded between two semi-circles intersecting in a common 
diameter of the sphere. 

5. A Spherical Wedge, or Ungula, is that portion 
of a solid sphere, included between two planes passing 
through the centre, and the lune which forms its base. 

6. A Spherical Pyramid is a portion of the solid 
sphere, indaded between three or more planes. The base 
of the pyramid is the spherical polygon intercepted by the 
same planes. These planes bound a polyedral angle, whose 
vertex is at the centre of the sphere. 

7. The Pole op a Circle is a point on the surface of 
the sphere, equally distant from every point in the circun*' 
ference. 
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PBOPosrnoN l theobebl 

Tn every spherical triangle^ any side i$ less than the sum of tfte 

two other sides. 

Let be the centre of the sphere, and ACB a spheri- 
cal triangle: then will any side be less than the sum of 
the two other sides. 

For, draw the radii OA, OB, 00. 
Conceive the planes AOB, AOC, COB, 
to be drawn ; these planes bound a 
polyedral angle whose vertex is at 
the centre ; and the plane angles 
AOB^ A 00, COB, are measured by 
AB, AC, BC, the sides of the spheri- 
cal triangle. But each of the three 
plane angles which bound a polyedral ^ 
angle is less than the sum of the two other angles (b. VL, 
P. 19) ; hence, any side of a spherical triangle is less than 
the sum of the two other sides. 



PKOPOSITION n. THEOREM. 

The sum of all the sides of any spherical polygon is less than 

the circumference of a great circle. 

Let ABODE be any spherical polygon, and the cen- 
tre of the sphere. 

Conceive to be the vertex 
of a polyedral angle bounded 
by the plane angles A OB, BOC, 
COD, &c. Now, the sum of the 
plane angles which bound a poly- 
edral angle is less than four 
right angles (b. vi., p. 20) ; hence, 
the sum of the sides of any 
spherical polygon is less than the circumference. 

Cor. The sum of the three sides of any spherical tri- 
angle is less than the circumference ; for, the triangle is a 
polygon of three sides. 
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PROPOSITION in. THBOREIL 

The poles of a great circle of a 9phere are the extrenniiies of 
that diameter of the sphere which is perpendicular to th$ 
circle ; and these extremities are also the poles of all smatt 
circles parallel to it 

Let ED be perpendicular to the great circle AMB ; thou 
fvill H and D be its poles ; and they will also be the poles 
of every parallel smadl circle FNO, 

For, DO being perpen- 
dicular to the plane AMB, 
is perpendicular to all the 
straight lines CA, CM, CB, 
Ac., drawn through its foot 
in this plane (b. vi,, d. 1) ; 
hence, all the arcs DA, 
DM, DB, &C., are quarters 
of the circumference. So 
likewise are all the ares 
£!i, EM, EB, &c. ; there- 
fore, the points D and E 
are each equally distant firom all the pointa of the circum* 
ferenoe AMB] hence, they are the poles of tjiat oircum* 
ference (d. 7). 

Again, the radius DC, perpendicular to the plane AMB^ 
is perpendicular to the parallel FNG ; hence, it passes 
though 0, the centre of the circle FffO (b. viii., p. 7, 0. 4) ; 
hence, if the c&ords DF, DN, DO, be drawn, these oblique 
lines will cut off equal distances measured firom 0\ hence^ 
they will be equal (b. vi., p. 5). But, the chords being 
equal, the arcs are equal; hence, the point D is the pols 
of the small circle FNG ; and for like reasons, the point 
E is the other pole. 

dor. K through the pole D and any point M, in the aio 
of a great circle AMB, an arc of another great circle MD be 
drawn, the arc MD is a quarter of the circumference, and is 
^ed a quadrant This quadrant makes a right angle wiU^ 
the arc AM, For, the line DC being perpendicular to the 
plane AMC, every plane DME, passing through the line DOb 
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per})endicular to the plane 
AMO (b VI., P. 16) ; hence, 
the angle of these planes, 
or the angle AMD is a 
light angle. 

Oor. 2. Conversely: K 
the distance of the point 
D from each of the points 
A and M^ in the circum- 
ference of a great circle, 
is equal to a quadrant, the 
point D is the pole of the 
arc AM. 

For, let C be the centre of the sphere, and draw the 
radii CD, CA, CM. Since the angles A CD, MCD, are right 
angles, the line CD is perpendicular to the two straight 
lines OA, CM; hence, it is perpendicular to their plane 
(b. VI., P. 4) : hence, the point D is the pole of the arc AK 

Scholium. The properties of these poles enable us to 
describe arcs of a circle on the surface of a sphere, with 
the same facility as on a plane surface. It is evident, for 
instance, that by turning the arc DF, or any other line 
extending to the same distance, round the point D^ the 
extremity F will describe the small circle FNO ; and by 
turning the quadrant DFA round the point D, its extrem- 
ity A will describe the arc of a great circle AMD. 



PROPOSITION IV. THEOBEM. 

The angle formed by two arcs of great circles, is equal to the 
angle formed hy the tangents of these arcs at their point 
of intersection. The angle is measured by the arc of a 
great circle described from the vertex as a pole, and limied 
by the sides, produced if necessary. 

Let the angle BAC be formed by the two arcs AB, 
AC] then will it be equal to the angle FAO formed by 
the tangents AF, AG, and be measured by the arc DE oi 
% great circle, described about Jl as a pole. 
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For, the tangent AF, drawn in the 
plane of the are AB, is perpendicular to 
the radius AO] and the tangent AO^ 
drawn in the plane of the arc AC, is 
perpendicular to the same radius AO. 
Hence, the aiigle FAO is equal to the 
angle contained by the planes ABDIf, 
ACER (b. VI., D. 4) ; which is that of 
the arcs AB^ AO^ and is called the angle 
BAG. 

Again, if the arcs AD and AF are 
both quadrants, the lines 027, OF, are perpendicular to OA^ 
and the angle DOF is equal to the angle of the planes 
ABDHj AGFH] hence, the arc DF is the measure of tha 
angle contained by these planes, or of the angle CAB. 

Cor, 1. The angles of spherical triangles may be com- 
pared together, by means of the arcs of great circles deB> 
cribed from their vertices as poles and included between 
their sides: hence, it is easy to make an angle of thin 
kind equal to a given angle. 

Cor. 2. Vertical angles, such 
9&AC0 and BCN are equal ; for 
either of them is still the angle 
formed by the two planes ACB^ 
OCK 

It is further evident, that, when 
two arcs ACB^ OCN, intersect, 
the two adjacent angles ACQ, 
OCB^ taken together, are equal 
to two right angles. 




PROPOSITION V. THEOREM. 

Tf from the vertices of ihe three angles of a spherical triangk, 
as poles, arcs be described forming a spherical triangle; 
then^ the vertices of the angles of tit is second triangle, will 
be respectively poles of the sides of tlie first. 

From the vertices A, J5, CJ as poles, let the arcs FF, 
FDf FD, be described, forming on the surface of the sphere^ 
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the triangle DFE ; then will the vertices JD, E^ and F^ be 
respectively poles of the sides BC^ AG^ AS. 

For, the point A being 
the pole of the arc UF, the 
distance AU is a quadrant; 
the point C being the pole 
of the arc DJE, the distance 
OF is likewise a quadrant: 
hence, the point -& is re- 
moved the length of a quad- 
rant from each of the points 
A and G; hence, it is the 

pole of the sM AG (p. 8, o. 2), It may be shown by simit 
lu reasoning, that D is the pole of the arc J8£7, and / 
that of the arc AB. 

Scholium. Hence, the triangle ABG may be described 
by means of DEF, as DEF is described by means of ABO, 
Triangles so described, are called polar triangles, or supph' 
mmUal triangles. 
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The same supposition continuing as in the last Ptopositm^ 
each angle in one of the triangles, toiU be measured hy fl 
Hmidrcumferenjce, minus the side lying opposite to it in th» 
other triangle. 

For, produce the sides 
AB, AG, if necessary, till 
they meet EF, in G and IT. 
The point A being the pole 
of the arc OH, the angle 
A is measured by that arc 
(p. 4). But, since E is the 
pole of AR, the arc EH is 
a quadrant ; and since F is 
the pole of AG, FG is a 
quadrant : hence, EH+ OF is equal to a semicircumferencc 
But, EH+OF=EF+GH', hence the arc OH, which mo9r 
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snres the angle A^ is equal to a aemicurciimfoence minm 
the side JEF. In like manner, the angle B is measured 
by ^circ.'-DF: the angle Q by ^drc—BM 

This property is reciprocal in the two triangles, sinoe 
each of them is described in a similar manner by means 
of the other. Thus the angle Z>, for example, of the tri^ 
angle FDF^ is measured by the arc Jtfr; but MI+BG^ 
MC+BI=^circ.; hence, the arc 1/7, the measure of JO, is 
equal to I circ^BC : the angle £ is measured by ^circ^AO^ 
and the angle F by |are.— ^jBL 

Scholium. It must further be ob- 
served, that besides the triangle BEF, 
three others might be formed by the 
intersection of the three arcs BE, 
EF, BF. But the proposition is ap- 
plicable only to the central triangle, 
T^hich is distinguished from the other 
three by the circumstance, that the two angles A and B 
He on the same side of BO, the two B and E on the same 
ade of AC, and the two and F on the same side of AR 




f I PBOPOSmON VII. THEOREM. 

If around the vertices of any two angles of a given sphmcal 
triangle^ as poles, the circumferences of two circles be des* 
erihed which shall pass through the vertex of iJie third ar^ 
gle of the triangle : if then, through the oilier point in which 
these circumferences intersect and the vertices of the first two 
angles of the triangle, two arcs of great cirdes be drawn, 
the triangle thus formed will have aU its parts eqiud to 
those of the given triangle, each to each. 

Let ABO be the given triangle, OEB, BFC, the arai 
described about A and B as poles ; then will the triangles 
ABO, ABB have all their parts equal each to each. 

For, by construction, the side AB=AO, BB=BC, and 
AB is common ; hence, these two triangles have their sides 
equal, each to each. We are now to show, that the angles 
opposite these equal sides are also equal, each to each. 
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K the centre of the sphere is 
at 0, a triedral angle may be con- 
ceived as formed at by the three 
plane angles A OB, A 00, BOG] 
likewise another triedral angle may 
be conceived as formed by the 
three plane angles A OB, AOD^ 
BOD. And, because the sides of 
the triangle ABC are equal to 
those of the triangle ADB, the plane angles forming the 
one of these triedral angles, are equal to the plane angles 
forming the other, each to each : hence, tlie planes are 
equally inclined to each other (b. vi., p. 21) ; and all tlie 
angles of the spherical triangle DAB, are respectively 
equal to those of the triangle GAB, namely, DAB=BAC, 
DBA=ABG, and ADB=AGB', consequently, the sides and 
the angles of the triangle ADB, are equal to the sides and 
the angles of the triangle AGB, each to each. 

Scholium. The equality of these triangles is not, how- 
ever, an absolute equaliiy, or one of superposition : for, it 
would be impossible to apply them to each other, unless 
they were isosceles. The equality meant here is what we 
have already named an equality by symmetry (b. VI., 21, s. 3); 
therefore, we shall call the triangles AGB, ADB, symmetrir 
ecU triangles. 

PEOPOSITION VIII. THEOEEM. 

Two triangles on the same sphere, or on equal spheres, art 
equal in all their parts, when two sides and Hie inclvded 
angle of the one are equal to two sides and the included 
angle of the other, each to each. 

Let ABG, EFO, be two trian- 
gles having the side AB=EF, 
the side AG^EQ, and the angle 
BAG^FEG\ then will the two 
triangles be equal in all their _, , , 
partJ »^ / ^C G 

For, the triangle EFG may be 
placed on the triangle ABG, or on 
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ABD symmetrical with ABC^ just as two rectilineal trian« 
gles are placed upon each other, when they have an equal 
angle included between equal sides. Hence, all the parts 
of the triangle UFO are equal to all the parts of the tri* 
angle ABO\ that is, besides the three parts equal by 
hypothesis, we have the side BC^FO^ the angle ABC^ 
EFG, and the angle ACB^EGF. 



PBOPOSinON IX. THSOREM. 

Two triangles on the same sphere or on equal spheres^ are equal 
in all their- parts^ when two angles and the included side 
of the one are equal to two angles and the included side (^ 
the other ^ each to each 

For, one of these triangles, or the triangle symmetrical 
with it, may be placed on the other, as is done in the 
corresponding case of rectilineal triangles (b. l, p. 6). 



PROPOSITION X. THEOREM. 

If two triangles on the same sphere^ or on equal spheres^ have 
all their sides eqtial, each to each^ their angles iviU likewise 
be equal, each to each, the equal angles lying opposite the 
equal sides. 

The truth of this proposition is evi- 
dent from Prop. VIL, where it was 
shown, that with three given sides AB, 
AC, BO, only two triangles ACB, ABD, 
can be constructed, and that these tri- 
angles will have all their parts equal 
each to each. Hence, the two trian- 
gles, having all their sides respectively 
equal, must either be absolutely equal, 
or symmetriccdb/ equal; in either of which cases, their cor- 
responding angles are equal, and lie opposite to equal 
sides. 
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PSOPOSITION XL THEOBEM. 

In every isosceles sphmoal triangle^ the angles opposibe the eguA 
sides are equal ; and conversely, if two angles of a spherioai 
triangle are ejudly the triangle is isosceles. 

First Suppose the side AB=^AO; we shall have the 
angle 0=^B. 

For, if the arc AD be drawn froto 
the vertex A to the middle point D of 
the base, the two triangles ABD^ A CD, 
will have all the sides of the one res- 
pectively equal to the corre^onding sides 
of the other, viz., AD common, BD^DC^ 
and-45=JL(7: hence, by the last propo- 
sition, their angles will be equal; therefore, B^d 

Secondly. Suppose the angle B=^0; we shall have the 
Bide AO=AB. 

For, if not, let AB be the greater of the two; take 
BO=AGj and draw OC. Then, in the two triangles 50(7, 
BA Of the two sides BO, BO, are equal to the two A CJ B0\ 
the angle OBO^ contained by the first two is equal to ACB 
contained by the second two. Hence, the two triangles 
BOO, A OB, have all their other parts equal, (p. 8); hence, 
the angle OOB=ABO: but, by hypothesis, the angle 
ABO=AOB; hence, we have OOB^AGB, which is absurd 
(a. 8); therefore, an absurdity follows if we suppose AB 
different from AO] hence, the sides AB, AO, opposite tP 
the equal angles B and 0, are equal. 

Scholium. Since, the triangles BAD, DAO, are equal in 
all their parts (p. 10), the angle BAD=DAO, and BDA- 
AlDO: consequently, ADB and ADO, are right angles: 
hence, the arc dratvn from the vertex of an isosceles spherical 
triangle to the middle of the hose, is at right angles to the hose 
mid bisects the vertical angle. 
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psoposinoN xn. theorem. 

In any spkerical triangle, the greater side is opposite the greater 
angle; and oonveraely^ the greater angle is opposite the 
greater side. 

Let the angle A be greater than the angle B^ then will 
BG be greater than AC] and conversely, if BO is greater 
than ACf then will the angle A be greater than £i 

First Suppose the angle 
A>B] make the angle BAB 
B^; th^i we shall have 
AD^DB (p. 11) ; but AD-^ 
DC is greater than J. C7; hence, 
putting DB in place of AD^ 
we shall have DB+DC>AC, or BG>AO. 

Secondly. If we suppose BO>AOj the angle BAG vnll 
be greater than ABO, For, if BAG were equal to ABO^ 
we should have BO —AG; if BAG were less than ABO^ 
we should then, as has just been shown, find BO<AO 
Either of these conditions is contrary to the supposition: 
hence, the angle BAG is greater than ABC. 




PROPOSITION Xin. THEOREM. 

If two triangles on the same sphere^ or on equal spheres^ aire 
mutually equiangular^ they are also mutuaily equilaterdL 

Let A and B be the two given triangles ; P and Q 
their polar triangles. 

Since the angles are equal, each to each, 
in the triangles A and Bj the sides are equal 
each to each, in their polar triangles P and Q 
(p. 6) : but, since the triangles P and Q are 
mutually equilateral, they must also be mutu- 
ally equiangular (p. 10); and lastly, the an- 
gles being equal, each to each, in the triangles 
P and Q, it follows that the sides are equal 
each to each, in their polar triangles A and B 
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Hence, the mutually equiangular triangles A and B are at 
the same time, mutually equilateral. 

Scholium. This proposition is not applicabJe to recti- 
lineal triangles; in whiph equality among the angles indi- 
cates only proportionality among the sides. Nor is it diffi- 
cult to account for the difference, in this respect, between 
spherical and rectilineal triangles. In the proposition now 
before us, as well as in the preceding ones, which treat 
of the comparison of triangles, it is expressly required that 
the arcs be traced on the same sphere, or on equal spheres. 
Now, similar arcs are to each other as their radii; hence, 
on equal spheres, two triangles cannot be similia-r without 
being equal. Therefore, it is not strange that equality 
among the angles should produce equality among the 
sides. 

The case would be different, if the triangles were drawn 
upon unequal spheres ; there, the angles being equal, the 
triangles would be similar, and the homologous sides would 
be to each other as the radii of their spheres. 



PROPOSITION XIV. THEOREM. 

The sum of all the angles, in any spherical triangle, is less than 
six right angles and greater than two. 

For, in the first place, every angle of a spherical trian- 
gle is less than two right angles : hence, the sum of the 
three is less than six right angles. 

Secondly, the measure of each angle of a spherical trian- 
gle is equal to the semicircumference minus the correspond- 
ing side- of the polar triangle (p. 6) ; hence, the sum of 
the three, is measured by the three semicircumferences^ 
minus the sum of the sides of the polar triangle. Now, 
this latter sum is less than a circumference (p. 2, 0.) ; there- 
fore, taking it away from three semicircumferences, the 
remainder is greater than one semicircumference, which 
is the measure of two right angles ; hence, the sum of the 
three angles of a spherical triangle is greater than two 
right angles. 
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OoT. 1. The sum of the three angles of a spherical tri- 
angle is not constant, like that of the angles of a recti- 
lineal triangle, but varies between two right angles and 
six, without ever reaching either of these limits. Two 
given angles therefore do not serve to determine the third. 

Cbr. 2. A spherical triangle may have two, or even 
three of its angles right angles; also two, or even three 
of its angles obtuse. 

Oor. 3. If the triangle ABC is bi-rectan- 
gular^ in other words, has two right angles 
B and C^ the vertex A is the pole of the 
base BG ; and the sides AB^ J. Q are quad- 
rants (p. 3, 0. 2). 

If the angle A is also a right angle, the 
triangle ABO is tri-rectangular ; each of its angles is a right 
angle, and its sides are quadrants. Two tri-rectangulax tri- 
angles make half a hemisphere, four make a hemisphere, 
and eight the entire sur^e of a sphere. 
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PROPOSITION XV. THEOREM. 



The surface of a lune is to the surface of the sphere^ as the 
angle of ikt lune^ to fcmr right angles ; or^ as the are 
which measures that anglcj to the circumference. 

Let AMBN be a lune, and NGM the angle included 
between its two great circles : then will its surface be to the 
surface of the sphere as the angle NCM to four right anglei^ 
or as the arc NM to the circumference of a great dideL 

For, suppose the arc MN to be 
to the circumference MNPQ, as some 
one integer number to another, as 
5 to 48, for example. Divide the 
circumference MNPQy into 48 equal 
parts, MN will contain 6 of them, 
and if the pole A were joined with 
the several points of division, by as 
many quadrants, we should in the 

hemisphere AMNPQ^ have 48 triangles, all equal, because 
all the corresponding parts are equal. The whole sphere 
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would contain 96 of these triangles, and the Inne AMBNA^ 
10 of them ; hence, the lune is to the sphere as 10 is to 
96, or as 5 to 48 ; in other words, as the arc MN is to 
the circumference. 

K the arc MN is not commensurable with the circuin- 
ference, it may still be shown, that the lune is to the 
sphere as MN to the circumference (b. ill., P. 17). 

Cor, 1. Two lunes on the same or on equal sphereS) 
are to each other as their respective angles. 

Cor, 2. It was shown above, that the whole surface of 
the sphere is equal to eight tri-rectangular triangles (p. 14^ 
C. 8) ; hence, if the area of one such triangle be represent- 
ed by Ty the surface of the whole sphere will be express- 
ed by 8Z This granted, if the right angle be assumed 
equal to 1, the surface of the lune whose angle is A^ will 
be expressed by 2AxT, For, 

4 : J. :: Sr : 2AxT, 

in which expression, A represents such a part of unity, as 
Hk^ angle of the lune is of one right angle. 

Scholium. The spherical ungula, bounded by the planes 
AMBy ANBy is to the whole solid sphere, as the angle A 
is to four right angles. For, the lunes being equsd, the 
spherical ungulas are also equal; hence, two spherical 
ungulas are to each other, as the angles formed by the 
planes which bound them. 

PEOPOSITION XVI. THKOBEM. 

Two symmetrical spherical triangles are equivalent 

Let ABCj DEFy be two symmetrical triangles, that » 
to say, two triangles having their sides AB=I)JE, AC^DF^ 
CB^EFy and yet incapable of superposition: we are to 
show that the surfece ABC is iequal to the surface DEF. 

Let P be the pole of the small circle passing through 
the three points -4, 5, C ;* from this point draw the equal 

* The circle which passes through the three points A^ B^ 0^ or which dream- 
Mribes the triangle ABC^ con only be a small circle of the sphere ; for if it wura 
a great circle, the throe sides, AB^ BG^ AG^ would lie in one plane, and the tri- 
ttigk ABO would be reduced to one of its sides. 
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miGS PA, PBj PC (p. 3); at the 
point F make the angle DFQ^ 
ACPy the arc FQ=^CP\ and draw 

DQ, FQ. 

The sides DF^ FQ^ are equal 
to the /Sides A Q CP ; the angle 
DFQ^ACP] hence, the two tri- 
•OLgles DFQ, ACPf are equal in 
•11 their parts (p. 8) ; consequently, the side DQ^AP^ 
aad the angle DQF^^APG. 

In the triajigles DFE, ABC, the angles DFE, ACB, 
opposite to the equal sides DB, AB, are equal (p. 10). If 
the angles DFQ, ACP, which are equal by construction, 
be taken away from them, there will remain the angle 
QFF, equal to PCS. The sides QF, FE, are equal to the 
sides PC, CB\ hence, the two triangles FQE, CPB, are 
equal in all their parts (p, 8) ; hence, the side QE=^PB^ 
and the angle FQE^CPB. 

Kow, the triangles DFQ^ ACP^ which have their sides 
respectively equal, are at the same time isosceles, and capa^ 
Ue of coinciding, when implied the one to the other. 
For, having placed AC on its equal DF^ the equal sides 
will fall the one on the other, and thus the two triangles 
will exactly coincide: hence, they tire equal; and the sur- 
face DQF=APC. For a like reason, the surface FQE^ 
CPB, and the surfac*5 DQE=^APB\ hence we have, 

DQF+FQE-DQEo^APC+CPB-APB, 
or, DFEoABC\ 

hence, the two synametrical triangles ABC, DEF, arc equal 
in surface. 



SchoUnm. The poles P and Q might lie within trii\pgl 
ABC, DEF: in which case it^ would be requisite to add 
the three triangles DQF, FQE, DQE, together, in order to 
make up the triangle 1)EF; and in like manner, to add 
the three triangles A PC, CPB, APB, together, in order to 
make up the triangle ABC: in all other resijects, the 
demonstration and the result would be the same. 
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If Hie circumferences of two great circles intersect each tSusr on 
the surfoux of a Jiemisphere, the sum of the opposite tricar 
gles thus formed^ is equivalent to the surfoxe of a hm 
whose angle is equal to the amgle formed by the circles. 

Let the circumferences ^ OJB> COD, intersect on the sur- 
fiw5e of a hemisphere; then will the opposite triangles 
AOG, BOD, be equivalent to the lune whose angle is BOD. 

For, produce the arcs OB, OD, on 
the other hemisphere, till • they meet 
in N. Now, since A OB and OBN" 
are semicircumferences, if we take 
away the common part OB, we shall 
have BN^AO. For a like reason, 
we have DN-CO, and BD=^AO. 
Hence, the two triangles AOC, BDN, 
have their three sides respectively equal : they are there- 
fore symmetrical ; hence, they are equal in surface (p. 16). 
But the sum of the triangles BDN, BOD, is equivalent to 
the lune OBNDO, whose angle is BOD : hence, AOO+BOB 
18 equivalent to the lune whose angle is BOD. 

Scholiufn. It is likewise evident, that the two sphericaJ 
pyramids, which have the triangles AOC, BOD, for bases, 
are together equivalent to the spherical ungula whose angle 
is BOD. . 



" ' " PROPOSITION XVIII. THEOREM. 

Th^ surface of a spherical triangle is equal to the excess of th 
sum of its three angles above two right angles, multiplied 
by the tri^ectangular triangle. 

Let ABC be any spherical triangle: then will its siff* 
&oe be equal to 

{A+B+C-2)XT. 

For, produce its sides till they meet the great circle 
DEFO, drawn at pleasure, without the triangle. By the 
Uiat theorem, the two triangles ADE, AOH, are together 
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Dquiyalent to the lane whose angle is 

Af and which is measured by 2^1x7* 

(p, 15, a 2). Hence, we have ADE+ 

A0H=i2AxT; and, for a like reason, 

B0F+BID^2BxT, and CIH+CFE 

e=2(7x7! But the sum of these six 

triangles exceeds the hemisphere by 

twice the triangle ABG^ and the hemisphere is represented 

by 4T: therefore, twice the triangle ABC^ is equivalent to 

2AxT+2BxT+2CxT-^T\ 
and, consequently, 

AB€^o^{A+B+C-2)xT', 
hence, every spherical triangle is measured by the sum of 
its three angles minus two right angles, multiplied by the 
tri-rectangular triangle. 

Scholium 1. When we speak of the q>herical anglea, we 
regard the right angle as unity, and compare the sum of 
the three angles with this standard Hence, however 
many right angles there may be in the sum of the three 
angles minus two right angles, just so many tri-rectangular 
triangles, will the proposed triangle contain. If the angles^ 
for example, are each equal to ^ of a right angle, the 
sum of the three angles is equal to 4 right angles; 
and this sum, minus two right angles, is represented 
by 4—2, or 2 ; therefore, the surface of the triangle is 
equal to two tri-rectangular triangles, or to the fourth 
part of the surface of the entire sphere. 

Scholium 2. The same proportion which exists between 
the spherical triangle ABO^ and the tri-rectangular triangle, 
exists also between the spherical pyramid which has ABO 
for its base, and the tri-rectangular pyramid. The triedral 
angle of the pyramid is to the triedral angle of the tri- 
rectangular pyramid, as the triangle ABO to the tri-rectan- 
gular triangle. From these relations, the following conse* 
quences are dedaced. 

First Two triangular spherical pyramids are to each 
other as their bases: and since a polygonal pyramid may 
always be divided into a certain number of triangular 
pyramids, it follows that any two spherical pyramids are to 
6acb other, as the polygons which form their bases. 



Sil GROMBTRY. 

Secohd The polyedral angles at the vertices of these 
pyramids, are also as their bases; hence, for comparing 
any two polyedral angles, we have merely to place their 
vertices at the centres of two equal spheres ; the angles are 
to each other as the spherical polygons intercepted betweea 
their faces. 

The vertical angle of the tri-rectangular pyramid is 
famed by three planes at right angles to each other : this 
SDgle, which may be called a right polyedral angle^ will 
serve as a very natural unit of measure for all other poly- 
edral angles. If, for example, .the area of the triangle is 
f of the tri-rectangular triangle, the corresponding trie 
dral angle is also f of the right polyedral angle. 

TBOrOSlTION XIX. TIIEOEEM. 

7%e surface of a aplherical polygon is equal to the excess of the 
sum of all it$ angles, over two right angles taken as mann 
times as iJiere are sides in tlie polygon less two^ muUipUtd 
hy the tri-rectangular triangle. 

Let ABODE be a spherical polygon. 

From one of the vertices -4, let 
diagonals AC, AD^ be drawn to the 
other vertices; the polygon ABODE 
will be divided iuto as many tri- 
angles less two, as it has sides. 

Now, the surface of each triangle 
is equal to the sum of all its angles less two right angH 
into the tri-rectangular triangle. The sum of the angles 
of all the triangles is the same as that of all the angles of 
the polygon ; hence, the surface of the polygon is equal to 
tiie sum of all its angles, diminished by twice as manj 
right angles as it has sides less two, into the tri-rectango* 
lar triangle. 

Scholium. Let s be the sum of all the angles of a spheri 
cal polygon, n the number of its sides, and T the tri-rect- 
angular triangle ; the right angle being taken as unity, the 
sorfiice of the polygon will be equal to 

(*-2 (n-2,)) X r=(«-2 n+4) X T. 
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NOTE A.— Paoi 2«. 

A Demonstration is a train of logical orgmnenli 
brought to a coDcIusioii. The bases or premises of a 
demonstration, are definitions, axioms, propositions pre> 
riottsly established, and hypotheses. The arguments are 
the links which connect the premises, logically, with the 
eonclasion or ultimate truth to be proved. 

In Geometry we employ two kinds of demonstration-^ 
the Direct^ and the Indirect or the method involving the 
fiedoctio ad absurdum. 

These are also called Positive and Negative Demonstr»> 
tions. In •the direct method, the premises are definitions^ 
anoma, and previous propositions; and by a process of 
logical argumentation, the magnitudes <^ which something 
is to be proved, are shown to bear the mark by which 
that may always be inferred, or, in other words, are showB 
to fall under some definition, axiom, or proposition, pre- 
viously laid down. The direct demonstration maj be 
divided into two classes: 

1st Where the argument depends on superpositioii-*- 
that is, on the coincidence of magnitudes when applied the 
one to the other: and 

2dly. Where it depends on addition and subtraction, 
or immediately on principles previously laid down. 

The indirect method rests on a hypothesis. This hypo* 
thesis is combined in a process of logical argumentation, 
with definitions, axioms, and previous propositions, until 
a conclusion is obtained, which agrees or disagrees with 
some known truth. Now, if the conclusion so deduced, is 
excluded from the truths previously established, that is, if 
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it is opposed to any of them, then it follows that the hj- 
pothesis, leading to a result contradictory to such truth, 
must be false. In the indirect demonstration, therefore, the 
corxliision is compared with the truths known antecedently 
to the proposition in question; if it disagrees with any of 
them, the hypothesis is false. 

We have examples of the first class of the direct demon- 
Btration in the reasoning which establishes Propositions V. 
and YI. — and of the second class in that which establishes 
Propositions I. and IV. We have also examples of the 
indirect method in the demonstrations of Propositions IL 
and m. 

It is often supposed, though erroneously, that the indi- 
rect demonstration is less conclusive and satis&ctory than 
the direct. This impression is simply the result of a want 
of proper analysis. For example: in the demonstration 
of Proposition IL we propose to prove "that two straight 
lines having two points in common coincide throughout 
their whole extent." Now, it is evident that they either 
coincide or separate. If they separate, they must separate 
at some point, as 0. But the supposition or hypothesis of 
their separating at this point, involves the conclusion, that 
a pari is equal to the whok, which is contrary to Axiom 8» 
and therefore untrue: Hence, they do not separate, and 
tfierefore^ they coincide. Similar remarks apply to all indi- 
rect demonstrations. 

In both kinds of demonstrations the premises and con- 
clusion agree: that is, they are both true or both false^ 
the reasoning or argument in both being supposed strictly 
logical. 

For a more full discuaaioD of this subjecti see Ikmai 
Logic of Mathematica. 
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THB REGULAR POLYEDRONS. 

A Regulak Polyedron is one whose faces are all 
equal regular polygons, and whose polyedral angles are all 
equal to each other. 

1. The Tetraedron, or regular pyramid^ is a solid 
Oounded by four equal equilateral triangles. 

2. The Hexaedron, or Oube^ is a solid bounded hj 
ix equal squares. 



8. The OcTAEDRON, is a solid bounded by eight equal 
equilateral triangles. 

4. The DoDECAEDROK, is a solid bounded by twelve 
equal and regular pentagons. 

5. The loosAEDRON is a solid bounded by twenty 
equal equilateral triangles. 

First If the faces are equilateral triangles, polyedrons 
may be constructed bounded by such triangles uhI will 
have polyedral angles contained either by three, four or 
five of them: hence arise three regular polyedral bodies^ 
yiz: the tetraedron^ the octaedron^ and the xcosaedron^ and no 
others can be constructed with equilateral triangles. For, 
each angle of an equilateral triangle being equal to a third 
part of two right, six such angles about the vertex of a 
polyedral angle would be equal i» four right angles, which 
is impossible (b. vi., p. 20, ♦ 

Secondly. If the faces are squares, their angles may be 
arranged by threes: hence, results the hexaedranj or cuibe^ 
Four angles of a square are equal to four right angles, 
and cannot form a polyedral angle. 

Thirdly. In fine, if the faces are regular pentagons, 
their angles likewise may be arranged by threes : the 
regular dodecaedron will result. 

We can proceed no farther: three angles of a regular 
hexagon are equal to four right angles; three of a hepta* 
Ifon are greater. 
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Hence, there *can only be five regular polyedrons ; threo 
formed with equilateral triangles, one with squares, and 
one with pentagons. 



CONSTRUCTION OF THE TETBAEDROK. 

Let ABG be the equilateral triangle which is to form 
one face of the tetraedron. At the point 0, the centre of 
this triangle, erect OS perpendicular to the plane ABG\ 
terminate this perpendicular in /^ so that AS^AB] draw 
<SB, SC ; the pyramid S-ABC is the tetraedron required. 

For, by reason of the equal distan- 
ces 0-4, OB^ 00^ the oblique lines SA, 
SBi SCj cut off equal distanced esti- 
mated from the foot of the perpendic- 
ular SO, and consequently are equal 
(fi. VI., P. 5). One of them SA=^AB; 
hence, the four faces of the pyramid 
S'ABC, are triangles, equal to the 
given triangle ABG. The triedral angles of this pyramid 
are all equal, because each of them is bounded by three 
equal plane angles (b. vi., p. 21, s. 2) ; hence, this pyramid 
18 a regular tetraedron. 




CONSTRUCTION OF THE HKXAEDRON. 

Let ABGD be a given square. On the 
base ABGD, construct a right prism whose 
altitude AE shall be equal to the side 
AS. The faces of this prism will evident- 
ly be equal squares; and its triedral an- 
gles all equal, each being formed with , 
three equal faces: hence, this prism is a 
regular hexaedron or cube. 

The following propositions can be easily proved. 

1. Any regular polyedron may be divided into as many 
ri^t pyramids as the polyedron has faces ; the commoa 
•vertex of these pyramids will be the centre of the poly^ 
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fttm; and at the same time, that of an inscribed and of 
a circumscribed sphere. 

2. The solidity of a regular poljedron is equal to iH 
surface multiplied by a third part of the radius of tha 
uiBcribed sphere. 

S. Two regular polyedrons of the same name, are tw^ 
nmilar solids, and their homologous dimensions are pro* 
p<)irtional; hence, the radii of the inscribed or the circum* 
,flcribed spheres are to each other as the edges of the poly* 
edrons. 

4. If a regular polyedron be inscribed in a sphere, the 
planes drawn from the centre, through the different edge% 
will divide the surface of the sphere into as many spheri* 
cal polygons, all equal and similari as the polyedron has 
ftoes. 



APPLICATION OF ALGEBRA 

TO TBS 

SOLUTION OF GEOMETRICAL PROBLEMS. 

A Problem is a question which requires a solution. 
A geometrical problem is one, in which certain parts of a 
geometrical figure are given or known, from which it is 
te^iHfed to determine certain other parts. 

When it is proposed to solve a geometrical problem by 
means of Algebra, the given parts are represented by the 
first letters of the alphabet, and the required parts by the 
final letters. The geometrical relations which subsist be- 
tween the known and required parts furnish the equations 
of the problem. The solution of these equations, when so 
formed, gives the solution of the problem. 

No general rule can be given for forming the equations 
The equations must be independent of each other, and 
their number equal to that of the unknown quantities in- 
troduced (Alg., Art 103). Experience, and a careful exami- 
nation of all the conditions, whether explicit or implicit 
(Aikg«f Art 94), will serve as guides in stating the questions, 
to which may be added the following general directions. 
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1st. Draw a figure which shall represent all the giyea 
parts, and all the required parts. Then draw such other 
lines as will enable us to establish the necessary relations 
between them. If an angle is given, it is generally best to 
let fell a perpendicular that shall lie opposite to it; and 
this perpendicular, if possible, should be drawn from the 
extremity of a given side. 

2d. When two lines or quantities are . connected in the 
same way with other parts of the figure or problem, it is 
in general, not best to use either of them separately ; boi 
to use their sum, their difference, their product, their quo* 
tient, or perhaps another line of the figure with whiob 
they are alike connected. 

3d. When the area, or perimeter of a figure, is given, 
It is sometimes best to assume another figure similar to thai 
proposed, having one of its sides equal to imity, or some 
other known quantity. A comparison of the two figures 
will often give a required part. We will add the follow- 
ing problems.* 



PBOBLEM L 

In a right-angled triangle BAG, having given the base BA^ 
and the sum of the hypothenuse and perpendicular, ii ti 
required to find the hypothenuse and perpendicular. 

Put BA = c = S, BO=x, AG= y, and the sum of Oe 
hypothenuse and perpendicular equal to « = 9. 

Then, a + y = 5 = 9, 

and (B. IV., P. 11), a^ = 3/« + c». 



From 1st equ: 

and 

By subtracting, 

or, 

hence. 
Therefore, 



x = s - y, 
a? = ^ -2sy + y\ 
= ^ -2sy -c\ 
25y = ««-<? ; 

a; + 4 = 9, OT x-6- BG. 




* The followiiig problems are eeleoted from Hatton*s Applioation of Algeta t* 
ISeometry ; and the examples in liensnnition, from his treaAise an that sabjiOk 
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PBOBLEM n. 

JB» a righirongled triangle^ having given the htfpoAentue^ tmd 
tlie sum of the base and perpendicular^ to find these two 
sides. 

Put BO =s a = 6, J3A = 2B, AC^ y, and the som of 

the base and perpendioular = « s= 7. 

Then, ac + y = ^ = 7^ 

and 0? + y* = a*. 

From first equation, sc = ^ — y, 
or, a? = fl* — 25y + y* ; 

Hence, y" = o* — a' + 25y — y*, 

or, 2j»-% = a«-«»; 

or. y" - «y = 2 * 

By completing the square y* — «y + Js* = Ja' — i^, 
or, y = J« ± Via«- ^ = 4 or 8. 

Hence, » « i« :p yj^s - j^ » 8 or 4 




PBOBLSM m. 

In a rectangUf having given the diagonal and perimeter^ to find 

the sides. 

Let ABCD be the proposed rectangle. 
Put -4(7 = (i = 10, the perimeter ^2a = 28, 
or AB +B0- a = 14 : also put Afi = ac^ 
and BC = y. 

Then, og? + y« = <P, 

and » + y =5 a. 

From which equations we obtain, 

y = ia ± V\d*- Ja« « 8 or 6, 
and X = Jaqp VJ^P - Ji? = 6 or 8. 
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FSOBLESC IV. 

Moving ffimn Ae bate and perpendicular of a iriomgle^ 

ihe side of an inscribed sjuare. 

Let ABO be the triangle, and 
HEFO the inscribed square. Pat 
AB^h, CD^ a, and UE or OH 
= X : then 01^^ -- x. 

We have by similar triangles 

AB : CD :: GF : 




H DE B 



CI, 



or, 

Henoe, 

or. 



6 : a : : X : a — as. 

db -^ bx =^ aXj 
ab 



X = 



a + b 



s= the side of the inscribed square; 



which, therefore, depends only on the base and altitude of 
the triangle. 



PROBLEM V. 

fn an equilateral triangle, liaving given the lengths of the ihm 
perpendiculars dravm from a point within, on ike thmt 
sides: to determine the sides of the triangle. 

Let ABC be an equFIatefral trian- 
gle-: DOy DE and DF the given per 
pendiculars let fiiU from D on the 
sides. Draw DA, DB, DC, to the 
vertices of the angles, and let fall the 
perpendicular CH on the base. Let 
DG = a, DE = i, and DF^e: pxA 
one of the equal sid es AB ^ ix ; hence, AH « 
0H= VAC- - AH^ = V4a? -c^ = VSc^ = x VS. 

Now, since the area of a triangie is equal to half xtt 
base into the altitude, (b. iv., p. 6), 

lAB X CH= xXx V3'= a? Vs'= triangle ACB, 

lAB X DO = X X a = ox = triangle ADB, 

\BC X DE=xXb =zbx == triangle BCD, 

^AC X DF —xXc ==ex = triangle ACD 




x, ttnl 
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But tke last three triangles make upi and are ooose- 
^oentlj equal to, the first; 

hence, a? V8"= ax + ix + cx = x(a + 6 + c); 

or, X V3"= a + b + c: 

a + b + c 



dierefi>re| x = 



V3 



Bemare. Since the perpendicular CS is equal to xVS^ 
it is consequentlj equal a + b + c: that ia^ the perpeadio- 
ular let fall from either angle of an equilateral triangle on 
the opposite side, is equal to the sum of the three perpen* 
diculars let fiill from anj point within the triangle on the 
aides respective] j. 

Problem VI.— In a right-angled triangle, having given 
the base and the difference between the hjpotl^enuse and 
perpendicular, to find the sides. 

Problem Vil. — In a right-angled triangle, having given 
the hypothenuse, and the difference between the base and 
perpendicular, to determine the triangle. 

Problem VILL — ^Having given the area of a rectangle 
inscribed in a given triangle ; to determine the sides of 
the rectangle. 

Problem IX. — ^In a triangle, having given the ratio of 
the two sides, together with both the segments of the base 
made by a perpendicular from the vertical angle; to do* 
termine the triangle. 

Problem X. — In a triangle, having given the base, the 
sum of the two other sides, and the length of a line 
drawn from the vertical angle to the middle of the base; 
to find the sides of the triangle. 

Problem XI. — In a triangle, having given the two 
sides about the vertical angle, together with the lino bisect- 
ing that angle and terminating in the basp* to find tha 
base. 

Problem XII. — To determine a right-angled triangloi 
having given the lengths of two lines drawn from th# 
acuto angles to the middle of the opposite sides. 
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Problem Xm. — ^To determine a right-angled triangle, 
having given the perimeter and the radius of the inscribed 
circle. 

Problem XIV. — ^To detennine a triangle, having given 
the base, the perpendicular, and the ratio of the two sides. 

Problem XV. — To determine a right-angled triangle^ 
having given the hypothenuse, and the side of the inscribed 
square. 

Problem XVT. — To determine the radii of three equal 
circles, described within and tangent to, a given circle, and 
also tangent to each other. 

Problem XVn. — ^In a right-angle triangle, having given 
the perimeter and the perpendicular let fall from the right 
angle on the hypothenuse, to determine the triangle. 

Problem XV ill. — ^To- determine a right-angled triangle, 
having given the hypothenuse and the difference of two 
lines drawn from the two acute angles to the centre of the 
inscribed circle. 

Problem XIX. — To determine a triangle, having given 
the base, the perpendicular, and the difference of the two 
other sides. 

Problem XX.— ^To determine a triangle, having given 
the base, the perpendicular, and the rectangle of the two 
sides. 

Problem !XXI. — ^To determine a triangle, having given 
the lengths of three lines drawn from the three angles to 
the middle of the opposite sides. 

Problem XXH. — ^In a triangle, having given the three 
sides, to find the radius of the inscribed circle. 

Problem XXm. — To determine a right-angled triangle, 
having given the side of the inscribed square, and the 
radius of the inscribed circle. 

Problem XXIV. — To determine a right-angled triangle, 
having given the hypothenuse and radius of the inscribed 
circle. 

Problem XXV. — To determine a triangle, having given 
the base, the line bisecting the vertical angle, and the diam 
eter of the circnmscribing circle. 
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INTEODUCTION. 



OF LOGABITHM& 



L The logarithm of a number is the eocponerU of the power 
h which it is necessary to raise a fixed number^ in order to 
produce the first number. • 

This fixed number is called the base of the system, and 
may be any number except 1: in the common system, 10 
is assumed as the base. 

2. If we form those powers of 10, which are denoted 
by entire exponents, we shall have 

10**= 1 10^ = 10, 10^ = 1000 

10' = 100, 10* = 10000, &0., &a, 

From the above table, it is plain, that 0, 1, 2, 8, 4, Aa, 
axe respectively the logarithms of 1, 10, 100, 1000, 10000^ 
&0.; we also see, that the logarithm of any number be* 
tween 1 and 10, is greater than and less than 1 : thua^ 

log 2 = 0.801080. ♦ 

The logarithm of any number greater than 10, and len 
than 100, is greater than 1 and less than 2: thus, 

log 50 = 1.698970. 
The logarithm of any number greater than 100, and 
less than 1000, is greater than 2 and less than S: thus, 

log 126 = 2.100871, Ac. 
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If the above principles be extended to other numbers, 
it will appear, that the logarithm of any number, not an 
exact power of ten, is made up of two parts, an entire and 
a decunal part. The entire part is called the cliara^teristie 
of the hgaritiim^ and is always (me Uss than the number of 
places of figures in the given number. 

8. The principal use of logarithms, is to abridge na* 
merical computations, 

liet M denote any number, and let its logarithm be 
denoted by m; also let N denote a second number whose 
logarithm is n ; then, from the definition, we shall have, 

10" = if (1) 10" = JV^ (2). 

Multiplying equations (1) and (2), member by rnqmber, 
we have, 

lO"*"*" " = if X iV^ or, m + n=log {MxN)] hence, 

The sum of the hgariilims of any twQ numbers is equal t$ 
the logarithm of their product 

4. Dividing equation (1) by equation (2), member by 
member, we have, 

_ if M 

10"^ ° = j^or, 7n — n = log-^: hence, 

, The logarithm of the quotient of two numbers^ is eqttal i) 
the logarithm of the dividend diminislied by tlie logarithm of 
the divisor, 

5. Since the logarithm of 10 is 1, the logarithm of the 
product of any number by 10, will be greater by 1 than thi 
logarithm of Hiai, number ; also, tJie logarithm of the quotient 
9f any number divided by 10, will be less by 1 than thi 
hgaritlim of that number. 

Similarly, it may be shown that if any number be mul- 
tiplied by one hundred, the logarithm of the product will 
be greater by 2 than the logarithm of that number; and 
if any number be divided by one hundred, the logarithm 
of the quotient will be less by 2 than the logarithm of 
that number, and so on. 



is 


2.614548 


K 


1.514548 


CC 


6.514548 


C( 


1.514548 


(C 


2.514548 
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EXAMPLES. 

log 827 

log 82.7 
log 8.27 
log .827 
log .0827 

From the above examples, we see, that in a number 
composed of an entire and decimal part, we may change 
ihe place of the decimal point without changing the deci- 
mal part of the logarithm; but ilie c/iaracteristic is dimin- 
ished by 1 for every place that tlie decimal point is removed to 
the lefU 

In the logarithm of a decimal, the characteristic becomes 
negative, and is numerically 1 greater than the number of 
ciphers immediately after the decimal point. The negative 
sign extends only to the characteristic, and is written over 
it^as in the examples given above. 

TABLE OF L0QARITHM8. 

6. A table of logarithms, is a table in which are writ- 
ten the logarithms of all numbers between 1 and some 
given number. The logarithms of all numbers between 1 
and 10,000 are given in the annexed table. Since rules 
have been given for determining the characteristics of 
logarithms by simple inspection, it has not been deemed 
necessary to write them in the table, the decimal part 
only being given. The characteristic, however, is given 
for all numbers less than 100. 

The left hand column of each page of the table, ie the 
column of numbers, and is designated by the letter N; 
the logarithms of these numbers are placed opposite them 
on the same horizontal line. The last column on each 
page, headed D, shows the difference between the loga- 
rithms of two consecutive numbers. This difference is 
found by subtracting the logarithm under the column 
headed 4, from the one in the column headed 5 in the 
same horizontal line, and is nearly a mean of the difTer- 

euces of any two consecutive logarithms on this line. 

17 
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lb find, from the tahle, the logarithm of any number. 

7. If the number is less than 100, look on the first page 
of the table, in the column of numbers under N, until the 
number is found: the number opposite is the logarithm 

ought: Thus, 

log 9 = 0.954243. 

When the number is grea;ter than 100 and less than 10000. 

8. Find in the column of numbers, the first three figures 
of the given number. Then pass across the page along a 
horizontal line until you come into -the column under the 
fourth figure of the given number : at this place, there are 
four figures of the required logarithm, to which, two figures 
taken fi*om the column marked 0, are to be prefixed. 

If the four figures already found stand opposite a row 
of six figures in the column marked 0, the two left hand 
figures of the six, are the two to be prefixed ; but if they 
stand opposite a row of only four figures, you ascend the 
oolumn till you find a row of six figures ; the two left 
hand figures of this row are the two to be prefixed. If 
you prefix to the decimal part thus found, the character 
istic, you will have the logarithm sotight: Thus, 

log 8979 = 8.953228 
log ,08979 = 2.953228 

If, however, in passing back from the four figures found, 
to the column, any dots be met with, the two figures 
to be prefixed must be taken from the horizontal line di- 
rectly below: Thus, 

log 3098 = 3.491081 
log 30.98 = 1.491081 

If the logarithm falls at a place where the dots occur, 
must be written for each dot, and the two figures to be 
prefixed are, as before, taken from the line below: Thus, 

log 2188 = 3.340047 
log 2188 = 1.340047 
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When the number eoxeeie 10,000. 

9. The characteristic is determined by the rules already 
given. To find the decimal part of the logarithm: place 
a decimal point after the fourth figure from the left 
hand, converting the given number into a whole number 
and decimal. Find the logarithm of the entire part by the 
rule just given, then take firom the right hand column of 
the page, under D, the number on the same horizontal 
line with the logarithm, and multiply it by the decimal 
part; add the product thus obtained to the logarithm al- 
ready found, and the sum will be the logarithm sought 

IfJ in multiplying the number taken from the column 
D, the decimal part of the product exceeds .6, let 1 be 
added to the entire part; if it is less than .6, the decimal 
part of the product is neglected. 

SZAMPLB. 

1. To find the logarithm of the number 672887. 

The characteristic is 5.; placing a decimal point after 
the fourth figure from the left, we have 6728.87. The 
decimal part of the log 6728 is .827886, and the corres^ 
ponding number in the column D is 65; then 65X.87= 
56.65, and since the decimal part exceeds .5, we have 57 
to be added to .827886, which gives .827948. 

Hence, log 672887 = 5.8279*48 

Similarly, log .0672887 = 2.827948 

The last rule has been deduced under the supposition 
that the difference of the numbers is proportional to the 
difference of their logarithms, which is sufficiently exact 
within the narrow limits considered. 

In the above example, 65 is the difference between the 
logarithm of 672900 and the logarithm of 672800, that is, 
it is the difference between the logarithms of two numbers 
which differ by 100. 

We have tiien the proportion 

100 : 87 :: 66 : 66.66, 

hence, 66.66 is the number to be added to the logarithm 
before found. 
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To find from the iabh the nurnber corresponding to a givm 

logarithm, 

10. Search in the columns of logarithms for the deciinal 
part of the given logarithm : if it cannot be found in the 
table, take out the number corresponding to the next less 
logarithm and set it aside. Subtract this less logaritba 
from the given logarithm, and annex to the remainder as 
many zeros as may be necessary, and divide this residt bj 
the corresponding number taken &om the column marked 
D, continuing the division as long as desirable : annex the 
quotient to the number set aside. Point off, from the left 
hand, as many integer figures as there are units in the 
characteristic of the given logarithm increased by 1; the 
result is the required number. 

If the characteristic is negative, the number will be 
entirely decimal, and the number of zeros to be placed at 
the left of the number found from the table, will be equal to 
the number of units in the characteristic diminished by 1. 

This rule, like its converse, is' founded on the supposi- 
tion that the difference of the logarithms is proportional 
to the difference of their numbers within narrow limits. 

SXAMPLB. 

1. Find the number corresponding to the logarithm 
8.283568. 

The decimal part of the given logarithm is .233568 
The next less logarithm of the table is .233504, 

and its corresponding number 1712. 

Their difference is - • - - 64 

Tabular difference 253)6400000(25 

Hence, the nxmiber sought 1712.25. 

The numl>er corresponding to the logarithm 3.233568 

is .00171225. 

2. What is the number corresponding to the logarithm 
2'.785407? Am. .06101084. 

8. What is the number corresponding to the logarithm 
1.846741? Ans. .702653. 
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11. When it ifi required to multiplj nmnbeni by means 
of their logarithms, we first find fix>m the table tiie logar 
fithms of the numbers to be multiplied; we next add 
these logarithms together, and their sum is the logarithm 
of the product of the nimibers (Art S). 

The term sum is to be understood in its algebraic 
sense; therefore, if any of the logarithms have negative 
characteristics, the difference between their sum and that 
of the positive characteristiGS, is to be taken; the sign of 
the remainder is that of the greater sum. 

EXAHPLBS. 

L Multiply 23.14 by 6.062. 

log 28.14 = 1.8«4S68 
log 5.062 = 0.704822 

Product, 117.1847 . • . 2.068685 

2. Multiply 8.902, 597.16, and 0.0814728 togeiher. 

log 8.902 = 0.591287 
log 597.16 = 2.776091 
log 0.0314728 = 2.497986 

Product^ 78.8864 .... 1.865814 

Here, the 2 cancels the + 2, and the 1 carried fiom 
the decimal part is set down. 

8. Multiply 8.586, 2.1046, 0.8872, and 0.0294 together. 

log 8.586 = 0.554610 ^ 

log 2.1046 = 0.828170 
log 0.8872 = 1.922829 
log 0.0294 = 2.468847 

Product, 0.1857615 . . 1.268956 

In this example the 2, carried firom the decimal part» 
cancels 2, and there remains 1 to be set down. 



/ 
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DIVISION OF KXJMBEBS BY LOGAEIEHHS. 

12. When it is required to divide numbers by means 
of their logarithms, we have only to recollect, that the 
subtraction of logarithms corresponds to the division of 
their numbers (Art. 4). Hence, if we find the logarithm 
of the dividend, and &om it subtract the logarithm of the 
divisor, the remainder will be the logarithm of the quotient 

This additional caution may be added. The difference 
of the logarithms, as here used, means the algebraic differ- 
ence ; so that, if the logarithm of tlie divisor have a nega- 
tive characteristic, its sign must be changed to positiye, 
after diminishing it by the unit, if any, carried in the sub- 
traction from the decimal part of the logarithm. Or, if 
the characteristic of the logarithm of the dividend is negar 
tive, it must be treated as a. negative number. 

EXAMPLES. 

1. To divide 24168 by 4567. 

log 24168 = 4.883151 
log 4567 = 8.659631 

Quotient, 5.29078 . . 0.728520 

2. To divide 0.06814 by .007241. 

log 0.06814 = 2.800815 
log 0.007241 = 8.859799 

Quotient, 8.7198 . . 0.940506 

Here, 1 carried from the decimal part to the 8, chang« 
it to 2, which being taken from 2, leaves for the char 
ncteristic. 

8. To divide 87.149 by 528.76. 

log 87.149 = 1.569947 
log 528.76 = 2.719188 

Quotient, 0.0709274 . 2.850814 
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4 To divide 0-7438 by 12.9476. 

log 0.7438 = 1.871456 
log 12.9476 = 1.112189 

Quotieat, 0.057447 . . 2.759267 

HerOi the 1 taken firom 1, gives 2 for a result, as set 
down. 

AlUTHMSTICAL GOMPLEKSNT. 

IS. The Arithmetical complement of a logarithm is the 
number which remains after subtracting the logarithm 
firom 10. 

Thus, 10 - 9.274687 == 0.725813. 

Hence, 0.725813 is the arithmetical complement 

of 9.274687. 

14. We will now show that, the difference between Um 
logarithms is truly found^ by adding to the first logarithm (fit 
ixrithmetical complement of the logarithm to be subtracted^ and 
then diminishing the swm by 10. 

Let a = the first logarithm, 

i = the logarithm to be subtracted, 
and CSS 10 —i = the arithmetical complement of &. 

Now the difference between the two logarithms will Im 
expressed by a — 6. 

But, firom the equation c = 10 — i, we have 

c-10=-6, 
henoe, if we place for — & its value, we shall have 

a — 6 = a + c— 10, 

which agrees with the enunciation. 

When we wish the arithmetical complement of a loga< 
rithm, we may write it directly firom the table, by subtract 
ing the left hand figure firom 9, then proceeding to the rights 
eubtract each figure firom 9 till we reach the last figure^ whiA 
mitst be taken from 10 : this will be the same as taJcii^g the 
togarithm from 10. 
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EXAMPLES. 

L Prom.8.274107 take 2.104729. 

By common method. By arith. corryx 

8.274107 3.274107 

2.104729 its ar. comp. 7.896271 

DiflE; 1.169378 Sum 1.169378 after sub- 

tracting 10. 

Hence, to perform division by means of the arithmetical 
oamplement, we have the following 

RULE. 

To the logarUhm of the dim lend add the arithmetical comr 
flcment of the logarithm of the divisor: the mmy after wlh 
trading 10, luill be the logarithm of tJie qitotienL 

EXAKPLES. 

1. Divide 827.5 by 22.07. 

log 827.5- 2.515211 

log 22.07 ar. comp. 8.656198 

Quotient, 14.839 . . . 1.171409 

2. Divide 0.7438 by 12.9476. 

log 0.7438 .... 1.871456 
log 12.9476 ar. comp. 8.887811 

Quotient, 0.057447 . . . 2.759267 

In this example, the sum of the characteristios is 8^ 
from which, taking 10, the remainder is 2. 

8. Divide 87.149 by 528.76. 

log 87.149 .... 1.569947 
"log 528.76 ar. comp. 7.280867 

Quotient, 0.0709278 . . 2.850814 
Divide 0.875 by 25. Aris. 0.036. 
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HKDIKG THX POWERS AlH) BOOTS OF NUMBERS BT LOGARITHMB. 

15. We have (Art 8), 

Baising both members of this equation to the nth power, 
we have, 

10"^ "=i/', 
in which m X n is the logarithm of Jf * (Art 1) : henoe, 

The logarithm of any potver of a given number is equal to 
Ae logarithm of the number multiplied by the expofixenJt of ihs 
power. 

16. Taking the same equation, 

10" = Jtf; 
and extracting the nth root of both members, we have 

m \ 

10»=if' 
1 

in which !^ is the logarithm of if" : that is. 

The logarithm of the root of a given number is equal to the 
logarithm of the number divided by the index of the root 

EXAMPLES. 

1. What is the 5th power of 9? 

Log 9 = 0.954243 ; 0.954243 X 5 = 4.771215; 
whole number answering to 4.771215 is 59049. 

2. What is the 7th power of 8 ? Ans. 2097162. 

8. What is the cube root of 4096 ? 

Log 4096 = 3.612860; 8.612860 -r 3 = 1.204120 ; 
number answering to 1.204120 is 16. 

4. What IS the 4th root of .00000081 ? 

Log .00000081 = 7.908485 ; 
But, 7.908485 = 8 + 1.908485 ; 

and, 8 + 1.908485 -^ 4 = 2.477121, 

the number answering to which is .03, which is the root 

When the characteristic of the logarithm is negative^ and not 
divisible by the index of the root^ add to it such a negative nwnber 
<M8 foiU make the sum exactly divisible by the index^ and tfien 
prefix the same number to the first decimal figure of the logarithm, 

5. What is the 6th root of .0432 ? Ans. .592353 + 

6. What is the 7th root of .0004967 ? Ans. .3372969 
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GEOMETRICAL CONSTRUCTIONS. 



17. Before explaining tlie metliod of constructing geo- 
metrical problems, we shall describe some of the simpler 
instruments and their uses. 



DIVIDERS. 




18. The dividers is' the most simple and useful of the 
instruments used for drawing. It consists of two legs 6a, 
ic, which may be easily turned around a joint at % 

One of the principal uses of this instrument is to lay 
off on a line, a distance equal to a given line. 

For example, to lay off on OD a distance equal to AB» 

For this purpose, place the forefin- 
ger on the joint of the dividers, and j^\ ig 

set one foot at A: then extend, with 

the thumb and other fingers, the k ^ — r 

other leg of the dividers, until its foot reaches the point 
B.^ Then 'raise the dividers, place one foot at (7, and 
mark with the other the distance OE: this will evidently 
be equal to AB. 



. RULER AND TRIANGLB. 




19. A Ruler of convenient size, is about twenty inchci 
in length, two inches wide, and a fifth of an inch in fliick- 
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neas. It should be made of a hard material, perfectly 
straight and smooth. 

The hjpothenuse of the right-angled triangle, which is 
used in connection with it, should be about ten inches in 
length, and it is most convenient to have one of the sides 
considerably longer than the other. We can solve, with 
the ruler and triangle, the two following problems. 

L lb draw through a given point a Kne which shall he parat^ 

Id to a given line. 

20. Let be the given point, and AB the given Une. 

Place the hypothenuse of the tri- c 

angle against tie edge of the ruler, 

and then place the ruler and triangle j 

on the paper, so that one of the ^ 

sides of the triangle shall coincide exactly with AB: the 
triangle being below the line. 

Then placing the thumb and fingers of the left hand 
firmly on the ruler, slide the triangle with the othec hand 
along the ruler until the side which coincided with AB 
reaches the point C. Leaving the thumb of the left hand 
on the ruler, extend the fingers upon the triangle and hold 
it firmly, and with the right hand, mark with a pen or 
pencil, a line through 0: this line will be parallel to AB 



EL lb draw through a given point a line which shall be pet* 

pendicular to a given line. 

21. Let AB be the given line, and D the given point. 

Place the hypothenuse of the tri- 
angle against the edge of the ruler, as 
before. Then place the ruler and 



triangle so that one of the sides of ^ 
the triangle shall coincide exactly with the line AB 
Then slide the triangle along the ruler until the other 
side reaches the point D: draw through D a right line^ 
and it ¥rill be perpendicular to AB 
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SCALE OF EQUAL PABT9. 



I .1 .• .A .4 .5 . 9 .1 .8^1p 

1 I I " I I I t I » * I 



22. A scale of equal parts is formed by dividing a line 
of a given length into equal portions. 

If, for example, the line oi of a given length, say one 
inch, be divided into any number of equal parts, as 10, 
the scale thus formed, is called a scale of ten parts to the 
inch. The line oJ, which is divided, is called the unit cf 
the scale. This unit is laid off several times on the left 
of the divided line, and the points marked 1, 2, 8, &c. 

The unit of scales of equal parts, is, in general, either 
an inch, or an exact part of an inch. If, for example, oi, 
the unit of the scale, were half an inch, the scale would 
be one of 10 parts to half an inch, or of 20 parts to the 
inch. 

K it were required to take from the scale a line equal 
to two inches and six -tenths, place one foot of the dividens 
at 2 on the left, and extend the other to .6, which marks 
the sixth of the small divisions : the dividers will then 
embrace the required distance. 

DIAGONAL SCALE OF EQUAL PARTS. 



eij" 




z 
h 



a. I ^^.4.5.6,7.S.B~^ 



28. This scale is thus constructed. Take ab for the 
unit of the scale, which may be one inch, |, J or J of an 
inch, in length. On ab describe the square ahcd. Divide 
the sides ab and dc each into ten equal parts. Draw of 
and the other nine parallels as in the figure. 

Produce ba to the left, and lay off the unit of the 
ecale any convenient number of times, and mark the points 
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1, 2, 8, Ac. Theiif divide the line ad into ten equal part8| 
and through the points of division draw parallels to oft, as 
in the figure. 

Now, the small divisions of the line ab are each one* 
tenth (.1) of ab; thej are therefore .i of ad^ or .1 of ag 
or gh. 

If we consider the triangle adf^ we see that the base df 
is one-tenth of ad, the unit of the scale. Since the distance 
from a to the first horizontal line above oi, is one-tenth of 
the distance ad, it follows that the distance measured on that 
line between ad and af is one-tenth of elf: but since one-tenth 
of a tenth is a hundredth, it follows that this distance is 
one hundredth (.01) of the unit of the scale. A like dis* 
cance measured on the second line will be two hundredths 
(.02) of the unit of the scale ; on the third, .03 ; on the 
fourth, .04, &c. 

tf it were required to take, in the dividers, the anit of 
tL^ scale, and any number of tenths, place one foot of the 
dividers at 1, and extend the other to that figure between 
a and b which designates the tenths. If two or more 
units are required, the dividers must be placed on a point 
of division further to the left. 

When units, tenths, and hundredths, are required, place 
one foot of the dividers where the vertical line through 
the point which designates the units, intersects the line 
which designates the hundredths : then, extend the dividers 
to that line between ad and be which designates the tenths: 
the distance so determined will be the one required. 

For example, to take off the distance 2.34, we place 
one foot of the dividers at i, and extend the other to e 
and to take off the distance 2.58, we place one foot of the 
dividers at p and extend the other to q. 

Bemark I. If a line is so long that the whole of it 
cannot be taken from the scale, it must be divided, and 
the parts of it taken from the scale in succession. 

Bemark n. K a line be given upon the paper, its 
length can be found by taking it in the dividers and ap« 
plying it to the scale. 
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SEinCIBCITLAB PROTRACTOR. 

g 




24. This instrument is used to lay down, or protract 
angles. It may also be used to measure angles included 
between lines already drawn upon paper. 

It consists of a brass semicircle, ABO, divided to half 
degrees. The degrees are numbered from to 180, both 
ways ; that is, from A to B and from B to A. The di- 
visions, in the figure, are made only to degrees. There 
is a small notch at the middle of the diameter AB, which 
indicates the centre of the protractor. 

lb lay off an angle vnth a Protractxyr. 

25. Place the diameter AB on the line, so that the 
centre shall fall on the angular point. Then count the 
degrees contained in the given angle from A towards J?, or 
from B towards -4, and mark the extremity of the arc with 
a pin. Remove the protractor, and draw a line through 
the point so marked and the angular point: this line will 
make with the given line the required angle. 



* ^,_.•" 
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DEFINITIONS. 

1. In every plane triangle there are six parts: three 
sides and three angles. These parts are so related tc each 
other, that when one side and any two other parts are 
given, the remaining ones can be obtained, either by geo- 
metrical construction or by trigonometrical computation. 

2. Plane Trigonometry explains the methods of com* 
puting the unknown parts of a plane triangle, when a suf- 
ficient number of the six parts is given. 

8. For the purpose of trigonometrical calculation, the 
circumference of the circle is supposed to be divided into 
360 equal parts, called degrees; each degree is supposed 
to be divided into 60 equal parts, called minutes; and 
each minute into 60 equal parts, called seconds. 

Degrees, minutes, and seconds, are designated respec- 
tively, by the characters ^ ' ". For example, ten degrees^ 
eighteen minxites^ and fourteen seconds^ would be written 
10** 18' 14". 

4. If two lines be drawn through the centre of the 
circle, at right angles to each other, they will divide the 
circumference into four equal parts, of 90** each. Every 
right angle then, as JEOA^ is measured by an arc of 90^; 
every acute angle, as BOA, by an arc less than 90^; and 
every obtuse angle, as FOA, by an arc greater than 90\ 

5. The complement of an arc is ^ 
what remains after subtracting the 
arc from 90°. Thus, the arc EB 
is the complement of AB. The 
sum of an arc and its complement 
.ifl equal to 90®. 

6. The supplement of an arc is 
what remains after subtracting the 
arc from ISO"". Thus, 0^ is the 
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sapplement of the arc AEF. The sum of an arc and its 
supplement is equal to 180°. 

7. The sine of an arc is the perpendicular let fall from 
one extremity of the arc on the diameter which passes 
through the other extremity. Thus, BD is the sine of the 
«rc AB. 

8. The cosine of an arc is the part of the diameter in- 
tercepted between the foot of the sine and the centre. 
'Thus, OD is the cosine of the arc AB. 

9. The tangent of an arc is the line which touches it at 
one extremity, and is limited by a line drawn through the 
other extremity and the centre of the circle. Thus, AG'ia 
the tangent of the arc AB. 

10. The secant of an arc is the line drawn from the 
centre of the circle through one extremity of the arc, and 
limited by the tangent passing through the other extremi- 
ty. Thus, 0(7 is the secant of the arc AB. 

11. The four lines, BD, OD, AC, 00, depend for their 
values on the arc AB and the radius OA; they are thus 
designated : 

sin AB for BD 

cos AB for OD 

tan AB for AO 

sec AB for 00 

12. If ABE be equal to a quadrant, or 90**, then EB 
will be the complement of AB. Let the lines ET and IB 
be drawn perpendicular to OE. Then, 

ET, the tangent of EB, is called the cotangent of AB; 
IB, the sine of EB, is equal to the cosine of AB; 
OT, the secant of EB, is called the cosecant of AR 

In general, if -4. is any arc or angle, we have, 

COS u4 = sin (90** -J.) 
cot ^ = tan (90° - ii) 
coseo -4 = sec (90° — -4) 
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18. rf we take an arc, ABBF, 

greater than 90**, its sine will be 
FH; OH will be its cosine; AQ 
its tangent, and OQ its secant. 
But FII \^ the sine of the arc OF, 
which is the supplement of AF, 
and OH is its cosine: hence, the 
trine of an arc is equal to the sine of 
its supplement; and the cosine of an 
QTC is equal to Uie cosine of its supplement* 

Furthermore, -4^ is the tangent of the arc AF, and 
OQ is its secant: OL is the tangent, and OL the secant 
of the supplemental arc OF. But since -4^ is equal to 
OL, and OQ to OL, it follows that, tlie tangent of a7i art 
is equal to the tangent of its supplement; and the secant of an 
arc is equal to the secant of its supplement* 

TABLE OF NATURAL SINKS. 

14. Let US suppose, that in a circle of a given radius^ 
tHe lengths of the sine, cosine, tangent, and cotangent, have 
been wilci^lated for every minute or second of the quad- 
rant, anv^ arranged in a table; such a table is called a 
table of "^ines and tangents. If the radius of the circle ia 
1, the table is called a table of natural sines. A table of 
natural sines, therefore, shows the values of the sines, co- 
sines, tiingents, and cotangents of all the arcs of a quad* 
rant, which is divided to minutes or seconds. 

K the sines, cosines, tangents, and secants are known 
for arcs less, than 90**, those for arcs which are greater can 
be found from them. For if an arc is less than 90**, its 
supplement will be greater than 90**, and the numerical 
values of these lines are the same for an arc and its sup- 
plement. Thus, if we know the sine of 20**, we also know 
the sine of its supplement 160**; for the two are equal to 
each other. The Table of Natural Sines is not given, as 
it is much easier to make the computations bj the Tablo 
which we are about to explain. 



* These relatiooa are between the mtmtrical whm of the trigonometricnil HnH»{ 
thA algebraic aigna, whieh they hftve in th^ difierent qnadnats, ere not oonaixlorad. 

18 
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TABLE OF LOGABITHMIC SINEa 

15. In this table are arranged the logarithms of the 
numerical values of the sines, cosines, tangents, and co- 
tangents of all the arcs of a quadrant, calculated to a ra- 
dius of 10,000,000,000. The logarithm of this radius is 10 
In the first and last horizontal lines of each page, are -writ 
ten the degrees whose sines, cosines, &c., are expressed on 
the page. The vertical colunms on the left and right, are 
columns of mmutes. 

CASE I. 

To find, in the tabk, the logarithmic sine, cosine, tangent^ oi 

cotangent of any given arc or angle, 

16. If the angle is less than 45°, look for the degrees 
in the first horizontal line of the different pages : when the 
degrees are found, descend along the column of minutes, on 
the left of the page, till you reach the number showing the 
minutes : then pass along a horizontal line till you come into 
the column designated, sine, cosine, tangent, or cotangent, as 
the case may be: the number so indicated is the logarithm 
sought. Thusj on page 87, for 19° 55', we find, 

sine 19° 55' ... . 9.532312 

cos 19° 55' 9.973216 

•tan 19° 55' .... 9.559097 

cot 19° 55' ... . 10.440903 

17. If the angle is greater than 45°, search for the de- 
grees along the bottom line of the different pages : when the 
number is found, ascend along the column of minutes on the 
right hand side of the page, till you reach the number express- 
ing the minutes : then pass along a horizontal line into the 
column designated tang, cot, sine, or cosine, as the case may 
be : the number so pointed out is the logarithm required. 

18. The column designated sine, at the top of the page^ 
IB designated by cosine at the bottom; the one designated 
tang, by cotang, and the one designated cotang, by tang. 

The angle found by taking the degrees at the top of 
the page, and the minutes from the left hand vertical column, 
is the complement of the angle found by taking the degrees 
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at tlie bottom of the page, and the minutes from the right 
hand column on the same horizontal line with the first 
Therefore, sine, at the top of the page, should correspond 
with cosine, at the bottom; cosine with sine, tang with 
cotang, and cotang with tang, as in the tables (Art 12). 

If the angle is greater than 90°, we have only to sub 
tract it from 180°, and take the sine, cosine, tangent, or 
cotangent of the remainder. 

The column of the table next to the column of sineSi 
and on the right of it, is designated by the letter D. 
This column is calculated in the following manner. 

Opening the table at any page, as 42, the sine of 24* 
is found to be 9.609813 ; that of 24° 01', 9.609597 : their 
difference is 284; this being divided by 60, the nimiber 
of seconds in a minute, gives 4.78, which is entered in the 
column D. 

Now, supposing the increase of the logarithmic sine to 
be proportional to the increase of the arc, and it is nearly 
so fi>r 60", it follows, that 4.73 is the increase of the sine 
for 1". Similarly, if the arc were 24° 20', the increase of 
the sine for 1", would be 4.65. 

The same remarks are applicable in respect of the 
column 2?, after the column cosine, and of the column i>, 
between the tangents and cotangents. The column i?, be- 
tween the columns tangents and cotangents, answers to 
both of these columns. 

Now, if it were required to find the logarithmic sine 
of an arc expressed in degrees, minutes, and seconds, we 
lave only to find the degrees and minutes as before ; thexi| 
multiply the corresponding tabular difference by the seo* 
onds, and add the product to the number first found, for 
the sine of the given arc 

Thus, if we wish the sine of 40° 26' 28". 

The sine 40° 26' . . . . 9.811962 
Tabular difference 2.47 • 
Number of seconds 28 • 



Product, 69.16 to be added 69.18 

Gives for the sine of 40° 26' 28". 9.812021. 



276 PLANE TRIGONOMETRY. 

The decimal figures at the right are generallj omitted 
ill the last result; but when they exceed five-tenths, the 
figure on the left of the decimal point is increased by 1; 
the logarithm obtained is then exact, to within less than 
one unit of the right hand place. 

The tangent of an arc, in which there are seconds, is 
found in a manner entirely similar. In regard to the co 
fine and cotangent, it must be remembered, that they in- 
crease while the arcs decrease, and decrease as the arcs are 
increased; consequently, the proportional numbers found 
lor the seconds, must be subtracted, not added. 

EXAMPLES. 

1. To find the cosine of 3** 40' 40". 

The cosine of 8° 40' . . . 9.999110 
Tabular difierence .13 . 
Number of seconds 40 



Product, 5.20 to be subtracted 5.20 

Gives for the cosine of 3^ 40' 40" 9.999105. 

2. Find the tangent of 37^ 28' 31". 

Ans. 9.88459i 

8. Find the cotangent of 87*" 57' 59". 

Ans. 8.550356. 

CASE ti. 

Jk find the degrees, mmiUeSj and seconds answering to (joq 
given logarithmic sinCj cosine, tangeyit, or cotangent 

19. Search in the table, in the proper column, and 
if the number is found, the degrees will be shown either 
at the top or bottom of the page, and the minutes in the 
side column either at the left or right. 

But, if the number cannot be found in the table, take 
fix)m the table the degrees and minutes answering to the 
nearest less logarithm, the logarithm itself, and also the 
corresponding tabular difference. Subtract the logarithm 
taken fi-om the table from the given logarithm, annex two 
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ciphers to the remainder, and then divide the remainder 
by the tabular difference: the quotient will be seconds^ 
and is to be connected with the degrees and minutes be- 
fore found: to be added for the sine and tangent, and 
subtracted for the cosine and cotangent 

EXAMPLES. 

1. Find the arc answering to the sine 9.880054 
Sine 49'' 20^, next less in the table 9.879968 

Tabular difference, 1.81)91.00(5(y'. 

Hence, the arc 49^ 20^ 60" corresponds to the given sine 
9.880054. 

2. Find the arc whose cotangent is 10.008688 
cot. 44^ 26', next less in the table 10.008591 

Tabular difference, . 4.21)97.00(23^ 

Hence, 44^ 26' - 23" = 44** 25' 37" is the arc answering 
to the given cotangent 10.008688. 

8. Find the arc answering to tangent 9.979110. 

Ans. 43^ 37' 21", 

4. Find the arc answering to cosine 9.944699. 

Ans. 28*^ 19' 45". 

20. We shall now demonstrate the principal theorems 
of Plane Trigonometry. 



THEOREM L 

The sides of a plane triangle are proportional to the sinm €f 

their opposite angles. 

21. Let ABO be a triangle ; ihen 

CB X (M : : sin il : sin JS, 

For, with J. as a centre, and AD 
equal to the less side BC^ as a ra- 
dius, describe the arc DI: and with 
£ as a centre and the equal radius 
BC^ describe the arc Ct, and draw DE and CF perpen- 
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diculai to AB: now BE id the sine of the angle A^ and 
CF is the sine of £, to the same radius AD or BG But 
hj Himilar triangles, 

AB : BE :: AC : OF. 

But AB being equal to BC, we have 

BG : sin A : : AO : sin i?, or 
BC : ^(7 : : sin J. : sin JL 

Bj comparing the sides AB, ^67, in a similar manner^ 
we should find, 

AB : AO : : sin (7 : sin j5w 

THEOBEM n. 

In any triangh^ the sum of the two sides containing eiSur 
angUf is to tlieir difference, as the tangent of half the sum (jf 
the two oilier angles^ to the tangent of half their difference. 

22. Let AOB be a triangle: then will 
AB+AO : AB-AO : : tan ^0+B) : tan ^0-B). 

With J. as a centre, and a 
radius AO, the less of the two 
given sides, let the semicifcumfe- 
rence IFOE be described, meeting 

AB in ij and BA produced, in E. _^ 

Then, JS^will be the sum of the C^"^- -' FGJS 

sides, and BI their difference. Draw 01 and AF, 

Since CAE is an exterior angle of the triangle ACS, 
it is equal to the sum of the interior angles and B (Bk. 
L, Trop. ±KV., Cor 6). But the angle OIE being at the 
circumference, is half the angle OAE at the centre (Bk. lEL, 
Prop. XVIII.) ; that is, half the sum of the angles G and 
J?, or equal to \{0+B). 

The angle AFO^AOB, is also equal to ABO+BAF; 
therefore, BAF= AOB- ABO 

But, IGF=i{BAF) = i{ACB-ABO), or ^0-B). 

With / and G as centres, and the common radius /(? 
let the arcs OB and IG be described, and draw the lines 
OE and Iff perpendicular to 10. The perpendicular OS 
will pass through E, the extremity of the diameter IB, 
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since the right angle ICE must be 

inscribed in a semicircle. 

But CE is the tangent of CIE 

«i((7+j5); and IH is the tan- 

gent of IOB=^^0-B\ to the 

common radius CI. ^ ** '' ^ 

But since the lines CE and Iff are parallel, the ti> 

angles BHI and BCE are similar, and give the proportion, 

BE : BI :: CE : Iff, or 

bj placing for BE and BI, CE and Iff, their values, we 
have 

AB+AC : AB-AC :: tan J((7+J5) ; tan J((7-i?). 



THEOREM m. 

in any plane triangle, if a line is drawn from the vertioai 
angle perpendicular to the base, dividing it into tuH> segmeaM: 
then, tfie whole base, or sum of Vve segments, is to the sum pf 
the tux> other sides, as the difference of those sides to the diffar* 
e>,u» of Ou ^gm^U. 

23. Let BA (7 be a triangle, and AD perpendioular to th* 
btte; then 

BO : CA + AB :: CA-AB : CD-DR 

For, AB'oBIP+AS' 

(Bk. IV., Prop. XI.) ; 

and AU*=nO* + AS' A 

by subtraction, ACr — AB = 




GD^-Blr. 

But since the difference of 
the squares of two lines is equivalent to the rectangle con- 
tained by their sum and diffiuenoe (Bk. IV., Prop. X.), we 

I& - iS'oC^ C+ AB) . {A C- AB) 

and OD'-DB'o{CD + DB).{CD-J)B) 

ihere&>ie,{CJ)-{J)B).{CJ)-DB) = {AC+AB),{AC-ABy 
hence, CD + BB : AC+AB :: AO-AB : CD-DR 
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THEOKEM IV. 

In any right-angled plane triangle^ radius is to the tangem 
^ either of the acute angles^ as the side adjacent to the side 
opposite, 

24. Let CAB be the proposed triangle, and denote the 
radius bj B: then ^ 

B : tan (7 :: AC : AR , 

For, with any radius as CD de- q^ 
scribe the arc DH, and draw the tan- 
gent na. ' 

Prom the similar triangles CDG and CAB, we have, 

OB : DG :: CA : AB] hence, 
B : tan C : : CA : AB. 

By describing an arc with j5 as a centre, we could 
show in the same manner that, 

B : tajx B :: AB : Aa 



THEOBEM V. 

In every right-angled plane triangle, radius is to the ^xmm 
of either of the acubd angles, as the hypothenuse to the sU 
adjacent. 

25. Let ABC be a triangle, right-angled at B: then 

B : cos A :: AC : AB. G 

For, from the point ^ as a centre, 
with a radius AD=B, describe the 
TdTc DF, which will measure the angle -^ eF 

-A, and draw DE perpendicular to AB\ then will AJB bd 
the cosine oi A. 

The triangles ADE and ACB, being similar, we have^ 

AD , AE :\ AC : AB: that is, 
B : cos A : : AC \ AB. 

Behare. The relations between the sides and ansrles 
of plane triangles, demonstrated in these five theorems, aro 
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Bafficient to solre all the cases of Plane Trigonometry 
Of the six parts which make up a plane triangle, three 
must be given, and at least one of these a side, before the 
others can be determined. 

If the three angles only are given, it is plain, that an 
indefinite number of similar triangles may be constructed, 
the angles of which shall be respectively equal to the 
angles that are given, and therefore, the sides could not be 
determined. 

Assuming, with this restriction, any three parts of a 
triangle as given, one of the four following cases will al- 
ways be presented. 

I. When two angles and a side are given. 
11. When two sides and an opposite angle are given. 
m. When two sides and the included angle are given. 
, IV. When the three sides are given. 

CASE I. 

When two angles and a side are given. 

26. Add the given angles together, and subtract their 
sum from 180 degrees. The remaining parts of the tri* 
angle can then be found by Theorem I. 

EXAMPLES. 

1, In a plane triangle, ABC^ 
there are given the angle A = 58^ 07', 
the angle -B=22^ 37', and the side 
J.5= 408 yards. Required the oth- 
er parts. 

GBOMSTRICALLY. 

27. Draw an indefinite straight line, AB, and from the 
scale of equal parts lay oS AB equal to 408. Then, 
«t Aj lay off an angle equal to 68^ 07', and at B aji angle 
equal to 22"* 87', and draw the lines AG and BC: then 
will ABO be the triangle required. 

The angle may be measured with the protractor (see 
page 270), and when so measu:ed, will be found equal to 
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99^ 16'. The sides AG and BG may be measured by 
referring them to the scale of equal parts (see page 268). 
We shall find A ^=158.9 and 5(7=351 yards. 



TBIGONOMETBICALLY BY LOGARITBlCa. 

To the angle . . . ^ = 58** 07' 
Add the angle . . 5 = 22° 37' 

Their sum, = 80^ 44' 

taken from . . » . 180° 00' 

leaves . . . . 99° 16', of which, 2A it ©f- 

eeeds 90°, we use the supplement 80° 44'. 

To find the side BO. 

sin G 99° 16' ar. comp. 0.005706 

: sin ^ 68° 07' 9.928972 

AB 408 2.610660 






: BG 851.024 (after rejecting 10) 2.545337 . 

Bemabk. The logarithm of the fourth term of a pro- 
portion is obtained by adding the logarithm of the second 
term to that of the third, and subtracting from their siun 
the logarithm of the first term. But to subtract the first 
term is the same as to add its arithmetical complement 
and reject 10 from the sum (Int. Art. 13) : hence, the arith- 
metical complement of the logarithm of the first term added 
to the logarithms of the second and third terms, minus ten, 
will give the logarithm of the fourth term. 

To find the side AG. 

sin G 99** 16' ar. comp. 0.005705 

: sin JB 22° 37' 9.584968 

AB 408 2.610660 






AG 158.976 2.201833 



2. In a triangle ABO, there are given J. = 38" 25*, 
B- 57" 42', and AB = 400 : reqiiired the remaining parta 

Ans. C=88"53', 5C= 249.974, ilC= 840.04. 
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CASE II. 

Wtien two sides and an opposite angle are given. 

28. In a plane triangle, ABO^ 
there are given ^C=216, C?fi= 117, 
the angle A = 22* 37', to find the j^ 
other parts. 

GEOMETRICALLY. 

29. Draw an indefinite right line ABB': from any 
point, as -4, draw AG^ making BAC^ 22"* 87', and make 
il(7=216. With C as a centre, and a radius equal to 117, 
the other given side, describe the arc ^'-B; draw B'C and 
BO: then will either of the triangles ABO or AB'O^ an- 
swer all the conditions of the question. 

TRIGONOMETRICALLT. 

lb find the angle B. 

BO 117 ar. comp. 7.9818U 

AO 216 2,834454 

: sinJl 22^37' 9.584968 



sin B 45* 18' 55", or ABO 184* 46' 05" 9.851236. 

The ambiguity in this, and similar examples, arises in 
consequence of the first proportion beiftg true for either 
of the angles ABG^ or ABC^ which are supplements of 
each other, and therefore, have the same sine (Art 18). 
As long as the two triangles exist, the ambiguity will con- 
tinue. But if the side CB^ opposite the given angle, is 
greater than AO^ the arc BB will cut the line ABB, on 
the same side of the point A^ in but one point, and then 
there will be only one triangle answering the conditions. 

If the side OB is equal to the perpendicular 6U, the 
arc BB will be tangent to ABB, and in this case also 
there will be but one triangle. When OB is less than the 
perpendicular Cd, the arc BB will not intersect the base 
ABB and in that case, no triangle can be formed, or it 
wUl be impassible to fulfil the conditions of the problem. 
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2. Given two sides of a triangle 50 and 40 respectively, 
and the angle opposite tlie latter equal to 32° : required 
the remaining parts of the triangle. 

Ans. K the angle opposite the side 50 is acute, it is 
equal to 41° 28'' 59" ; the third angle is then equal to 
106° 81' 01", and the third side to 72.368. K the angle 
opposite the side 60 is obtuse, it is equal to 138° 21' C^l", 
the third angle to 9° 28' 59", and the remaining side ko 
12.436. 

CASE IIL 

When th.e two sides and their included angk are yiven, 

80. Let ABO be a triangle ; ABy a 

BCj the given sides, and B the 
given angle. 

Since B is known, we can find 
the sum of the two other angles 
for 

A + C= 180° - B, and, 
K^ + (7) = i(180° - B). 

We next find half the difference of the angles A and 
by Theorem 11., viz., 

BO-^BA : BG-BA :: tani(A + a) : tanJ(^-(7), 

in which we consider BG greater than BA, and therefore 
A is greater than G\ since the greater angle must be op- 
posite the greater side. 

Having found *half the difference of A and C, by add- 
ing it to the half sum, \{A + G\ we obtain the greatei 
angle, and by subtracting it from half the sum, we obtain 
the less. That is, 

J(-4 + C) + K^-C) = ^, and 
^{A + G)-\{A'-G)^a 

Having found the angles A and (7, the third aide AC 
tn&j be found by the proportion, 

^ A : sin B :: BC : ja 
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EXAMPLES. 

L In ihe triangle ABC, let J8(7=540, ^5=460, and 
ihe inclaied angle J?=:80^: required the remaining parts 

GEOMETBICALLT. 

81. Draw an indefinite right line BC^ and from any 
point, as J?, lay off a distance BO =640. At B make the 
angle CBA = 80^ : draw BA, and make the distance 
B-i = 460; draw AC; then will ABO be the required tri« 
angle. 

TRIQONOMETRICALLT. 

-8(7+ J5.4 = 540 + 460 = 990; and jBC-Ai = 540-450 = 90, 

il + C7=180^-jB=180^-80° = 100% and therefioe, 

K^ + (7) = K100^) = 50^ 

To find ^A-Cy 

BC^BA 990 ar. comp. 7.004866 

BO-BA 90 1.954248 

:: tani(^ + C) 50*^ 10.076187 

: tan J(^ - (7) 6M1' 9.034795. 

Hence, 50** + 6^ 11' = 56* ir = il; and 60*- 6^1' = 
48* 49' = a 

To find the third side AC. 

sin 48* 49' ar comp. 0.159672 

• sin 5 80* . . * 9.998351 

: : ilJ? 450 2.653213 

AO 640.082 2.8062'36. 

2. Given two sides of a* plane triangle, 1686 and 960, 
cmd their included angle 128* 04' : required the other parts. 
Ans. Angles, 33* 34' 39" ; 18* 21' 21" ; side 2400. 

CASE nr. 

82. Having given the three sides of a plane triangle^ 
to find the angles. 
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Let fall a perpendicular from the angle opposite the 
greater side, dividing the given triangle into two right- 
angled triangles: then find the difference of the segments 
of the base by Theorem HT. Half this difference being 
added to half the base, gives the greater segment; and, 
being subtracted from half the base, gives the less segment 
Then, since the greater segment belongs to the right-angled 
triangle having the greater hypothenuse, we have ts90 
sides and the right angle of each of two right-angled tri- 
tngles, to find the acute angles. 



EXAMPLES. 



1. The sides of a plane triangle 
being given ; viz., BC= 40, A (7= 34, 
and AB = 25 : required the angles. 




GEOMETBICALLY. 



83. With the three given lines as sides construct a tri- 
angle as in Prob. IX. Then measure the angles of the 
triangle either with the protractor or scale of chords. 



BO 

That is, 

Then, 
And, 



TRIGONOMETRICALLY. 

AC+AB :: AO-AB : 

59X9 



40 : 59 

40 + 13.275 

2 
40 - 13.275 



• • Q • 

40 
= 26.6375 == CD, 

13.8625 = BD. 



CD-BD, 

■■ 13.276. 



In the triangle DAC^ to find the angle DAO. 

AG 84 ar. con^. 8.468521 

DG 26.6375 1.425493 

sin Z? 90° . lO.OOOOOO 

WD. DAG 



51" 84' 40" 



9.894014 
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In the triangle BAD^ to find the angle BAD. 

AB 25 ar. comp. &602060 

BD 13.8625 1.125887 

sin 2> 90^ 10.000000 



f^BAD 82*^18' 85" 9.727947. 



Hence, 90** - DAC=^ 90^ ~ 51^ 84'.40" = 88^ 25' 20" = (7, 
and, 90^ - BAD = 90^ - 82^ 18' 85" = 57^ 41' 25" = B, 
and, BAD + DAC= 6V 84' 40" + 82^ 18' 85" = 88^ 68' 

15" = A. 

2. In a triangle, of whicli the sides are 4, 5, and 8^ 
wliat are the angles? 

Ans. 4:V 24' 85"; 56^ 46' 16"; and 82^ 49' 09". 



SOLXmON OF RIGHT-AKOLSB TRIAKGLSS. 

84, The unknown parts of a right-angled triangle may 
be found by either of the four last cases ; or, if two of the 
sides are given, by means of the property that the square 
of the hypothenuse is equivalent to the sum of the squares 
of the two other sides. Or the parts may be found by 
Theorems IV. and V. 

SZAHFLSa 

1. In a right-angled triangle 
SAC^ there are given the hypothe- 
nuse jB(7=250, and the base AO=i c 
240: required the other parts. 

Ane. B = 78° 44' 23" ; (7= 16° 15' 87" ; AB = 70.0008. 

2. In a right-angled triangle BAG^ there are given 
ilC^=884, and J? =53° 08': required the remaining part* 

Ans. -45 = 287.96; -8(7=479.979; C=5 86°62'. 
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APPLICATION TO HEIGHTS AND DISTANCES. 

1. A Horizontal Plane is one which is parallel to 
the water level. 

2. A plane which is perpendicular to a horizontal plane, 
is called a vertical plane, 

8. All lines parallel to the water level, are called Jwri- 
myi^tal lines. 

4. All lines which are perpendicular to a horizontal 
plane, are called vertical lines ; and all lines which are in- 
clined to it, are called oblique lines, 

5. A Horizontal Angle is one whose sides are hori« 
zontal. 

6. A Vertical Angle is one, the plane of whose sides 
is vertical. 

7. All angle of elevation, is a vertical angle having one 
of its sides horizontal, and the inclined side above the 
horizontal side. 

8. An angle of depression, is a vertical angle having one 
of its siiles horizontal, and the inclined side under the 
horizontal side. 

L To determine the horizontal distance to a point which is mr 
accessible by reason of an intervening river. 

35. Let C be the point. Measure 
along the bank of the river a hori- 
zontal base line AB, and select the 
stations A and B, in such a man- 
ner that each can be seen from the 
other, and the point C from both 
of them. Then measure the hori- 
zontal angles CAB and CBA with 
an instrument adapted to that purpose. 

Let us suppose that we have found AB = 600 yards, 
CAB = 57° 35', and CBA = 64° 51'. 

The angle C = 180° -{A + B)^ 57° 84'. 

To find the distance BC, 

sin C 57° 34' . ar. comp. . 0.073649 

: sin ^ 57° 35' 9.926431 

^B 600 2.778151 

BC 600.11 yards .... 2.778231 
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lb find ihe eUskmee AC. 

sin ST"" 84' ar. comp. 0.078649 

: sin j9 64"" 61' 9.966744 

z: AB 600 2.778161 

; AO 648.94 yards 2.808644. 



XL lb determine the altitude of an inaooessible object oibcm m 

given Jumzontal plane. 

FIBST ICSTHOD. 

86. Suppose Z) to be the inao- 
oessible object, and BO the hori- 
sontal plane from which the alti- 
tude is to be estimated: then, if 
we suppose DC to be a vertical 
line, it will represent the required 
altitude. A 

Measure any horizontal base line, as BA ; and at the 
extremities B and J., measure the horizontal angles CBA 
and CAB Measure also the angle of elevation BBC. 

Then in the triangle CBA there will be known, two 
angles and the side AB; the side BO can therefore be 
determined. Having found BC^ we shall have, in the 
right-angled triangle BBC, the base BO and the angle at 
the base, to find the perpendicular BO, which measures 
the altitude of the point B above the horizontal plane BG 

Let us suppose that we have found 

BA = 780 yards, the horizontal angle CBA = 41** 24'; 
the horizontal angle CAB = 96^ 28', and the angle of eleva- 
tion BBC= 10°48'. 

In the triangle BOA^ to find the horizontal distance Bd 
The angle JSfZ^ = 180^ - (41^ 24' + 96^ 280 = 42^ 08'= G 

Bin (7 42** 08' ar. oomp. 0.178369 

an A 96' 28' 9.997228 

: AB 780 2.892096 

BO 1155.29 8.062692. 

19 
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In ihe right-anglod iridngk DBO^ to find DC. 

B ar. comp. 0,000000 

XaxaDBO 10^43' 9,277043 

BG 1155.29 8.062692 

DC 218.64 2.889735. 



Rekark I. It miglit, at first, appear, that tlie solutios 
which we have given, requires that the points B and i 
should be in the same horizontal plane; but it is entirelj 
independent of such a supposition. 

For, the horizontal distance, which is represented by 
BA^ 13 the same, whether the station J. is on the same 
level with B^ above it, or below it. The horizontal anglea 
CAB and CBA are also the same, so long as the point G 
vi in the vertical line DC. Therefore, if the horizontal 
line through A should cut the vertical line DCy at any 
point, as E, above or below 67, AB would still be the hori- 
zontal distance between B and A^ and AE^ which is equal 
to AG J would be the horizontal distance between A and G, 

If at -4, we measure the angle of elevation of the point 
Z>, we shall know in the right-angled triangle DAE^ the 
base AE, and the angle at the base ; from which the pe^ 
pendicular DE can be determined. 

87. Let us suppose that we had measured the angle of 
devation DAE^ and found it equal to 20^ 15'. 

First: In the triangle BAC^ to find AC or iin ejual AM 

sin C 42° 08' ax. comp. 0.173369 

sin J? 41** 24' 9.8204M 

AB 780 2.892095 

AC 768.9 . • 2.885870. 



In the riffht-aTybd triangle DAJE^ to find DE. 

B ar. comp. 0.000000 

imA 20° 15 9.566932 

AE 768.9 2.885870 

DE 283.66 • . . 2.452802. 
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Now, since DC is less than 
DE^ it follows that the station B 
18 above the station A. That isi 

DE^ DC^ 283.66 - 218.64 = 
66.02 = EO, 

which expresses the vertical dis* 
lance that the station B is above 
the station A. 

Beicark IL It should be remembered, that the vertical 
distance which is obtained by the calculation, is estimated 
fix>m a horizontal line passing through the eye at the timft 
of observation. Hence, the height of the instniment is to 
be added, in order to obtain the true result 



SECOND ^ HETHOD. 

88. When the nature of the ground will admit of it^ 
measure a base line AB in the direction of the object D. 
Then measure with the instrument the angles of dtevation 
at A and B 

Then, since the ex- 
terior angle DBC is 

equal to the sum of --^'"^'^^^^^^^L 

the angles A and ADB, j ^^^-.-"''"' .>^^'^S^^ 
it follows that the an- 
gle ADB is equal to the differa:ice of the angles of eleva- 
tion at A and B. Hence, wo can find all the parts of the 
triangle ADB. Having found DBy and knowing the angle 
DBC^ we can find the altitude BO. 

This method supposes that the stations A and J3 are on 
the same horizontal plane, and therefore it can only be 
uaed when tiie line AB is nearly horizontal 

Let us suppose that we have measured tlie base lin% 
and the two angles of elevation, and 

{AB «975 yard% 
A = 16* 86', 
DBO^%r%V\ 

roquired the altitude D(X 
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Fiirt: A.DB=I)£C-A=2T29'-15''S6' = n''58f. 

In the triangle ADS, to find BD. 

mn D 11° 53' ar, oomp. 0.6 

: ma A 15° 36' 9.4 

;: AB 976 2.989005 

DB 1273.8 8.104980. 



In the triangle DBO, to find DO. 

B itr. comp. 0.000000 

Bin J5 27° 29- 9.664168 

DB 1273.8 8.104930 

DC 587.61 ........ 2.769098. 



UL 7b determine the perpendicular distance of an ol^ect Mu 
a given horvxmtal plane. 

89. Snppoae C to be directly 
over the given object, and A the 
\yomt tkrougli which the horizon- 
tal plane ia supposed to pass. 

Measure a horizontal base lina 
AB, and at the stations A and 
B conceive the two horizontal 
lines AC, BC, to be drawn. The 

oblique lines from A and B to the object are the hy 
pothenuaes of two right-angled triangles, of which AC, BO, 
are the bases. The perpendiculars of these triangles ara 
the distances from the horizontal lines AC, BO, to tha 
object If we turn the triangles about their bases AC, 
BC, until they become horizontal, the object, in the fiist 
case, will fall at C, and in the second at O". 

Measure the horizontal angles CAB, OBA, and abo the 
angles of depression C'AC, C'BG. 



fbund ^ 
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Lei us sappoae that we hare 

AB =672 yards 
BAG =72^29' 
ABO = 89^ 20' 
(7'^(7 = 27**4y 

0"B0=^ ir i(y. 

Km: in the triangle ABO, 

the horizontal angle ^CB=180'' — (-dL + i?)=sl80* — HI* 
49' = 68* 11'. 

To find the horiasontal distanoe AC. 

ain 68"* 11' ar. comp. 0.032275 

: sin JB 89* 20' 9.801978 

-^ 672 2.827869 






AC 468.79 2.661617. 

Th find ihe horizontal diskmee BO. 

sin O 68* 11' ar. comp. 0.082276 

sin -4 72* 29' 9.979880 

t AB 672 2.827869 

BO 690.28 2.889024 

In the triangh CAC\ to find 00'. 

B ar. oomp. 0.000000 

UnO'AO 27*49' 9.722816 

: AO 468.79 2.661617 

* 

00' 242.06 2.888982 

In the triangle OBO"^ to find 00". 

R ar. oomp. 0.000000 

tan 0"B0 19* 10' 9.641061 

BO 690.28 2.889024 

00" 289.98 2.380086. 

Henoe also, C(7'- C(7" = 242.06 -289.93 = 2.13 yards^ 
which is the height of the station A above station B. 



m 
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PBOBLEMS. 

1. Wanting to know the distance between two inaoce» 
sible objects, wliich lie in ^ direct level line from the bot- 
tom of a tower of 120 feet in height, the aagles of depres- 
lion are measured from the top of the tower, and are found 
to be, of the nearer 67°, of the more remote 25** 8(y : re- 
quired the distance between the objects. 

Ans. 173.656 feet 

2. In order to find the distance 
between two trees, A and B, whit^h 
could not be directly measured be- 
cause of a pool which occupied the 
intermediate space, the distances 
of a third point C from each of 
them were measured, and also the 
induded angle ACBi it was found that, 

CB = 672 yards, 
OA .= 588 yards, 
4CB = 56°40'; 

required Hie distance AB> Ans. 592J967 ycixk 

8. Being on a horizontal plane, and wanting to ascer- 
tain the height of a tower, standing on the tpp of an in- 
accessible hill, there were measured, the angle of elevation 
of the top of the hill 40**, and of the top of the tower 5r ; 
then measuring in a direct line 180 feet farther frx>m the 
hill, the angle of elevation of the top of the tower wtf 
83^ 46' ; required the height of the tower. 




Ans. 83. 



4. Wanting to know the hori- 
sontal distance between two inac- 
cessible objects JE and TT, the fol- 
lowing measurements were made. 

AB =536 yards 

BAW=40''m 

yiz.^ WAII^dT'^V 

ABE =--42** 22' 

^^5Tr=7r 07'; 

required the distance ^Wl 




An$. 989.527 yaida. 
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5. Wanting to know the 
horizontal distance between 
two inacessible objects A 
and B^ and not finding any 
station £roin which both of 
them could be seen, two' 
points and 27, were chosen 
at a distance firom each other, eqaal to 200 yards; from 
the former of these points A could be seen, and firom the 
latter B^ and at each of the points G and D a staff was 
set up. From a distance CF was measured, not in lbs 
direction J9(7, equal to 200 yards, and from D a distaaos 
BS equal to 200 yards, and the following angles taken. 




(AFC 
yi^]AOB 

[acf^ 



83^ 00', 
53** 80', 
54^ 81', 



J2Z)J^=54^80', 
BBC = 156^ 25', 
BEB = 88* 80'. 

Am. AB=^ 845.467 ysidSL 



6. From a station P there 
ean be seen three objects, il, 
B and (7, whose distances firom 
each other are known: viz., 
iLB=800, ilC7=600, and BG 
= 400 yards. Now, there are 
measured the horizontal an- 
gles. 

APG^Zy" 46' and BPG 
-==22** 80*: it is required to 
find the three distances PA^ PG^ and PR 

PA = 710.198 yards. 
Aiw.^P(7 = 1042.522 
i>B = 984.291. 




P" — — -* 



7. This problem is much used in maritime survej 
ing, for the purpose of locating buoys and sounding boated 
The trigonometrical solution is somewhat tedious, but it 
may be solved geometrically by the following easy oon- 
fltruction. 
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Let J., Bf and be the 

tliree fixed points on shore, 
and P the position of the 
l>oat from which the angles 
APG= 83° 45', CPB= 22° SO', 
and ^PB=56° 15', have been 
measured. 

Subtract twice APO=^ 67° 
80' from 180°, and lay off at 
A and C. two angles, CAO, 
ACOy each equal to half the 
remainder =56° 15'. With 
the point 0, thus determined, 
as a centre, and OA or 0(7 as a radius, describe the cir- 
cumference of a circle: then, any angle inscribed in the 
segment APOy will be equal to 88° 45'. 

Subtract, in like manner, twice C!PS=45°, from ISO*, 
and lay off half the remainder = 67° 80', at B and 0, de- 
termining the centre Q of a second circle, upon the cir- 
cumference of which the point P will be found. Tho 
required point ^ will be at the intersection of these two 
oircunlferences.w» If the point P fell on the circumference 
desciiibtft throfUgh the three points J., j8, and (7, the two 
auxiliary circles will coincide, and the problem will be in- 
determinate. 
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40. Wb have seen (Art 2) that Plane Trigonometry 
explains the methods of computing the unknown parts of 
a plane triangle, when a sufficient number of the six parts 
is given. 

To aid us in these computationSi certain lines were em- 
ployed, called sines, cosines, tangents, cotangents, &c., and 
a certain connection and dependence were found to exist 
between each of these lines and the arc to which it be- 
longed. 

All these lines exist and may be computed for every 
conceivable arc, and each will experience a change of value 
where the arc passes from one stage of magnitude to ano- 
ther. Hence, they are called functions of the arc; a term 
which implies such a connection between two varying 
quantities, that the value of the one shall always change 
with that of the other. 

In computing the parts of triangles, the terms, sine, co- 
dne, tangent, Ac., are, for the sake of brevity, applied to 
angles, but have in fact, reference to the arcs which measure 
the angles. The terms when applied to angles, without 
reference to the measuring arcs, designate mere ratios, as is 
shown in Art 88. 

41. In Plane Trigonometry, the numerical values of 
these functions were alone considered (Art. 18), and the 
ftrcs "firom which they were deduced were all less than 180 
degrees. Analytical Plane Tng<n\ometry^ explains all the 
processes for computing the unknown parts of rectilineal 
triangles, and also, the nature and properties of the circular 
functions, together with the methods of deducing all tho 
formulas which express relations between them. 
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42. Let C be the centre of a circle, 
anci 1)A^ EB^ two diameters at right 
^'igles to each other — dividing the cir- 
cumference into four quadrants. Then, 
AB is called the first quadrant ; BD 
ilie second quadrant ; DE the third 
quadrant; and EA the fourth quadrant. All angles hav- 
ing their vertices at CJ and to which we attribute the 
plus sign, are reckoned from the line C4, and in the direc- 
tion from right to left. The arcs which measure these angles 
are estimated from A in the direction to B, to i>, to E^ anu 
to A ; and so on. 

43. The value of any one of the circular functions will 
undergo a change with the angle to which it belongs, and 
also, with the radius of the measuring arc. When all the 
fiinctions which enter into the same formula are derived 
from the same circle, the radius of that circle may be 
regarded as unity, and represented by 1. The circular 
functions will then be expressed in terms of 1 : that is, in 
terms of the radius. Formulas will be given for finding 
their values when the radius is changed from unity to any 
numbej^ denoted by B (Art. 87). 

44. We have occasion to refer to but one circular fime- 
tion not already defined. It is called the versed sine. 

The versed sine of an arc, is that part of the diameter 
intercepted between the point where the measuring arcs be- 
gin and the foot of the sine. It is designated, ver-sin. 

45. The names which have been given of the circular 
functions (Art. 11) have no reference to the quadrants in 
which the measuring arcs may terminate; and hence, are 
equally applicable to all angles. 





First quadranL 


If CA = 


1 


PM= 


sin a, 


CM = 


cos a, 


AT = 


taa O) 


CT = 


sec a. 


AM= 


yer-sm a. 
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Sooimd quaebrunL 

PM == sin a, 
CM = cos a, 
AT = tan a 
OT = sec a, 
AM ^ ver-sin o. 



Third ijuadranL 



PM 

CM 

AT 

CT 

AM 



sm a, 
cos Of 
tan o^ 
sec a, 
yer*sin a. 





Fourth quadramL 

PM = sin o, 
CM = cos 0, 
iir = tan a, 
CT = sec a, 
AM^ ver-sin a. 



46. We will now proceed to establislied some of the im« 
portant general relations between the 
drcnlar functions. 

Regarding the radius CP of the cir* 
de as unity, and denoting it by 1 (Art. 
43); we have in the right-angled trian- 
gle CPM, 

Pit + Cff* = i?* = 1, 

that is, sin a + cos a = 1, * • (1) 

47. Since the triangles CPM and CTA are aimilar, we 
liare^ 

AT PM 




that iS| 



tan a = 



CA "" CM' 
an a 



cos a 



(2) 



* The eyiabolt idn* «, oos* «, tan* a, &o., ^cpoiiy the 



tgmf ^th$ mmtf te 
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48. Substituting in equation (2), 90 — a for a, we have, 

* /on X 8in (9 - a) 

\ 

that is (Art 12), cot a = ^?^ (3) 

'^ am a ^ -^ 

49. Multiplying equations (2) and (8), member bj mem- 
ber, we have, 

tan a X cot a =: 1 (4) 

50. From the two similar triangles CPif and C2L1, w« 
have, 

CT _ CP , 
CA "■ CM' 

that is, sec a = ..•••• (5) 

' cos a ^ ' 

51. Substituting for a, 90 — a, we hare, 

sec (90 — a) = jt^t: — r» 

^ -'cos (90— a) 

that is, cosec a = • (6) 

' sm a ^ ' 

52. In the right-angle CTA^ we have, 

Cf'^cT +AT^ ; 

8 2 

that is, sec a = 1 + tan a. .... (7) 

53. Substituting (90— a) for a, in equation (7) and recol- 
lecting that sec (90— a)=cosec a, and tang (90— a) = cot a, 
we have 



cosec 



*a=l + oot*a. . . . (8)d 




54. We have, AM equal to tihe versed sine of the aw 
AP\ hence, 

ver-sin a = 1— cos a. . . (9) 
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6S. I'heae nine formulas being often rderred to, we 
ihall place them in a table. 

They are used so firequently, that ihey should be oom- 
niitted to memory. 



TABLB I. 



a. . 



8. 
4. . 



6. 



e. 

7. 
8. 



• S 9 

sin a + cos a 



tan a 



sin a 



. oot a 



tan a X cot a s 



• 860 a 



cosec a 



9 

sec a 



00660 a 

ver-sin a 



COS 


a 


COS 


a 


sin 


a 


B' 


e 


1 




cos 


a 


1 





I. 



sin a 

1 + tan cu 

1 + oot a. 
1 — cos a. 



56. Wo will now explain the principles wjiich deter 
mine the algebraic signs of the trigonometrical functions. 
There are but two. 



1st. All lines estimated from DA, upwards, are consid- 
ered positive, or have the sign + : and all lines estimated 
firom DA, in the opposite direction, that is, dovonwards, are 
considered negative, or have the sign — . 

» 

2d. All lines estimated from EB along CA, that is, to 
tht right, are considered positive, or have the sign + : and 
all lines estimated firom EB along CD, that is, in the oppo^ 
site direction, are considered negative, or have the sign — • 
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67. Let txs determine, from the above prindpleSi the 
algebraic signs of the sines and oofdnefl in the different 
quadrants. 

First quadrant 

68. In the first quadrant. 

PM = sin a, 
and Pm = CM = cos a, 

are both positive^ the former being above 
the line DA^ and the latter being esti- 
mated from G to the right (Art. 56). 

Second quadrant 

69. In the second quadrant, 

PM^ sin a, 

and Pm = CM = — cos a : 

the sine is positive, being above the line 
J9-4, and the cosine negative being esti- 
mated to the left of BE. 

Third quadrant 
60. In the third quadrant, 

PM= — sin a, 
and Pm = CM = — cos a : 

the sine is negative, falling below the d[— ^ 
line DAj and the cosine is negative, 
being estimated to the left of the cen- 
tre a 





Fourth qtiadrant 
61. In the fourth quadrant, 

PM= — sin a, 
and Pm = CM = cos a : 

the sine is negative, falling below the 
line DAj and the cosine is positive, fall* 
ing on the right of FB. Hence, we 
"include, that 
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Iffc The sine is positive m the first ctnd second qiuulrants^ and 
negative in Hie third and fi>urth : 

id. The cosine is positive in the first and fi)urth quadrants^ 
and negative in the second and lliird: 

In other words, 

I^ T?ie sine of an angle less than 180** is positive ; and As 
sine of an angle greater than 180^ and less than 860**, w 
negative : 

2dL The cosine of an angle less than 90^ is positive ; the cosine 
of an angle greater than 90^, and less than 270^, is negO' 
tive; and the cosine of an angle greater than 270**, and less 
than 860*^, is positive, 

62. The algebraic signs of the sine and cosine being 
determined, the signs of all the other trigonometrical func- 
tions maj be at once established by means of the formulas 
of Table L 

Thus, for example, 

sin a 



tan a :s 



cos a 



Now, if the algebraic signs of sin a and cos a are alike, 
the tangent is positive ; if thej are unlike, it is negative. 
Hence, the tangent is positive in the first and third quadrants^ 
and negative in the second and fourth. 

The same is also true of the cotangent : for, 

cos a 

cot a = • 

sin a 

68. Again, sinoe 

1 - 

sec a = -- — I 
cos a 

the sign of the scoani is always the same as that of the oosme* 
And since^ 

1 

oooeo a=a 1 

sm a 

the sign of the cosecant is always Ae same as that cf (he 
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64 The versed sine is constantly positiye. For, it is 
always found bjr subtracting the cosine &om radius, and 
the remainder is a positive quantity, since the cosine caa 
never exceed radius. When the cosine is negative, the 
versed sine becomes greater than radius. 

66. Let q denote a quadrant: then the following table 
will show the algebraic signs of the trigonometrical lines 
iu the different quadrants. 





First q. 


Ssoand 


?• 


TMrdq. 


F(njirihq. 


sine 


+ 


+ 




— 


— 


cosine 


+ 


— 




— 


+ 


tangent 


+ 


— 




+ 


— 


cotangent 


+ 


— 




+ 


— 




66. We have thus far supposed all angles to be esti- 
mated from the line CA from right to left, that is in the 
direction from A to Bj to B, &c., and 
have also regarded such angles as posi* 
tive. It is sometimes convenient to 
give different signs to the angles them- 
selves. 

If we suppose the angles to be esti- 
mated from OA, in the direction from 
left to right, that is, in the direction from A ix> F, U> D^ 
&c., we must treat the. angles themselves as negative, and 
affect them with the sign — . 

For a negative angle less than 90**, the sine will be 
negative, and the cosine positive: for one greater than 90* 
and less than 180°, the sine and cosine will both be nega- 
tive. The algebraic sign of the sine always changes, when 
we change the sign of the arc, but the sign ef the cosine 
remains the same. Hence, calling x the ar^, we have in 
general, 



sin 


(- 


X) 


= 


— 


sin 


«, 


cos 


(- 


X) 


= 




cos 


^, 


tan 


(- 


X) 


= 


— 


tan 


a?i 


cot 


(- 


X) 


= 


— 


cot 


X. 



67. We shall now examine the changes which talcB 
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place in the yalues of the trigonometrical lines, as tbe 
angle increases from to 860^, and shall begin with the 
line and cosine. 

When the arc is zero, the sine is 0, and the cosne 
equal to li =^ 1. At 90^ the sine becomes equal to i2 » 1, 
and the cosine becomes 0. At 180^, the sine becomes 0^ 
and the cosine equal to — i2 = — 1. At 270^, the sine 
becomes equal to — ^ » — 1, and the cosine equal to 0. 
At S60°, the sine becomes equal to 0, and the oosiDa to 
fi s 1« Hence, 

IKrst juadranL 

As the arc increases from to 90^: 
The sine increases from to 1 : 
The cosine decreases from 1 to 0. 

Soocmd qwxdramL 

As the arc increases from 90* to 180*: 

The sine decreases from 1 to 0: 

TFhe cosine increases, numerically, firom to — 1. 

Third fuadrant 

As the arc increases firom 180* to 270* : 

The sine increase^ numericallj, from to — 1 : 

The cosine decreases, numerically, tKxa — 1 to Ol 

Fourth ^uadra^ 

As the arc increases from 270* to S60*: 

The sine decreases, numerically, from — 1 to 0: 

The cosine increases from to JB =s 1« 

68. By a careful consideration of the preceding princi* 
pies and by making the proper substitutions in the formulas 
already deducedi we may now form the following Table: 
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TABLE U. 



sm 





C(« 





taa 





cot 





sin 


(90» 


cos 


(90» 


tao 


(90» 


cot 


(90» 


sin 


90° 


003 


90° 


tan 


90° 


cot 


90" 


sin 


(90° 


003 


(90° 


tan 


(90° 


cot 


(90° 


sin 


(180° 


cos 


(180° 


tan 


(180° 


cot 


(180° 


sin 


180° 


cos 


180° 


tan 


180° 


cot 


180° 



-o) 
-a) 
-a) 
-a) 



0, 

1, 
0, 

00. 

COS a, 
sin a, 
cot a, 
tan a. 



= 1, 
= 0, 

= 00, 

= 0. 

+ a) = cos a, 
+ a) = — sin O) 
+ a) = — cot a, 
+ a) = — tan a, 

— a) = sin a, 

— a) = — cos a, 

— a) = — tan a, 

— a) = — cot a, 

= 0, 

= -1, 
= 0, 
= — 00, 



sin (180° 
cos (180° 
tan (180* 
cot (180° 

sin (270° 
cos (270° 
tan (270° 
cot (270° 

sin 270° 
003 270° 
tan 270° 
cot 270° 

sin (270° 
cos (270° 
tan (270° 
cot (270° 

sin (360° 
cos(360° 
tan (360t 
cot (360° 

sin 860° 
cos 860° 
tan 360° 
cot 860° 



+ a) 
+ a) 
■f-a) 
+ a) 

-a) 
-a) 
-a) 
-a) 



+ a) 

+ a) 
+ a) 
+ a) 

-a) 
-a) 
-a) 
-a) 



= — smoj 

= — COSO) 

- tana, 
= cot 0, 



•■" 


cos 


«» 


— 


sin 


0. 




cot 


«. 




tan 


0. 


— 


1, 

0, 






0. 




— 


cos 


a. 




sin 


«V 


— 


cot 


«» 


— 


tana. 


— 


sin 


0. 




cos 


«, 


— 


tan 


«i 


— 


cot 


a 


0, 






1, 






0. 






00. 







69. The examinations thus far, have been limited to 
arcs which do not exceed 860**. It is easily shown, 
however, that the addition of 860** to any arc as x, will 
make no difference in its trigonometrical functions; for, 
such addition would terminate the arc at precisely the 
same point of the circumference. Hence, if C represent an 
entire circumference, or 860**, and n any whole number, 
we shall have, 

sin {0 + x) = sin a? ; or sin (n X 6? + a;) = sin as; 

The same is also true of the other functions. 
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70. It will further appear, that whatever be the value 
of an aro denoted bj x, the sine may be expressed bj 
that of an arc less than 180^. For, in the first place, we 
may subtract 860^ from the arc o:^ as often as 860^ is 
contained in it: then denoting the remainder by y, we 
fc ive, 

sin X = sin y. 

Then, if y is greater than 180^, make 

y -. 180* = a, 
and we shall have, 

sin y = — sin «. 

Thus, all the cases are reduced to that in which the aro 
whose functions we take, is less than 180*; and since ¥re 
also know that, 

sin (90 + x) = sin (90 — x), 

they are ultimately reducible to the case of arcs between 
and 90*. 



GENERAL FORMULAS. 

71. To find the fiyrmula fi>r the sine of the difference of (too 

anglce or arcs. 

Let ACB be a triangle. Prom the 
vertex C let fall the perpendicular CD, 
on the base AB^ produced. 

Denote the exterior angle CBD by 
a, and the angle CAB by 6. 

Then, AB = AD - DR 

But (Art 26), AI) = AC cos b, and BD^ BOcoa OBIX 

Hence. AB = ii (7 cos i — BO cos a. 

m 

Dividing both members by AB, ve have 

^ AO ^ BO 
l=jgCoa6- jgooBo. 

Bnt, mnce sin a = sin CBA, we have (Art. 21). 
AC sin a ._j BO sin h 




AB~ mnO' 



and 



AB "Bin (7 ' 



SOS 
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sin tt . 8121 h 

henoe, 1 = -: — 7, cos J -. — 7- cob cl 

^ fiin c7 , sin (7 ^ 

or, sin <7 = sin a cos i •— sin & cos la. 

But the angle C is equal to the difference between thfl 
angles a and b (Greom. B. L, F. 25, C. 6) : hence, 

sin (a -^ &) = sin a cos b — cos a sin & ; • . (a) 

that is, The sine of the difference of any ttoo arc$ or angh 
is equal to the sine of the first inUo ike cosine of the seoomi^ 
minus the cosine of the first into the sine of the aeoofnd. 

It* is plain that the formula' is 
equallj true in whichever quadrant 
the vertex of the angle C be placed: 
hence, the formula is true for all 
values, of the arcs a and b. 




V2. To find the formula for the sine of ike sum of two esngUs 

or arcs. 

By formula (a) 

sin (a — J) = sin a cos b — cos a sin 6, 

sabedtuting for &,— &, and recollecting (Art. 66) that^ 

sin ( — a?) = — sin X 
and cos (— x) = cos a;; 

and also that a — (— 6) = a + 6, 
we shall have, after making the substkntions and oombining 
the algebraic signs, 

sin (o +' b) = sin a cos 5 + cos a siii %. . (S) 

75. To find ike formtih for ike cosim 4jf ihe sum ^ Mo 

an^gles or arcs. 

By formula (6) we have, 

sin (a + b) = sin a cos 5 + cos a sin J, 
substitute for u, €^** + a, and We harve, 
ain [(90° + a) + 6] = sin (90° + a) cos i + cofl(»(r + o) anh 
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But| sin [90"" + (a + &)] = cos (a 4 h) (Table IL) : 

sin (90** + a) = cos Oi 
and, cos (90^ + a) = — sin a ; 

making the substitutionSy we have^ 

cos (a + &) =s cos a 009 i *- sin a sin &. • • (c) 

74s. lb find the formula for the oosine of the dSfferttnee hetioeen^ 

two angles or arcs. 

By fonnula (6) we baye, 

sin (a + &) = sin a cos b + cos a sin & 

For a substitute 90^ *- a, and we have, 

sin [90** - (a - 6)] =sin (90** - a)co86 + cos (90** - a)siuli 
Bnt| sin [90** - (a - 6)] = cos (a - 6) (Table IL), 

sin (90** — a) =s coa Oi 

cos (90® — a) = sin a ; 
making the substitutionS| we have, 

cos (a — &) = cos a cos & + sin a sin &» • • (d) 



76. 2b find the fmntda for the tangent af the ewn <if iw$ 

arcs. 

By Table L, 

A / L L\ sin (a + ft) 
tan (a + ft) ^ — ; , ,( t 

^ ^ cos (a + ft) 

sin a cos ft + cos a sin ft . m\ j # « 
cos a cos ft^smasmft •'^'^ ^'» 

dividing both numerator and denominrtor 1^ fof 4^ Wi 1^ 

siA g COS ♦ 00s g sin t 
B cos a cos ft cos a coa ft ' 
^ sin g sin ft 

cos g cos ft 

, . _. tan g + tan ft / /\ 
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76. To find the tangent of the difference of two area. 

^ , ,, sin (a - h) (Table I). 

tan (a — 6) = 7 rf » ^ ' 

^ ' cos (a — 0) 

sin a cos b — cos a sin 6 , , . w « 
= _ _ — , , — - , by (a) and uA. 

cos a cos 6 + sin a sin 
Dividing both numerator and denominator by cos a cos «^ 

,. tan a — tan h / % 

tan (a — t) = 1— .-i 1 r- • * ^^ 

^ / 14- tan a tan 6 

77. The student will find no difficulty in deducing the 
following formulas. 

, , , , V cot a cot J — 1 (lA 

cot (a + 6) = — ; — ■ ^. 1 f • • W 
^ ' cot a •+■ cot o 

-. cot a cot 6 + 1 (:\ 

cot (a - 6) = — --T . ^ - • • V*; 

^ ' cot — cot a 

78. 2b.y&ii ^ 9ine of twice an arc, in functions of Hie m 

and radius. 
By formula (6) 

sin (a + J) = sin a cos J + cos a sin 6. 
Make a = b, and the formula becomes, 

sin 2a = 2 sin a cos a. • • • (J?) 

If we substitute for a, — > we have, 

sin a = 2 sin Ja cos Jo. ••(11) 

79. To find the cosine of tvnce an arc in functions of the arc 

and radius. 
By formula (c) 

cos (a + J) = cos a cos b — sin a sin 6, 

Make a = &, and we have, 

.•v> 

COS 2a = cos^ a — sin^ a. ..••(?) 
By Table L, sin^ a = 1 — cos^ a ; hence, by substitution, 

cos 2a = 2 cos^ a — 1. . . . {11) 
Again, since cos' a = 1 — sin* a, we also have, 

cos 2a = 1 — 2 sin* a. ... {12) 
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80. To determine the tangent of twice or thrice a given art in 

functions of the arc and radius. 

By formula (/) 

, . -. tan a + tan h 
**^ (« + *) = i>taDataa&' 

Make 6 = 0, and we have, 

2 tan a (^ 

tan 2a = ^ -.- «— • • • • V*»; 

1 — tan* a 

Making & = 2a, we have, 

tan a + tan 2a 

tan 3a = ."- ^ ^ ; 

1 — tan a tan 2a ' 

Bubstituting the value of tan 2a, and reducing, we hav^ 

1—8 tan* a 

The student will readily find 

^ -. cot a — tan a /_x 

cot 2a = s W 

81. To find the sine of half an arc in terms of the fwfuOoM 

of the arc and radius. 

By formula {I 2) 

cos 2a s= 1 — 2 sin' a. 

For a, substitute ^ and we have, 

cos a= 1 — 2 sin' |a; 

hence, 2 sin' ^ = 1 — cos a, 

sinia = y^LE^- . . (o) 

82. To find the cosine of half a given arc in terms </ iht . 

functions of the arc and radius. 

By formula {1 1) 

cos 2a = 2 cos' a — 1. 

For a, sifbstitute Ja, and we have, 

cos a = 2 cos' Ja — 1 ; 



heaooi cos 



^^^l + c^,, . . (p) 
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8S. lb find the tangent of half a given arc, in fimctions cj/ 

the are and radius. 

Divide formula (o) by (2?), and we have, 

'^ 1 + COS a 
Miiltdplying botli terms of the second member by Vl — coso, 

and reduoinflf tan 4a = — T ^^ ^ 1 .... (j 1) 

° ' sm a 

Multiplying both terms by the denominator VI + cos a^ 

and reducing tan ^ = , ^ ° 1 .... (g 2) 

JL "T* cos a 
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84 The formulas of Articles 71, ^% 7S, 74, furnish a 
great number of consequences; among which it will be 
tiMra^ to mention those of most frequent use. By adding 
and subtracting we obtain the four which follow, 

sin (a + J) + sin (a — 6) = 2 sin a COB J^ . (r) 

sin (a + J) — sin (a — J) = 2 sik h cos a, . («) 

COS (a + J) + cos (a — J) = 2 cos a cos b, . (<) 

cos (a — J) — cos (a + 5) = 2 sin a sin J, . («) 

and which serve to change a product of several sine^ or 
co0ii»ft into linear sines or cosines, that is, into sines and 
cosines multiplied only by constant quantities. 

85. If in these formulas we put a +h^ p, a^h^f^ 

which gives a = - ^ ^ ^ > h = -^ ^ , we shall find 

sin ^ + sin 2 = 2 sin J (^ + g) cos i(^ — jX • • (v) 
sin^ — sing3:2sin \{p ^-^ j) cos \{p + j), . . («) 

oos jp + cos g = 2 cos J(p + g) cos J(|) — 5), . . (y) 

UM J — cos jp = 2 sin J(|) + 2) sin J (jp — j), . (2) 
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If we make ; = 0, we shall have^ 

Bm p ^ 2sm Ip WM ^p^ . • • • (x 1) 
1 + COS ^ = 2 008* Ip^ .... (y 1) 
1 — cos j> =s 2 sin* }p^ ..•.(«!) 

68. From formolaa (v), {x\ (y), («), and (i 1), we obtain ; 

mn j) + sin g _ sin i { p + g) cos ^(j? "" g) tang |(jp + g) 
sin ^ — sin g "^ cos j (p + g) sin i (p — g) tang i(p — g) 

«^ J' + 8^^ g ^ 8"^i(P + g) = lane i (D + (7) 

cos jp + COS g COS ^ (p + g) o 1 Vi' !«/• 

sin jp + sin g ^ co8^0>-g) ^ ^ot t ( p - a) 
cos g — cosp sini(p — g) ^^-^ *'* 

g °^T"°^ = "°!i^"^U t«ingi(p-2). 

COS p + COS g COS J Cp — g) « » v^ »^ 

■ 

ainp-^sing cosi(o + g) .,, , v 

COS g — cosjp 8inJ(jp + g) '^ ^ 

cos p + cosg _ cos ^(jp + g) COS i{p — g) cot Up + q) 
cos g — COS 2) "" sin ^{p + g) sin i(jp — g) tang|(jp ^ g)' 

sin |j + sin g 2sin j CP + g) cos ^ (j> — g) _ cos ^ (j > — g) 
mn{p + q) 2sia i (p + g) cos i CP + g) "" cos J(p + g/ 

ain j> — sin g _ 2sin jjp^ q) cos ^{p + q) _ sin ^ (j> — g ) 
»» (p + g) "" 2sin iCp + g) cos i (j? + g) "" sin J(^ + g/ 

* These formulas are the algebraic ennnciations of so 
many theorems. The first expresses that, the sum of the 
sines of two arcs is to Hie difference of those sines, as the tan* 
gent of half the sum of the arcs is to the tangent of half their 



HOXOGENSmr OF TSBXS. 

87. An expression is said to be homogeneous, when 
ttoh of its terms contains the same number of literal fiuy 
tors. Thus, 

sin* a + cos' o = JB' .•..(!) 

18 homogeneous, since each term contains two literal factora 
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If we suppose -B = 1, we have, 

sin^ a + cos* a = 1 (2) 

This equation merely expresses the numerical relation 
between the values of sin* a, cos* a, and unity. If we pass 
from the radius 1 to any other radius, as ^ it becomes 
necessary to replace these abstract numbers by their corres- 
ponding literal factors. For this, we must observe, that 
the radius of a circle bears the same 
ratio to any one of the functions of an 
arc, (the sine for example,) as the radius 
of any other circle, to the corresponding 
function of a similar arc in that circle. 
For example, 

1 : sin a : : ^ : sin a ; 
sin a sin a 




■f 



hence, ^ _ ^ 

in which the sin a, in the first member, is calculated to the 
radius 1^ and in the second, to the radius JR. 

If, now, we substitute this value of sin a to radius 1| 
in equation (2), we have, 

sin a sin a cos a cos « _ ^ 

or, sin* a + cos* a = ^*, 

an expression which is homogeneous: and any expression 
may be made homogeneous in the same manner; or,, it 
may be made so, by simply multiplying each term by such a 
power of R as shall give the same number of linear factors in 
all the terms. 

88. Since the sine of an arc divided by the radius is 
equal to the sine of another arc containing an equal num- 
ber of degrees divided by its radius, we may, if we please, 
define the sine of an arc to be the ratio of the radius to 
the perpendicular let fall from one extremity of the arc 
on a diameter passing through the other extremity. Giving 
similar definitions to the other functions of the arc, each 
will have a corresponding function in either angle of a tri- 
angle. For, if in a right angled triangle, we let 
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A =s right angle ; B = angle at base ; C = vertical angle; 
a = hjpothenuse ; c = base ; b = perpendicular, 

we may deduce all the functions of the angle without any 
reference to the circle. 

For, let us call, by definition, 



sin B = 


b 

— » cos -B = 

a 


e 
a 


tan 5 = 


b 

—y cot JB = 

c 


c 
T 


sec ^ = 


— vcosecfis 

e 


a 

b' 




Each of these expressions, regarded as a ratio, is a mere 
abstract number. If we make the hypothenuse a = 1, the 
abstract numbers will then represent parts of a right- 
angled triangle, or the corresponding functions of a circle 
whose radius is unity. 

Formulas relating to Triangles. 

89. Let ACB \i^ any triangle, and 
designate the sides by the letters a, i, e; 
then (Art 21), 

sin -4 _ a , sin il _^ a , sin J? _^ b^^ ^-. 

that is, (he sines of the angles are to each other as their oppo* 
nte sides, 

m 

90. We also have (Art 22); 

a + b : a - 6 : : tm ^{A + B) : tan J(il - 5) ; 

that is, the siim of any two sides is to their difference^ as the 
tangent of half t/ie sum of the opposite angles to the tangent of 
half their difference, 

91. In case of a right-angled triangle, in which the 
right angle is B^ we have (Art 24), 

1 : tan il : : c : a ; hence, a ss c tan ^, . (2) 

And again (Art. 26), 

1 : cos A : : b I c\ hence, c = 6 cos A^ . (3) 
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92. There is but one additional case, that in wliioh th^ 
three sides are given to find an angle. 

Let ACB be any triangle, and CD 
a perpendicular upon the base. TheUf 
whether the perpendicular falls without 
or within the triangle, we shall have 
(B. IV., P. 12), ^ * BD 




:3 



CBOACr + AB - 2AB X AD. 

But, AD =: AC cos A; 

and representing the sides by letters, and substituting for 
AD^ its value, we have, 

. i^ + c* -- a« 

cos -4. = 7^7 • 

If we now substitate for cos A, its value fiont fennnla 
(Art 81), we shall have, 

n • 9 \ A 1 i' + c* — o* 
2sm» i^ = 1 2fc ' 

25c - (y + c« - o«) 
~ 24c ' 

_ q«-,y,<j^2ftc _ (^-0-c)« 
~ 26c 26c ' 

(o + 6 — c) (g + e — 5) 
"^ 26e * 



^ 46c 

If now, we make 
J (a + J + c) = 5, we 1»T^ « + R + =5 2«, and 

a + J — o = 2tf--'?«^ ajaq^ a + c — & = 8« — 26: 
hence, sin ^A = A/iiZL^jLTLf \ 

98. If we add 1 to each member of the equatioB 
above, in which we have the value of cos Ay we shall 
havo, 

I + cos -4. = — ss ^ -^ 

2ic 2^ 
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_ {b + c + a)(h + c-a) , 

26c • ^ 

1 + COS J. s= ^-j- — ■• 

Sabstituting for 1 + cos A, its value (Art 82), and reduo 
iag, we have, 



COS 



M=\/^. 



94. I^ now, we reoollect that the tangent ia equal to 
the sine divided bj the cosine (Art 47), we havei 

and observing that the same formtda applies equally to 
either of the other angles we have, 



' y « (9 — c) 



00K8TRUCTI0K OF TRIQOKOICETRIGAL TABLES. 

96. If the radius of a circle is taken equal to 1, and 
the lengths of the lines representing the sines, cosines, 
tangents, cotangents, &c., for every minute of the quadrant 
be calculated, and written in a table, this would be a table 
of fio^ra^ sines, cosines, &c. 

96. If such a table were known, it would be easy to 
calculate a table of sines, &c., to any other radius; sincei 
in different circles, the sines, cosines, &c., of arcs contain- 
ing the same number of degrees, are to each other as their 
radii (Art 87). 

97. Let us glance for a moment at some of the methods 
of calculating a table of natural sines. 

When the radius of a eirde is 1, the semi-circumfer* 
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ence is known to be 8.14169265358979. This being divid 
ed successively, by 180 and 60, or at once by 10800, givea 
.0002908882086657, for the arc of 1 minute. Of so small 
an arc, the sine, chord, and arc, differ almost imperceptibly 
from each other; so that the first ten of the preceding 
figures, that is, .0002908882 may be regarded as express- 
ing the sine of 1' ; and, in fact, the sine given in the 
tables, which run to seven places of decimals is .0002909 
By Art. 46, we have, 



cos = y/iX — sin^. 

This gives, in the present case, cos 1' = .9999999577. Then 
we ha\e (Art, 84), 

2 cos 1' X sin 1' - sin 0' = sin 2' = .0005817764, 
2 cos 1' X sin 2' - sin 1' = sin 3' = .0008726646, 
2 cos 1' X sin 3' - sin 2' = sin 4' = .0011685526, 
2 cos 1' X sin 4' - sin 8' = sin 5' = .0014544407, 
2 cos 1' X sin 5' - sin 4' = sin 6' = .0017453284, 
&c., &c., &c. 

Thus may the work be continued to any extent, the 
whole difficulty consisting in the multiplication of each 
successive result by the quantity 2 cos 1' = 1.9999999154 

Or, having found the sines of 1' and 2', we may deter- 
mine new formulas applicable to further computation. 

If we multiply together formulas (a) and {h) (Art, 71-72), 
and substitute for cos^ a, 1 — sin^ a, and for cos^ 6, 1 — sin*4^ 
we shall obtain, after reducing, 

sin (a + h) sin (a — 6) = sin^ a — sin* h ; 

and hence, sin (a + h) sin (a — i) = (sin a + sin b) (sin a — sin J) 

or, sin (a — i) : sin a — sin 6 : : sin a + sin 6 : sin (a + i), 

A^pplying this proportion, we have. 



sin 1' 


: sin 2' — sin 1' 


: : sin 2' + sin 1 : 


sin 8', 


sin 2' 


: sin 8' — sin 1' 


: : sin 8' + sin 1' : 


sin 4', 


sin 8' 


: sin 4' — sin V 


: : sin 4' + sin 1' : 


sin 6', 


sin 4' 


: sin 5' — sin 1' 


: : sin 5' + sin 1' : 


sin 6; 



&c., &c., &0« 
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In like manner, the computer might proceed for the 
sines of degrees, &c., thus : 

sin 1** : sin 2** — sin V : : sin 2** + sin 1* : sin 8% 



sill 2^ 
siuS^ 



sin 8° — sin V : : sin 8® + sin 1* : sin 4**, 
sin 4® — sin V : : sin 4** + sin 1** : sin 5°, 
&c,, &c., &C. 

Ilaving found the sines and cosines, the tangents, oo* 
tangents, secants, and cosecants, may be computed from 
them (Table I). 

98. There are yet other methods of computation and 
verification, which it may be well to notice. 

Let AP be an arc of 60° : then the 
chord AP is equal to the radius OA 
(b. v., p. 4) : and the triangle CPA is 
equilateral. Hence, PM bisects CA, or 
cos 60® = J J^ or equal to one-half, when 

But cos 60° = sin 80° (Art. 12) : 
hence, sin 80° =■ ^ ; and, 

cos 30° = V 1 - sin« 30^= i VsT 

Then, by formulas of Articles 81, and 82, we can find 
the sine and cosine of 15°, 7° 30', 8° 45', &c 

99. If the arc AP were 45°, the right-angled triangle 
CP.t/' would be isosceles, and we should have CM=^ PM\ 
that is, 

sin 46° = cos 46°. 

Hence, sin* a + cos* a == 1, 

gives 2 sin* 45° = 1 ; 




or. 



sin 46° = cos 45° = VT = J V^- 



Also, 



tan 45° = 



sin 45^ 



= 1 = cot 45°. 



cos 46° 

Above 45°, the process of computation may be simpli 
lied by means of the formula for the tangent of the sum 
of two arcs (Art 75). 

/^«fi ,, 1 + tan 6 
t«n(45°-fi)=,--, -X- 
^ ' 1 — tan 
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100. If the trigonometrical lines themselves were usecL 
it would be necessary, in the calculations, to perform the 
operations of multiplication and division. To avoid so 
tedious a method of calculation, we use the logarithms of 
the sines, cosines, &c. ; so that the tables in common use 
show the values of the logarithms of the sines, cosines, 
tangents, cotangents, &o., for each degree and minute of 
the quadrant, calculated to a given radius. This radius is 
10,000,000,000, and consequently, its logarithm is 10. 

The logarithms of the secants and cosecants are &ot 
entered in the tables, being easily found from the cosines 
and sines. The secant of any arc is equal to the square 
of radius divided by the cosine, and the cosecant to the 
square of radius divided by the sine (Table I) : hence, the 
logarithm of the former is found by subtracting the loga- 
rithm of the cosine from 20, and that of the latter, by 
subtracting the logarithm of the sine from 20 
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1. A Sphbrioal TriakqIiB is a portion of the soi&oe 
of a sphere incladed by the arcs of three great circles 
(b. iz., d. 1). Hence, every spherical triangle has six partsr; 
three sides and three angles. 

2. Spherical TRiaoNOMETRY explains the processes of 
determining, by calculation, the unknown sides and angled 
of a spherical triangle, when any three of the six parts aie 
given* For these processes, certain formulas are employed 
which express relations between the six parts of the tri* 
angle. 

S. Any two p&rts of a spherical triangle are said to bo 
of the same species when they are both less or both greater 
than 90** ; and they are of different species, when one is 
less and the other greater than 90^. 

4. Let ABO be a spherical trian- 
gle, and P the centre of the sphere. 
The angles of the triangle are 
equal to the diedral angles included 
between the planes which determine 
its sides ; viz. : the angle A to the 
angle included by the planes PAB ^ 
and PAC\ the angle B to the angle included by the plan 
PBO and PBA ; the angle G to the angle included by the 
planes PCB and PGA (b. ix., d. 1). If we regard the side 
PA as unity, the sides GB^ GA, AB^ of the spherical triangle 
will measure the angles GPB^ GPA^ APB, at the centre of tlie 
sphere. Denote these sides or angles, respectively, by a, 6, and a 

5. On PAj the intersection of two faces, assume any 
point, as M^ and in the planes APB^ APG^ draw MN and 

21 
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MOj both perpendicular to the com 
men intersection PA : then, OMN 
will measure the angle betW3en these 
pl«ies (b. VI., D. 4), and hence, will 
bfr equal to the angle A of the tri« 

ngle. Join and N by the straight 

ine OK 

In the triangles NPO and NMO^ we have (Plane Trig,. 
Art 92). 

«MP-ooea- 2FirxP0 ;«»-«- cm ^- 2M0xMy * 

4ldc by reducing to entire terms, 

Bj subtracting the second equation from the first^ we have 
fjiWxPOx co»« - Jfo X Jtarcos ui) - .p^— jEy'+p5'--So*- 2M" 
imd by dividing both members by 2PNx PO^ we hav^ 

MO ^MN . , PM- PM 

'^^-po^m^'^'^'^PK^po^ 

But (Plane Trig., Art. 88), gives 

MO . \ MN . PM PM 

•p^ = sinJ, p^ = 8mc, pjy-^cosc^ -p^== cos 6; 

Babstituting these values, we have, 

cos a — sin i sin cos ul = cos ft coac; 

and- by transposing, 

006 a = cos 5 cos + sin 6 sin c cos J.. 

A similar equation may be deduced for the cosine of dthei 
of the other sides : hence^, 

cos a = cos i cos c + sin h sin e cos Ji, 1 
cos h = cos a cos c + sin a sin c cos B^ y (1) 
cos c = cos a cos & + sin a sin & cos G, J 

That is: The cosine of either side of a spherical triangle is equA 
fcr the product of the cosines of the two other sides plus iht 
fUVduct of their sines into the cosine of their included angle. 

The three equations (1) contain all the six parts of the 
^Bl^ei^ioal tri^mgla K three of the six quantities whick 
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enter into these equations be given or known, the remain- 
ing three can be determined (Bourdon, Art 103) : henoe, 
if throe parts of a spherical triangle be known, the other 
three may be determined from them. These lire the 
primary Ibnnulas of Spherical Trigonometry. They require 
to be put under other forms to adapt them to logarithmic 
computation. 

6. Let the angles of the spherical triangle, polar to 
JlBO^ be denoted respectively by A!^ B\ C\ and Uie sides 
\>y a', J', (/. Then (b. ix., p. 6), 

a' = 180** - -4, y = 180^ -£,(/ = 180^ - C, 
A* = 180^ - a, 5' = 180^ - 6, C" = 180* - c • 

Since equations (1) are equally applicable to the polar tri« 
angle, we have^ 

cos q! = cos 6' cos c' + sin ft' sin d cos A^ : 

substituting for a\ ft', d and J.', their values from the polar 
triangle, we have, 

— cos -4 = cos JB cos (7 — sin JB sin cos a ; 

and changing the signs of the terms, we obtain, 

cos Jl = sin jB sin (7 cos a ^ cos £ cos (Z 

Similar equations may be deduced, from the second and 
third of equations (1); hence, 

cos ii = sin J? sin (7 cos a — cos B cos C^ ' 
cos JB = sin A sin (7 cos ft — cos ^ cos (7, \ (2) 
cos G = sin A sin B cos c — cos Jl cos B 






That is : Tht cosine of either angle of a spfierical triangle, la 
ejucd to the product of the sines of the tux> other angles iim 
the cosine of their included side, minus the product- of Out 
eosirms of those angles. 

7. The first and second of equations (1) giv^ aftei^ 

transposing the terms, 

cos a — cosftoosc=ssinftsine cos A^ 
cos ft ^ cos a cos c = sin a an e coa B\ 

by adding, we have, 



324 
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and hj substracting the second from the firsts 

owa— 0086 + 0086 (008 a — COS 5) — sin e (sin b oos^ — sinaoos^, 

these equations may be placed under the forms, 

(1 — cos c) (cos a + cosb) = sin c (sin 6 cos J. + sina qo&£\ 
(1 -t- cos c) (cos a — cos J) = sin c (sin b cos A — sin a cos jB) ; 

multiplying these equations, member by member, we obtaiiii 

(1 — cos* c) (cos* a — COB* 6) = sin*c (sin^i cos*ii— sin'a cos* J?): 

substituting sin* c for 1 — cos* c, 1 — sin* A for cos* J., and 
1 — sin* B for cos* B^ and dividing by sin* c, we have, 

cos* a — cos* b = sin* b — sin* b sin* A — sin* a + sin* a sin*ifi 

then, since cos* a — cos* b = sin* b — sin* a, we have, 

sin* b sin* A = sin* a sin* B\ 

and, by extracting the square root, 

sin b sin A = sin a sin B. 

By employing the first and third of equations (1) we shall 
find, 

sin c sin -4 = sin a sin C; 
and, by employing the second and third. 



sin b 


sin 0= sine sin -B ; hence, 


sin A sin a 


« 
or sin £ : sin J. : : sin & : sin a, 


sin B sin 6 ' 


sin A sin a 


or sin (7 : sin A :: sin c : sin a. 


sin sin c ' 


sin sin c 


or sin -B : sin 67 : : sin 6 : sin c 

a 


sin jB sin J ' 



(8> 



Thiat is : In every spkericqj triangk, the sines of the angles 
to ecuJi other as- the sines of their opposite sides, 

8. Each of the formulas designated (1) involves the 

three sides of the triangle together with one of the angles 

"^hese formulas are used to determine the angles when the 

^ee sides are known. It is necessary, hdwever, to put 
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Ihem under another form to adapt them to logarithmio 
computation. 

Taking the first equation, we have, ' 



qobA^ 



cos a — cos b COS e 

sin 6 sin c 



Adding 1 to each member, we have, 



1 + cos J. = 



cos a + sin 6 sin c — cos b cos e 



sin b sin c 

But, 1 + cos A = 2 cos« ^A (Plane Trig., Ait 85), 
and, sinftsinc — cos6 cosc= — cos (6 + c) (Art 78) ; 

I. o 9^ A cos a — cos (6 + c) 

hence, 2 cos* \A = = — r— ^-^ * 

^ * sin 6 sin c 

, - . sini(a + i + c) sin J(i -f c — a) , . ^ .^^ 

or, coe« JA = - -^ . , . — (Art 86), 

' * sm 6 sm c ^ ^ 

Putting « = a + 6 + c, we shall have^ 

J« = i(a+ 6 + c) and Js — a = ^(6 + c — a): 



haioei 



cos^A 



-/ 



sin ^(5) sin { ^s — a) 
sin b sin c 



cos i5 =v /fiini(g)sin(^5-ft) 

V Qin /v Bin ^ 



Sin a sin c 



cos }C7 



=/ 



sin J (5) sin (^s — c) 
sin a sin i 



(4) 



9. Had we subtracted each member of the first equa- 
tion in the last article, from 1, instead of adding, we should, 
by making similar reductions, have found. 



sin^A 



=v^ 



sin ^(g + 6 — c) sin ^(g + c — ft) 
sinft sine 



sin i n=z< /^^(fl + i-c) sin i(6 + c - g)^ 



sm g sm e 



irin i C = ^ /"a i(a + c - b) sin |(fc + c - a ) 
' sin o sin 6 



(6) 



a26 
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P«ft^a({ » — a + b + c, w« diall hare, 

J«— o=J(6-K— a), ^a—b=^{a+c—b), aad Js— c=J(a+i— c); 



hence, or^A^x/^^IEI^^IE^, 



sin 6 sin c 



V sin a sin c * 

pjr. ^^ =W ^ (^^7 ^) s in g^ -g)^ 
^ ffln a sin b 

10. From equations (4) and (6) we obtain, 

tan J^ = a/ ^" ^^^ "" ^^ ^^^ ^^^ "^ > 
^ sin ^(5) sin {^s — a) 

ftani^ = a/ ^^'^ ^^^ " ^), ^'^ (^^ """^ ^ 
'^ sin ^(5) sin {^s — ft) 

tan K ^ \ / ^^^ ^^ ^ " ^\ »^^ (i ^ ^ ^) , 
"^ sin j^ (*) sin {^s — c) J 



(6) 



m 



11 We may deduce the value of tlie side of a tmn- 
gle in terms of the three angles by applying equations (&), 
to the polar triangle. Thus, if a', 6', c', A', B\ C'j repre- 
sent the sides and angles of the polar triangle, we shall 
have (b. ix., p. 6), 

A = 180^ - a', j5 == 180° -V, <7= 180° - &] 

a = 180° - -4', J = 180° - B\ and c = 180° - C"; 

bei?ice, omitting the ', since the equations are applicable to 
i^ny triangle, we shall have, 



^ sin J5 sin (7 

cos J 6 = J^s\(A + B^ C)Q^\{B^G^A) 
^ sin ^ sin C' . 



Patting 



sin A wa. B 
S=A-\-B+C, we shall hare 



(8) 
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iS- A^^{0+B-A\ i/S-5=i(^ + (7-i?X 



and, 



hence, cos } 



IS- (7=i(^ + ^- C); 



a=y 



eosJiS- G ) cos (j ^ aS - ^) 
sin ^ sin (7 



cos U yeoBQ^-g) 008( 1^-.!) ^ 
^ fiin il sin C7 



(») 



^ sin A sin £ 

12. All the formulas necessary for the solution of spheri- 
eid triangles, tnay be deduced from equations marked (l)i 
If we substitute for cos h in the third equation, its valM 
taken &om the seoond, and substitute for cos' a its yalno 
1 — sin' a, and then divide by the common faotori sin m^ 
we shall have, 

I 

ooscsina=ssinccosacos£ + 8in6oosCw 

^ ,. n^^ - . , sin -B sin c 

But equtitions (8) give Isino^ - 



sin G 



hence, by substitution, 

cos c sin a = sin c cos a cos B + 

Dividing by sin c^ we haVe^ 
cos c 



sin B cos C7 sin e 
sin 



sm c 



sin a =^ cos a cos JS + 



sin jB cos (7 
sin C 



6trt, 



cos 
sin 



=a cot (Art 66> 



i\ 



(10) 



Therefore, cot c sin a = cos a cos £ + cot (7 sin JR 

Hence we may write the three symmetrical equation^ 

cot a sin ft » cos 6 cos C + cot A sin (7, 
cot 6 sin c =s cos c cos A + cot £ sin A, 
cot c sin ft = cos a cos £ + eot (7 sin £. 

Tkat is : In tvtry spJierical ttiangk^ th9 Marment pf ene % 
lAe sidt^ into the sine of a second sicle^ is egiual io As eomm 
ijf Ihe secoTid side into the cosine of the included angh^ plus Ai 
cotangent of the angle opposite the first side into the sine of thi 
indudrd angle. 
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napisr's akalogibs. 

18. If from tlie first and third of equations (1), cos e be 
eliminated, there will result, after a little redaction, 

cos A sin c = cos a sin & ^ cos (7 sin a cos b. 

From the second and third of equations (1), we get, 

cos B sine = cos & sin a — cos ^ sin & cos a. 

Hence, by adding these two equations, and reducing wi9 
atudl have, 

sin c (cos J. + cos -B) = (1 — cos (7) sin (a + J). 

_, . sin c sin a sin 6 , „ , 

But smce, — ; — 7- = -. — z = -; — 51 we shall have^ 

' Bin O Bin A em B ^ 

sin c (sin A + Bin B) = em (sin a + sin i), 

and| sin c (sin A -- sin B) ^ mn (sin a — sin &). 

Dividing these two equations, successively, by the preced- 
ing, member by member, we shall have, 

sin J. + sin -B sin C sin a + sin J 

COS A + cos B 1 — cos sin (a + b) 

sin -4 — sin jB sin sin a — sin b . 

COS A + cos J? ~" 1 — cos sin (a + i) 

reducing these by the formulas (Plane Trig., Arts. 85, 8^ 
we have, 

, y J -r^v , ^ sin i(a — 6) 

Hence, two sides, a and 5, with the included angle C being 
given, the two other angles A and B may be found by the 
proportions, 

cos J^ (a + 6) : cos ^ (a — J) : : coti : tang i{A + !B), 
sin i(a + 6) : sin J (a — 6) : : cot ^ : tang i (-4 — i?). 
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We may apply the same proportions to the triangle, polar 
to ABG, by putting 

180* - A', 180* - 5', 180^ - a', 180* - i', 180* - </, 

instead of a^ i, A, B^ C^ respectively; and after reducing 
and omitting the accents, we shall have, 

oca ^{A + -B) : cos \{A — jB) : : tang ^c : tang i{a + b\ 
sin ^(A + B) : sin \{A — ^ : : tang ^c : tang i(a *- b)\ 

by means of which, when a side c and the two adjacent 
angles A and B are given, we are enabled to find the two 
other sides a and i. These four proportions are known by 
the name of Napier's Analogies. 

14. In the case in which there are given two sides and 
an angle opposite one of them, there will in general be 
two solutions corresponding to the two results in Case IL, 
of rectilineal triangles. It is also plain, that this ambi- 
guity will extend itself to the corresponding case of the 
polar triangle, that is, to the case in which there are given 
two angles and a side opposite one of them. In every 
case we shall avoid all false solutions by recollecting, 

1st ThcU every angle, and every side of a spherical trian* 
gle is less than 180*. 

2d. That the greater angle Ues opposite the greater side^ and 
the least angle opposite the least side^ and reciprocally. 

Napier's oibcular parts. 

16. Besides the analogies of Napier already demonstrai 
edj that Geometer invented rules for the solution of all 
the cases of right-angled spherical triangles. 

In every right-angled sphere 
ical triangle BAG, there are 
six parts: three sides and three 
angles. If we omit the con- 
aideration of the right angle, 
which is always known, there 
are five remaining parts, two 
of which must be given before 
the others can be determined. 
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The circakiT parto^ as they 
are called, are the two sides c 
and h, about the right angle, 
the complements of the oblique 
angles B and (7, and the com- 
plement of the hypothenuse a. 
Hence, there are five circular 
parts. The right angle A not 
being a circular part, is supposed not to separate the (3^ 
<»ilar parts c and 5, so that these parts are considered as 
lying adjacent to each oth^. 

If any two parts of the triangle are given, their cor- 
responding circular parts are also known, and these, to- 
gether with a required part, will make three parts under 
consideration. Now, these , three parts vnll all lie together^ 
or aiie of them will he separated from both of the others. For 
example, if B and c were given, and a required, the three 
parts considered would lie together. 

But, if B and C were given, and b required, the parts 
would not lie together; for B would be separated from 
comp. C by the part comp. a, and from b by the part c 
In either case, comp. 5 is the middle part Hence, when 
there are three of the circular parts under consideration, 
ffie middle part is that one of them to which both of the others 
are adjacent, or from which both of them are separated. In 
the former case, the parts are said to be adjacent^ and in 
the latter case, the parts are said to be opposite. 

This being premised, we are now to prove the follow- 
ing theorems for the solution of right-angled spherical tri- 
angles, which, it must be remembered, apply to the drcur 
lar parts, as already defined. 

1st. Radius into the sine of the middle part is equal to the 
rectangle of the tangents of the adjacent parts, 

2d. Radius into the sine of tJie middle part is equal to th$ 
9 ^tangle of the cosines of the opposite parts. 

These theorems are proved by assuming each of the &y% 
circular parts, in succession, as the middle part, and by 
taking the extremes first opposite, and then adjacent 
Having thus fixed the three parts which are to be consid- 
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e*^, take that one of the general equations for oblique- 
angled triangles, that will contain the three correspond- 
ing parts of the triangle, together with the right angle; 
then moke A = 90°, and after making the reductions cor> 
responding to this supposition, the resulting equation will 
prove the rule for that particular case. 

For example, let comp. a, be the middle part and the 
extremes opposite. The equation to be applied in this 
case must contain a, i, c, and A. The first of equations 
(1) contains these four quantities: 

COS a = cos b cos c + sin i sin c cos A. 
If il = 90° cos^ = 0; 
heooe, cos a = cos b cos c ; 

that is, radius, which is 1, into the sine of the middle 
part, (which is the complement of a,) is equal to the rec^ 
angle of the cosines of the opposite parts. 

Suppose, now, that the comple- 
ment of a were the middle part 
and the other parts adjacent The 
equation to be applied must con- 
tain the four quantities a, B^ C^ and 
A. It is the first of equations (2): 

cos J. = sin JS sin C cos a — cos £ cos Cw 
Making A = 90°, we have, 

sin £ sin C7 cos a s= cos £ cos Q 
or, cos a = cot J? cot 0; 

that is, radius, which is 1, into the sine of the middle 
part is equal to the rectangle of the tangent of the com- 
plement of -B, into the tangent of the complement of G^ 
that is, to the rectangle of the tangents of the adjacent 
circular parts. 

Let us now take the comp. B, for the middle part and 
the extremes opposite. The two other parts under consid- 
eration will then be the perpendicular b and the comp. of 
the angle CI The equation to be applied must contain the 
four parts A^ B^ £7, and b: it is the second of equations (2). 

COS B =^ sin Aain cos b — cos A cos O. 
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Making A = 90**, we have, 

cos 5 = sin C7 cos b. 

Let comp. B be still the middle part and the extremes 
adjacent The equation to be applied must then contain 
the four parts a, B^ c, and A, It is similar to equa> 
tions (10) ; 

cot a sin c = cos c cos B + cot A sin JS. 

Bul^ if ui = 90"*, cot ui = ; 

hence, cot a sin c = cos c cos B\ 

or, cos B = cot a tang c. 

By pursuing the same method of demonstration when each 
circular part is made the middle part, and making the 
terms homogeneous, when we change the radius from 1 to 
R (Plane Trig., Art. 87),' we obtain the five following equa- 
tions, which embrace all the cases. 

R cos a = cos h cos c = cot B cot (7, ^ 

^oos B = cos h sin C^ cot a tang c, 

R cos (7= cos c sin 5 = cot a tang 6, ^ (11) 

jB sin 5 = sin a sin jB= tang c cot (7, 

J? sin c = sin a sin (7 = tang h cot J?. . 

We see from these equations that, if the middle part w 
required we miLst begin the proportion with radius; and when 
one of the extremes is required we must . begin the proportion 
with the other extreme. 

We also conclude, from the first of the equations, that 
when the hypothenuse is less than 90**, the sides b and c 
are of the same species, and also that the angles B and 
C are likewise of the same species. When a is greater 
than 90®, the sides b and c are of different species, and 
the same is true of the angles B and O. We also see 
from the last two equations that a side and its opposite 
angle are always of the same species. 

These properties are proved by considering the algebraio 
signs which have been attributed to the trigonometrical 
functions, and by remembering that the two members of 
an equation must always have the same algebraic sign. 
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SOLUTION OF RIGHT-ANGLED SPHERICAL TRIANGLES BY 

LOGARITHMS. 

16. It is to be observed, that when any part of a tri« 
angle becomes known by means of its sine only, there may 
be two values for this part, and consequently two triangles 
that will satisfy the question ; because, the same sine which 
corresponds to an angle or an arc, corresponds likewise to 
its supplement. This will not take place, when the un* 
known quantity is determined by means of its cosine, its 
tangent, or cotangent In all these cases, the sign will 
enable us to decide whether the part in question is less or 
greater than 90"*; the part is less than 90**, if its cosine^ 
tangent, or cotangent, has the sign + ; it is greater if one 
of these quantities has the sign — . 

In order to discover the species of the required part of 
the triangle, we shall annex the minus sign to the loga- 
rithms of all the elements whose cosines, tangents, or co« 
tangents, are negative. Then, by recollecting that the pro- 
duct of the two extremes has the same sign as that of the 
means, we can at once determine the sign which is to be 
given to the required element, and then its species will be 
known. 

It has already been observed, that the tables are calcu- 
lated to the radius B, whose logarithm is 10 (Plane Trig., 
Art. 100} ; hence, all expressions involving the circular func- 
tions, must be made homogeneous, to adapt them to the 
logarithmic formulas. 

SXAHPLEa 

1. In the right-angled spherical 
triangle BAG, right-angled at -4, 
there are given a = 64® 40' and 
I = 42° 12' : required the remain- 
ing parts. 

First, to find the side c. 

The hypothenuse a corresponds to the middle part, and 
the extremes are opposite: hence, 

R cos a = COB b cos c, or, 
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cos 6 42** 12' ar.comp. log, 0.130296 

: B 10.000000 

: : cos a 64** 40' . . . . 9.681326 

: cos c 54^ 43' 07" . . . • 9.761622 

To find the angle J5l 

The side b is the middle part and the extremes oppo 
idte: hence, 

i? sin & = cos (corap. a) X cos (comp. J?) = sin a sin jR 

sin a 64"* 40' ar. comp. log. 0.043911 

: sin 6 42° 12' . . . . 9.827189 

:: B 10.000000 

: sin B 48** 00' 14" . . ' . . 9.871100 

To find the angle C. 

The angle is the middle part and the extremes adj*- 
cent: hence, 

R cos (7 = cot a tang b. 

B . . ar.comp. log. 0.000000 

: cot a 64** 40' . . . . 9.676237 

: : tang b 42** 12' .... 9.957485 

: cos 64** 34' 46" . . . . 9.682722 

2. In a right-angled triangle BAO^ there are given the 
hypothenuse a = 105** 84', and the angle B = 80** 40? : re* 
quired the remaining parts. 

To find the angle (7. 

The hypothenuse is the middle part and the extremes 
tdjacent: hence, 

B cos (t = cot B cot C. 

cot B 80** 40' aar.oomp. log. 0.784220 + 

: cos a 105** 84' .... 9.428717 - 

:: B 10.000000 + 

: cot G 148** 30' 54" .... 10.212937 - 

Since the cotangent of is negative, the angle C is greater 
than 90**, and is the supplement of the arc which w)uJd 
oorrespond to the cotangent, if it were positive. 
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To find the side e. 

The angle B corresponds to the middle part, and the 
extremes are adjacent: hence, 

£ cos B = cot a tang c. 

cot a IDS'" 84' ar. comp. log. 0.555053 - 

: a 10.000000 + 

. : cos -B 80^ 40' . . • . 9.209992 + 

: taog c 149^ 47' 36" ... 9.765045 - 

To find the side b. 

The side b is the middle part, and the extremes are 
opposite : hence,' 

i2 sin i =: sin a sin B, 

R . ar. comp. log. . 0.000000 

: sin a 105° 34' ... . 9.983770 

:: sin 5 80° 40' . • . . 9.994212 

: sin i 71° 64' 33" . • . 9.977982 



OF QUADKAIJrrAL TRIAITaLSS. 

17. A quadrantal spherical triangle is one which has 
one of its sides equal to 90°. 

Let BAG be a quadrantal tri- 
angle of which the side a = 90°. 
If we pass to the corresponding^ 
polar triangle, we shall have 

^' = 180° - a = 90°, J?' = 180° -^ J, 
G/ = 180° - c, a' = 180° -^ A, 
6f ' = 180° - 5, c' = 180° - (7;. 

from which we see, that the polar triangle will be right- 
an^id at A\ and hence, every caset may be referred to a 
right-angled triangle. 

But we can solve the quadrantal triangle by means of 
tb^ rightraugled triangle in a manner still more simple. 
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Let the side BC of the quad- 
rantal triangle BAC^ be equal to 
W ; produce the side GA till GD 
is equal to '90°, and conceive the 
arc of a great circle to be drawn, 
through B and D. 

Then G will be the pole of 
the arc BD^ and the angle G 
wSY be measured by BD (b.ix., 
p. 4), and the angles GBD and D will be right angles. 
Now before the remaining parts of the quadrantal triangle 
can be found, at least two parts must be given in addition 
to the side BG = 90® ; in which case two parts of the 
right-angled triangle BDA^ together with the right angle, 
become known. Hence, the conditions which enable us to 
determine one of these triangles, will enable us also to 
determine the other. 

EXAMPLES. 

1. In the quadrantal. triangle BGA^ there are given 
GB = 90^ the angle O = 42° 12', and the angle A = 115° 20^; 
required the remaining parts. 

Having produced GA to i?, making GD = 90°, and 
drawn the arc BD^ there will then be given in the right- 
angled triangle BAD^ the side a =^ G = 42° 12', and the 
angle BAD = 180° - J5^(7 = 180° - 115° 20' = 64° 40', to 
find the remaining parts. 

To find the side cL 
The side a is the middle part, and the extremes oppo- 
site: hence, 

i2 sin a =s sin ^ sin d 

sin A 64° 40' ar. comp. log. 0.043911 

: B ..... . 10.000000 

sin . a 42° 12' . . . . 9.827189 






: sin d 48° 00' 14'' .... 9.871100 

To find the angle B. 

The angle A corresponds to the middle part, and the 
extremes are opposite: hence, 
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^cos^ = sin £ COS a. 

008 a 42" 12' ar. comp. log. 0.130296 

; R 10.000000 

: : cos ^ 64° 40* . . . . _9.631826 

: Bin B 85° 16' 53" . • . . 9J61622 

To find the side h. 

The side b is the middle part, and the extremes are 
adjacent: hence, 

jR sin & = cot A tang a. 

5 , . ar. comp, log. 0.000000 

: cot ^ 64** 40' . . • . 9.675287 

: : tang a 42^ 12' . • . . 9.957485 

: sin I 26° 26' 14" • • . . 9L6S2722 

Hence, Ci = 90** - 6 = 90° - 25° 26' 14" = 64° 84' 4«' 
CBA = 90° - ABD = 90° - 85° 16' 68" = 54° 43' 07' 
BA=^d = 48° 00' U' 

2. In the right-angled triangle BAC^ right-angled at A, 
there are given a = 116° 25', and c = 60° 59' : required 
the remaining parts. 

( B = 148° 56' 45'' 

Ans. \g= 75° 80' 38" 

( 6 = 152° 18' 50" 

8. In the right-angled spherical triangle BAC^ right- 
angled at il, there are given c = 116° 80' 48", and b =» 
29° 41' 82": required the remaining parts. 

( C = 108° 52' 46*' 

AnsAB^^ 82° 30' 22" 

( a = 112° 48' 58" 

4. In a quadrantal triangle, there are given the q\iad- 
rantal side = 90°, an adjacent side = 116° 09', and the in* 
eluded angle = 116° 66' : required the remaining parts. 

( side, 113° 18' 19" 

^^^ \ angles, ) ^^^^ 88' 52" 
( ^ ^ ( 101° 40' 07" 

22 
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aOLUTION or oblique-angled OmAKOLES BT LOGABmniS. 

18. There are six cases which occur in the solution of 
oblique-angled spherical triangles. 

1. Haying given two sides, and an angle opposite one 
jf them. 

2. Haying giyen two angles, and a side opposite one 
of them. 

8. Haying giyen the three sides of a triangle^ to find 
the angles. 

4. Haying giyen the three angles of a triangle, to find 
the sides. 

6. Haying giyen two sides and the included angle. 

6. Haying giyen two angles and the included side. 

CASE L 

Given two sides, and an angle opposite one of them^ to Jbtd 

the remaining parts. 

19. For this case, we employ proportions (8); 

sin a : sin & : : sin J. : sin j5L 

JSx, 1. Giyen the side a = 
44^ 13' 45", 5 = 84^ 14' 29", 
* and the angle A = 82^ 26' 07" : 
required the remaining parts. 

To find the angle B. 

sin a 44^ 13' 45" ar. comp. log. 0.156437 

: sin b 84° 14' 29" .... 9.997803 

: : sin A 82*^ 26' 07" .... 9.729445 

: sin 5 49° 54' 88", or sin B 130° 5' 22" 9.883685 

Since the sine of an arc is the same as the sine of its 
supplement, there are two angles corresponding to the 
logarithmic sine 9.883685, and these angles are supple- 
ments of each other. It does not follow, howeyer, that 
both of them will satisfy all the other conditions of the 
question. If they do, there will be two triangles ACB\ 
ACB\ if not, there will be but one. 
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To determine the circumBtances under which this ambi* 
gaily arises, we will consider the 2d of equations (1) 

cos b = cos a cos c + sin a sin c cos B^ 

from which we obtain, 

^ cos 6 — cos a cos e 

QOSB = : : • 

sin a sin c 
NoW| if cos b be greatier than cos a, we shall have, 

cos b > cos a cos' c, 

or, the sign of the second member of the equation will 
depend on that of cos b. Hence, cos B and cos b will have 
the same sign, or B and b will be of the same speciesi 
and there will be but one triangle. 

But when cos b > cos a, then sin i < sin a : hence, 

If the sine of the side cppasite the required angle be less tha»i 
the si7ie of t/ie ot/ier given side^ iliere vnU be bui one triangle. 
If, however, sin b > sin a, the cos b will be less than 
cos a, and it is plain that such a value may then be given 
to c, as to render 

cos b < cos a cos c, 

or, the sign of the second member may be made to depend 
on cose. 

We can therefore give such values to c as to satisfy the 
two equations, 

cos b — cos a cos c 



+ cos -B= 



— cos J3 = 



sin a sin c 

cos b — cos a cos c 
sin a sin c 



hence, if tfie sine of the side opposite the reqtnred angle U 
greater titan the sine of the other given sidcy tkert wili be two 
triangles which wili Julfil the given conditions. 

Let us, however, consider the triangle ACB^ in which 
we are yet to find the base AB and the angle CL We can 
find these parts by dividing the triangle into two rights 
angled triangles. Draw the arc CD perpendicular to tho 
base AB : then, in each of the triangles there will be given 
the hy()othenuse and the angle at the base. And generallyi 
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when it is proposed to solve an oblique-angled triangle by 
means of the right-angled triangle, we must so draw the 
perpendicular, that it shall pass Hiraugh the extremity of a 
given side^ and lie opposite to a given angle. 

To find the angle C, in the triangle ACD. 

cot A 82** 26' 07" ar. comp. log. 9.803105 

: B 10.000000 • 

: : cos b 84° 14' 29" .... 9.001465 

: cot^CZ)86° 2r 06". . . . 8.804570 

To find the angle C in the triangle DCB. 

cot B 49° 54' 88" ar. comp. log. 0.074810 
B . . . . . . 10.000000 

: : cos a 44° 18' 45" .... 9.855250 

: cot DCB^r 85' 88". . . . 9>98006Q 

Hence, ACB =^ 135° 56' 44". 

To find the side AB. 

sin A 82° 26' 07" ar. comp. log. 0.270555 

: sin (7 135° 56' 44" . . . . 9.842198 

: : sin a 44° 13' 45" .... 9.8 43568 

: sin c 115° 16' 12" . . . . ' 9.956816 

The arc 64° 48' 48", which corresponds to sin c is nd 
the value of the side AB\ for th^ side AB must be 
greater than 6, since it lies opposite to a greater angle. 
But h = 84° 14' 29" : hence, the side AB must be the 
aupploment of 64° 43' 48", or, 115^ 16' 12 ". 

Ex, 2. Given J = 91^ 03' 25", a = 40° 36' S7", and 
A = 35° 57' 15": required the remaining parts, when ths 
obtuse angle B is taken. 

B = 115° 35' 41" 

AnsAO-=^ 58° 30' 57" 

c = 70° 58' 52" 



SPHBEIOAL TRIGONOMETRY. Ml- 

CASE IL 

given two angles and a side opposite one of them^ 
Jind the remaining parts. 

20. For this case, we employ the propoitions (8). 

sin il : sin £ :: sin a : sin 6. 

Ex. 1. In a spherical triangle ABC^ 
there are given the angle A = 50'' 12', 
£ = 58* 8', and the side a = 62^ 42' ; ^^s 
to find the remaining parts. £r 

To find the side ft. 

sin A 50^ 12' ar. comp. log. 0.114478 

: sin 5 58^ 08' 9.929050 

sin a 62^ 42' 9.948716 







: sin b 79^ 12' 10", or, 100* 47' 50" 9.992248 

' We see here, as in the last example, that there are two 
angles corresponding to the 4th term of the proportion, and 
these angles are supplements of each other, since thej have 
the same sine. It does not follow, however, that both of 
them will satisfy all the conditions of the question. If 
they do, there will be two triangles; if not there will be 
but one. 

To determine when there are two triangles, and also 
when there is but one, let us consider the second of equi^ 
tions (2), 

cos B =i sia A sin C cos ft — cos A cos Q 

, . , . , cos B + cos A cos C 

which ffives, cos ft = . — . — . — >• • 

^ ^ sm -A sm C 

Now, if cos B be greater than cos A^ we shall have, 

COB B > cos A COB CL 

and hence, the sign of the second member of the equi^ 
tion will depend on that of cos B^ and consequently cos ft 
and cos B will have the same algebraic sign, or ft and B 
will be of the same species. But when cos B > cos A the 
dn £ < sin ^ : hence, 

ff the sine of the angle opposite the required sidi' be few 
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Aan the sine of the other given angle^ Hiere muHl be but am 
whUion. 

If, however, sin B > sin -4, the cos B will be less than 
cos Af and it is plain that such a value may then be given 
tc cos 6][ as to render 

cos B < cos A cos Cf 

or, the sign of the second member of the equation maj 
be made to dej)end on cos C. We can therefore give such 
Talues to £7 as to satisfy the two equations, 

cos B + cos A cos C 



+ cos 6 = 



and — cos 4 = 



sin A sin C 

cos B + cos A cos C 

sin A ain C 



Hence, if the sine of the angle opposite the reqaired side 
be greaier than the sine of the other given angkj there miU b$ 
two solutums. 

Let us first suppose the side b to be less than 90°, or, 
equal to 79° 12' 10". 

If, now, we let fall from the angle Cj a perpendicular 
on the base BAy the triangle wil be divided into two right- 
angled triangles, in each of which there will be two parti 
known besides the right angle. 

Calculating the parts by Napier's rules, we find, 

C = 130^ 54' 28" 
c = 119° 03' 26" 

If we take the side ft = 100° 47' 50", we shall find, 

C = 156° 15' 06" 
c =:= 152° 14' 18'- 

Ex. 2. In a spherical triangle ABG^ there are given 
il = 103° 59' 57'-, B = 46° 18' 07", and a = 42° 08' 48"; 
required the remaining parts. 

There will be but one triangle, since sin J8 < sin A 

6 = 80° 
^n5.-((7=86° 07' 54" 
c = 24° 03' 66'^ 
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CASE ni. 

Having given the three sides of a spherical triangle^ to find ike 

angles. 

21. For this case we use equations (4). 

cos M = liJ^Jt^M^l 

" sin sin c 

Mc 1. In an oblique-angled spherical triangle, there ate 
g^ven a - 56" 40', 6 = 83° 13', and c = 114" 30' : requir- 
ed the angles. 

J(o + 6 + c) = J fi = 127° 11' 80", 
i(6 + c - a) = (Js - o) = 70° 31' 80". 

log sin J s 127° 11' 30" . . . 0.901250 

log sin (is - a) 70° 31' 30" . . . 9.974418 

— log sin b 83° 13' ar. comp. 0.003061 

- log sin 114° 30' ar. comp. 0.040977 

Sum 19.919691 

Half sum = log cos M 24° 15' 39" . . 9.959846 

Hence, angle Jl = 48° 81' 18". 

The addition of twice the logarithm of radius, or 2(\ 
to the numerator of the quantity under the radical, just 
cancels the 20 which is to be subtracted on account of the 
arithmetical complements, so that the 20, in both caaei^ 
may be omitted. 

Applying the same formulas to the angles B and 0, we 
find, 

J?=: 62° 55' 46" 

C = 1?5° 19' 02" 

iSr 2. In a spherical triangle there are given a = 40* 

18' 29", h = 67° 14' 28", and c = 89° 47' 06" : required 

the three angles. 

^ = 84° 22' 16" 

Ana, iB^ 53° 85' 16" 

= 119° 18' 82" 
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CASK lY. 

Having given the three angles of a spherical triangle, to find 

the t/iree sides. 

22. For this case we employ equations (9). 

» sin J9 sin C 

Ex. 1. In a spherical triangle ABG there are given 
A = 48° 30', B = 125° 20', and C = 62° 64' ; required the 
■ides. 

^{A + B+ C^iS= 118° 22' 
{\S-A) . . = 69° 52' 
iiS-B) . . = - 6° 58' 
{^S- C) . . «= 65° 28' 
log cos i^S-B)- 6° 58' . . 9.996782 

log cos (J /S- (7) 55° 28' . . 9.763495 

- log sin B 12p° 20' ar. comp. 0.088415 

- log sin 62° 54' ar. comp. 0.050606 

Sum 19.889198 

Half sum = log cos ia 28° 19* 48" . 9.944599 

Eence, side a = 66° 89' 86". 

In a similar manner we find, 

b = 114° 29' 58" 
c = 88° 12' 06" 

Ex. 2. In a spherical triangle ABC, there are given 

A = 109° 55' 42", B= 116° 38' 83 ", and C= 120° 43' 87"; 

required the three sides. 

( a = 98° 21' 40" 

Afu.\h= 109° 50' 22" 

( c = 115° IS' 26" 

CASK Y. 

Having given in a spherical triangle, two aides and iheir wr 
eltided angle, to find Ae remaining parts, 

28. For this case we employ the two first of" Napier's 
Analogies. 
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cos t(a + 6) : cos i(o - 6) : : cot i C : tang i{A + B\ 
sini{a + b) : sin |(a — J) : : cot i C : tang i{A — By 

Having found the half sum and the half difference of 
the angles A and J9, the angles themselves become known, 
for, the greater angle is equal to the half sum plus the 
half difference, and the lesser is equal to the half sum 
minus thd half diiference. 

The greater angle is then to be placed opposite the 
greater side. The remaining side of the triangle can be 
found by Case IL 

Mc. 1. In a spherical triangle ABC^ there are given 
a = 68^ 46' 02", b = 37^ 10', and (7= 89^ 23'; to find 
the remaining parts. 

i(o + i) = 52° 58' 1", i{a - 6)= Id"" 48' 01", i<7= 19° 41' 30". 

cos i (a + 6) 52'' 58', 01" log. ar. comp. 0.220205 

: cos i (a - 6) 15° 48' 01" • . . 9.983272 

:: cot iO 19* 41' 30" • . , 10.446253 

: tang i{A + B) 77° 22' 25" . . . 10.649780 

sin i(a + b) 52° 58' 01" log. ar. comp. 0.097840 

: sin i(a-6) 15° 48' 01" . . . 9.435023 

: : cot i (7 . 19° 41' 80" • . • 10.446258 

: tang i{A-B) 43° 37' 21" . . . 9.979116 

Hence, A = 77° 22' 25" + 43° 37' 21" = 120° 59' 47" 
B = 77° 22' 25" - 43° 87' 21" = 33° 45* 03" 



= 43° 37' 37" 



JEr. 2. In a spherical triangle ABQ there are given 
6 = 88° 19' 42", c = 23° 27' 46" ; the contained angle 
A = 20° 89' 48" : to find the remaining parts. 

( B = 156° 80 16" 
Ans. -j C= 9° 11' 48" . 
( a = 61° 82' 12" 

CASK VI. 

lit a spherical triangle^ having given two angles and the in- 
duded side^ to find the remaining parts. 

24. For this case, we employ the second of Napier^a 
Analogies. 
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COB J (^1 + B) : cos I {A ^ B) : : tang \ c : tang ^(a 4- h\ 
mi\{A + B) : sin \{A^ B) : : tang ^ c : tang J(a — 6). 

From which a and b are found as in the lafit case. The 
remaining angle can then be founfi bj Case L 

Ex, 1. In a spherie4il triangle ABCy there are given 
A = 81° 88' 20", B = 70° 09' 88", c = 59° 16' 28" : to 
find the remaining parts. 

J(J.+j8)=75° 53' 59", ^(^-5)=5° 44' 21", ic=29° 88' 11'. 

cos \{A+B) 75° 58' 59" log. ar. comp. 0.613287 
: cos \{A- B) 5° 44' 21" . . . 9.997818 
tang Ic 29° 88' 11" . • . 9.755051 






: tang i (a + J) 66° 42' 52" . . . 10.366156 

sin \{A+ B) 15" 58' 59" log. ar. comp. 0.013286 

: Bin \Ia - B) 5" 14' 21" . . . 9.000000 

:: tang 5 c 29° 88' U" . . . 9.755051 

: tang \{a - b) 8° 21' 25" . . . 8.768887 

Hence, a = 66° 42' 52" + 8° 21' 25" = 70° 04' 17" 
h = 66° 42' 52" - 3° 21' 25" = 68° 21' 27" 
angle C . . . . = 64° 46' 88" 

Mc. 2. In a spherical triangle ABC^ there are girea 
A = 34° 15' 08", 5 = 42° 15 18", and c = 76° 85' 86" : 
to find the remaining parts. 

a - 40° 00' 10" 

.Ana. •! 6 = 50° 10' 80" 

C= 121° 86' 19" 



\ 



MENSUIiATION OF SURFACES. 



1. We determine the area, or contents of a surface, by 
finding how many times the given surface contains some 
other surface which is assumed as the unit of measure. 
Thus, when we say that a square yard contains 9 square 
feet, we should understand that one square foot is taken for 
the unit of measure, and that 'this unit is contained 9 times 
m the square yard. 

2. The most convenient unit of measure for a surface^ 
Is a square whose side is the linear unit in which the linear 
dimensions of the figure are estimated. Thus, if the linear 
dimensions are feet, it will be most convenient to express 
the area in square feet ; if the linear dimensions are yards, 
ft will be most convenient to express the area in square 
yards, &c. 

3. We have already seen (b, iv., p. 4, s. 2), that the term, 
rectangle or product of two lines, designates the rectangle 
constructed on the lines as sides; and that the numerical 
value of this product expresses the number of times which 
the rectangle contains its unit of measure. 

4. To find the area of a square, a rectangle, or a parallel- 



ogram. 



Multiply the base by the altitude^ and ike product wiU be the 

area (b. iv., P. 5). 

Ux. 1. To find the area of a parallelogram, the base 
being 12.25, and the altitude 8.5. Ans. 104.125. 

2. What is the area of a square whose side is 204.8 
feet ? Arts. 41788.49 sq. ft. 

8. What are the contents, in square yards, of a rectan* 
gle whose base is 66.8 feet, and altitude 88.8 feet? 

Ans. 245.81. 
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4L To find the area of a rectangular board, whose 
length is 12 J feet, and breadth 9 inches. Arts, 9f sq. ft. 

6. To find the number of square yards of painting in 
a parallelogram, whose base is' 87 feet, and altitude 5 feet 
8 inches. Ans, 21 p^^. 

5. To find the area of a triangle. 

CASE I. 

When the base and altitude are given. 

Multiply the hose by the altitiule, and take half the product. 
Or, multiply one of tliese dimensions by lialf the other 
(b. IV., P. 6). 

Ex. 1. To find the area of a triangle, whose base is 625, 
and altitude 520 feet. Ans. 162500 sq. ft 

2. To find the number of square yards in a triangle, 
whose base is 40, and altitude 30 feet. Ans. 66f. 

3. To find the number of square yards in a triangle^ 
whose base is 49, and altitude 25^ feet. Ans. 68.7361. 

CASE II. 

6. When two sides and their included angle are given. 

Add together the logarithms of the two sides and the logarith- 
mic sine of their included angle; from this sum svhtrad 
the logarithm of the radius, which is 10, and the remmnder 
will be the logarithm of double the area of the triangle. 
Find, from the table, the number answering to this logarithru^ 
and divide it by 2; Hie quotient will be the required area. 

Let BAC be a triangle, in which 
there are given BA, BC, and the in- 
cluded angle B. 

From the vertex A draw AD per- 
pendicular to the base BC, and repre- ^ 
gent the area of th« triangle by Q. Then (Trig. Tk I.), 

B : BiaB :: BA : AD; 

, , ^ BA X sin B 
hence, AJJ = „ . 

^ BCX AD ,.^ ^. 
But, Q= o (Art 5): 




Then, log. 2Q = 
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henoe, hj substitating for AD its value, we hare, 

- BOX BAx sin B „^ BO X BA X sin B 
«= 2ji or, 2g = ^ 

Taking the logaritlims of both members, we have, 
log, 2Q = log.BC + log. BA + log. sin 5 - log B\ 
the formula of the rule as enunciated. 

Eoc, 1. What i3 the area of a triangle whose sides aro^ 
BC = 125.81, BA = 57.65, and the included angle B =s 
67^ 25'? 

' + log. BO 125.81 2.099715 
+ log. BA 57.65 1.760799 
+ log. sin B 57^ 25' 9.925626 
- log. B . . -10^ 

log. 2 C . . . • • 8.786140 

and 2Q— 6111.4, or Q = 8055.7, the required area. 

2. What is the area of a triangle whose sides are 80 
and 40, and their included angle 28"" 57' ? 

Ans. 290.427, 

8. What is th'e number of square yards in a triangle 
of which the sides are 25 feet and 21.25 feet, and their 
included angle 45"" ? Ans. 20.8694. 

CASE m. 

7. Wlien the three sides are known. 

1. Add the three sides togetlier^ and take half tlieir sum. 

2. From this halfsum subtract each side separately. 

8 Multiply together Hie half-sum and each of the three rt 
mainders^ and the product toiU be the square of the area 
of the triangle, Theriy extract the square root of this pro- 
duct^ for tJie required area. 

Or, AJier having detained the three remainders, add together 
the logarithm of the half-sum and the logarithms of Ae 
respective remainders^ and divide their sum by 2: the qunh 
tient wiU be the logarithm of the area. 
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Let ACB be a triangle: and denote 
the area by Q : then, by the last case, 
we have, 

^ = ^Jc X sin A 
Bat, we have (Plane Trig., Art. 78), 

sin J. = 2 sin \ A cos \A ; 
hence, ^ = 6c sin ^A cos ^A. - 

By substituting in this equation th6 values of sin J^, and 
cos i^, found in Arts. 92 and 93, Plane Trigonometry, we 
obtain, 

Q = V 5 (a- a) (5- J) («- c). 

Ex, 1. To find the area of a triangle whose three sides 
20, SO, and 40. 

20 45 45 45 half-sunu 

80 20 80 40 

40 25 1st rem. 15 2d rem. _5 8d rem 

2)90 

45 half-sum. 

Then, 45 X 25 X 15 X 5 = 84875. 

The square root of which is 290.4737, the required area, 

2. How many square yards of plastering are there in a 
triangle whose sides are 30, 40, and 50 feet ? Ans. 66|. 

8. To find the area of a trapezoid. 

Add together the two parallel sides: then multiply their sum ij 
tJie altitude of Hie trapezoid^ and half the product will be 
the required area (b. IV., P. 7). 

Ex, 1. In a trapezoid the parallel sides are 750 and 
1225, and the perpendicular distance between them is 1540; 
what is the area ? Ans. 152075. 

2. How many square feet are contained in a plank, 
whose length is 12 feet 6 inches, the breadth at the greater 
end 15 inches, and at the less end 11 inches? 

Ans. 18if sq. ft. 

8. How many square yards are there in a trapezoid, 
whose parallel sides are 240 feet, 320 feet, and altitude 66 
feet? Au 20531. 
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9. To find the area of a quadrilateral. 

Join two of the angles by a diagonal, dividing the quadrilateral 
into tiw triangles. Then, from each of the oilier angles 
let fall a perpendicular on the diagonal: tlien multiply the 
diagonal by half the sum of Vie two perpendiculars, and 
the product will be the area. 

Ex. 1. What is the area of the 
quadrilateral ABCD, the diagonal 
AC being 42, and the perpendic- 
ulars Dg, Bb, equal to 18 and 16 feet ? 

Ans. 714. 

2. How many square yards of paving are there' in the 
quadrilateral whose diagonal is 66 feet, and the two per* 
pendiculars let fall on it 28 and 33^ feet? Ans. 222^^ 

10. To find the area of an irregular polygon. 

Draw diagonals dividing Hie proposed polygon into trapezoids 
and triangles. Then find Hie areas of these figures sepa* 
rately, and add tliem together for the contents of the whole 
polygon. 

Ex. 1. Let it be required to deter- 
mine the contents of the polygon 
ABODE, having five sides. 

Let us suppose that we have 
measured the diagonals and perpen- 
diculars, and found AC ^ 36.21, 

EC = 39.11, Bb ^4:, Dd^ 7.26, Aa = 4.18 : required the 
area. * Ans. 296.1292. 

11. To find the area of a long and irregular figure, 
bounded on one side by a right line. 

1. At the exti^emities of Hie right line measure the perpendicU" 
lar breadths of the figure; then divide the line iiito any 
number of equal parts, and measure the breadth at each 
point of division. 

2. Add together the intermediate breadtJis a'nd half the sum of 
the extreme ones: tlien multiply Hiis sum by one of the 
equal parts of the base line : the product will be the require 
ed area, very nearly. 




852 MENSURATION OF SURFACES. 

Let AEea be an irregular figure, 
haying for its base the right line ?- 

AE, Divide AE into equal parts, ._ =^^- — 

and at the points of division -4, -B, 

C7, D^ and E, erect the perpendiculars -4a, J5J, Cb, Z^d, JS5^ 
Id the base line AE^ and designate them respectively by 
the letters a, J, c, d, and e. 

m 

Then, the area of the trapezoid ABba = — ^ — X AB^ 

b + c 
the area of the trapezoid BCcb = — ^ — X BO^ 

c + d 
the area of the trapezoid CDdc^ — ^ — X CD, 

and the. area of the trapezoid DEed = — ^ — X DE\ 
hence, their sum, or the area of the whole figure, is equal to 

since AB^ BC, &c., are equal to each other. But this sum 
is also equal to' 

(-| + 6 + c + d + y) X -45, 

which corresponds with the enunciation of the rule. 

Ex, 1. The breadths of an irregular figure at five equi- 
distant places being 8.2, 7.4, 9.2, 10.2, and 8.6, and the 
length of the base 40: required the area. 

8.2 4)40 

8.6 10 one of the equal parts. 

2 )16.8 

8.4 mean of the extremes. 

7.4 85.2 sum. 

9.2 _10 

10.2 352 = area. 

85.2 sum. 

2. The length of an irregular figure being 84, and the 
breadths at six equidistant places 17.4, 20.6, 14.2, 16.5, 20.1. 
•md 24.4; what is the area? Ans. 1550.64. 
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12. To find the area of a regular polygon. 

tfuUiply half tfie perimeter of the polygon by the apothen^ 
or perpendicular let fall from the centre on one of Hie sideB^ 
and the product mill he the area required (b. v., p. 8). 

Remark I. — ^The follo:^ang is the manner of determining 
the perpendicular when one side and the number of sides 
of the regular polygon are known: 

First, divide 860 degrees by the number of sides of 
the polygon, and the quotient will be the angle at the 
centre ; that is, the angle subtended by one of the equal ^ 
Aides. Divide this angle by 2, and half the angle at the 
centre will then be known. 

Now, the line drawn from the centre to an angle of the 
polygon, the perpendicular let fall on one of the equal 
tfides, and half this side, form a right-angled triangle, in 
which there are known the base, which is half the side of 
the polygon, and the angle at the vertex. Hence, the per- 
pendicular can be determined. 

J2c. 1. To find the area of a reg- 
ular hexagon, whose sides are 20 feet 
each. 

6)860^ 

60® = AOB, the angle at the centre. 
80® = A CD, half the angle at centre. 

Also, CAD = 90® - ^CD= 60®; 
and, AD = 10. 

Then, sin ^ CO . 80® 
: sin CAD . 60®, 
:: AD . . 10, 

: CD . 17.8205 




, ar. comp. 



0.801080 
9.937631 
1.000000 

1.238561 



Perimeter = 120, and half the perimeter = 60. 
Then, 60 X 17.8205 = 1089.23, the area. 

2. What is the area of an octagon whose side is 20? 

Ans. 1981.86886. 

Remark n. — ^The area of a regular polygon of any 
number of sides is easily calculated by the above rula 

23 
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Let the areas of the regular polygons whose sides are unity 
or 1, be calculated and arranged in the following 

TABLE. 



VIXBB, 


8IDEB. 


ABEAS. 


NAMES. 


SIDES. 


ABEAS. 


Triangle . 


. 8 . . 


0.4380127 


Octagon . 


. 8 . 


4.8284271 


Square 


. 4 . . 


1.0000000 


Nonagon . 


. 9 . 


6.1818242 


Pentagon . 


. 5 . . 


1.7204774 


Decagon . 


.10 . 


7.6942088 


Hexagon . 


. « . . 


2.6980762 


Undecagon 


.11 . 


9.3666899 


Heptagon 


. 7 . . 


8.6839124 


Dodecagon 


.12 . 


11.1961624 



Now, since the areas of similar polygons are to e$wi 
other as the squares of their homologous sides (b. iv., p. 27), 
we have, 

1 : any side squared :: tabular area : area. 
Hence, to find the area of any regular polygon, 

1. Sqtmre the side of the polygon. 

2. Then mvMply that square by the tabular area set opposite 
iJie polygon of the same number of sides, and iJie produd 
will he the required area. . 

J5r. 1. What is the area of a regular hexagon whoBi 
side is 207 

20* = 400, tabular area = 2.5980762. 
Hence, 2.6980762 X 400 = 1089.2804800, as before. 

2. To find the area of a pentagon whose side is 25. 

Ans. 1075.298375. 

8. To find the area of a decagon whose side is 20. 

Ans. 8077.68352. 

18. To find the circumference of a circle when the diame- 
ter is given, or the diameter when the circumference is 
given. 

Multiply the diameter by 8.1416, and the product vnll be the 
circumference; or^ divide the circumference by 8.1416, a/nd 
the quotient will be the diameter. 

It is shown (b. v., p. 16, s. 1), that the circumference of 
a circle whose diameter is 1, is 8.1415926, or 3.1416. But> 
wnce the circumferences of circles are to each other as tbeiT 
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radii or diameters, we have, by calling the diameter of the 
second circle d^ 

1 : d' : : 8.1416 : circumference, 

hence, d X 8.1416 = circumference. 

•, , , circumference 
Jlence, also, d = sjjjg 

Kc. 1. What is the circumference of a circle whoso 
diameter ia 25? Am, 78.64. 

2. If the diameter of the earth is 7921 miles, what ia 
the circumference? • Ans. 24884.6186. 

8. What is the diameter of a circle whose circumfer 
ence is 11662.1904? Ans. 8709. 

4. What is the diameter of a circle whose ciroumfe^ 
cnce is 6860? Ans. 2180.4L 

14. To find ,the length of an arc of a circle containing any 

number of degrees. 

Multiply the number of degrees in the given arc by 0.0087266, 
and the product by the diameter of the circle. 

Since the circumference of a circle "whose diameter is 1, 
is 3.1416, it follows, that if 8.1416 be divided by 860 
degrees, the quotient will be the length of. an arc of 1 

degree : that is, —oTij^p- = 0.0087266 = arc of one degree 

to the diameter 1. This being multiplied by the numbei 
of degrees in an arc, the product will be the length of 
that arc in the circle whose diameter is 1; and this pro- 
duct being then multiplied by the diameter, the product is 
the length of the arc for any diameter whatever. 

Rem ARK. — When the arc contains degrees and minuteSi 
reduce the minutes to the decimal of a degree, which is 
done by dividing them by 60. 

Ex. 1. To find the length of an arc of 30 degrees, the 
diameter being 18 feet Ans. 4.712364. 

2. To find the length of an arc of 12^ 10' or 12^^, the 
diameter being 20 feet Ans. 2.123472. 

8. What is the length of an arc of 10** 16', or lOJ**, in 
a circle whose diameter is 68 ? Ans. 6.082896 
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15. To find the area of a circle. 

1. Multiply ike circumfererice by half the, radius (b. v., p. 15). 

Or, 2. MuUiply the square of the radius by 8.1416 (B. v., P. 
16). 

J5c. 1. To find the area of a circle whose diameter is 
10, and circumference 81.416. Ans. 78.54. 

2. Find the area of a circle whose diameter is 7, and 
circumference 21.9912. Ans. 88.4846. 

3. How many square yards in a circle whose diameter 
k 8i feet? Ans, 1.069016. 

4. What is the area of a circle whose circumference is 
12 feet? Ans. 11.4591. 

16. To find the area of a sector of a circle. 

1. Multiply the arc of the sector by half the radius (b. v., P. 
15, C). 

Or, 2. Compute the area of the whole circle: then say^ as 360 
degrees is to the degrees in the arc of the sector^ so is the 
area of Hie whole circle to the area of the sector. 

Ex. 1. To find the area of a circular sector whose aro 
contains 18 degrees, the diameter of the circle being 8 feet. 

Ans. 0.85343. 

2. To find the area of a sector whose arc is 20 fee^ 
ihe radius being 10. Ans. 100. 

3. Required the area of a sector whose arc is 147** 29*1 
and radius 25 feet Ans. 804.3986. 

17. To find the area of a segment of a circle. 

L Find the area of the sector having the sarm arc, by the laai 
problem. 

S. Find the area of the triangle formed by the chord <f ih$ 
segment and the two radii of the sector. 

t. T?ien add these two together for the answer when the aeg^ 
ment is greater than a semicircle^ and subtract the triangle 
from the sector when it is less. 
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Ex. 1. To find the area of the seg- 
ment ACB, its chord AB being 12, 
and the radius JEA, 10 feet 

EA 10 ar. comp. 9.000000 

: AD 6 . . 0.778151 

:: sinjD 90^ . . 10.000000 

: sin ASD 86^ 62^ = 86.87 9.778161 

2 

78.74 = the degrees in the arc AC& 

Then, 0.0087266 X 78.74 X 20 = 12.87 = arc ABO nearly. 

6 

64.85 = area^^CR 

Again, V EA^ - AJJ^ = V 100 -86 = -/W = 8 = iKD 

and, 6 X 8 = 48 = the area of the triangle EAB. 
Hence, sect. EACB - EAB = 64.86 - 48 = 16.85 =^ ACR 

2. Find the area of the segment whose height is 18, 
the diameter of the circle being 50. Ans, 686.4884. 

8. Required the area of the segment whose chord is 
16, the diameter being 20. Ans. 44.764. 

18. To find the area of a circular ring: that is, the area 
included between the circumferences of two circles which 
have a common centre. 

Ihke the difference between the areas of the two circles. 
Dr, subtract the square of the less radius from the square of the 
greaier^ and multiply the remainder by 8.1416. 

For the area of the larger is . • • i2 f, 
and of the smaller . .... t^^. 

9 

Their difference, or the area of the ring, is (/2 — r*)*. 

Ex. 1. The diameters of two concentric circles being 10 
and 6, required the area of the ring contained between 
their circumferences. Ans. 60.2656. 

2. What is the area of the ring when the diameters 
of the circles are 10 and 20? Ans. 285.62. 
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1. The mensaration of solids is divided into two parta j 
First The mensuration of their surfaces; and, 
Second. The mensuration of their solidities. 

2. We have already seen, that the unit of measure for 
plane surfaces is a square whose side is the unit of length. 

A curved line which is expressed by numbers is also 
referred to a unit of length, and its numerical value is the 
number of times which the line contains its unit. If then^ 
we suppose the linear unit to be reduced to a right line, 
and a square constructed on this line, this square will be 
the unit of measure for curved surfeces. 

8, The unit of solidity is a cube, the face of which is 
equal to the superficial unit in which the surface of the 
solid is estimated, and the edge is equal to the linear unit 
in which the linear dimensions ot the solid are expressed 
(b. vil, p. 18, s. 1). 

Tae following is a table of solid measures: 
1728 cubic inches = 1 cubic foot. 
27 cubic feet = 1 cubic yard. 
44921- cubic feet = 1 cubic rod. 

OP POLYEDRONS, OR, SURFACES BOUNDED BY PLANES. 

4. To find the surface of a right prism. 

Multiply the perimeter of the base hy the altitude^ and the pro* 
duct tvilt be the convex surjhce (b. Vli., P. 1). To this add 
the area of the tiuo bases, when the entire surfojce is required, 

Ex. 1. To find the surface of a cube, the length of 
each side being 20 feet. Ans. 2400 sq. ft 

2. To find the whole surface of a triangular prism, 
whose base is an equilateral triangle, having each of its 
sides equal to 18 inches, and altitude 20 feet. 

Ans. 91.949. 
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8. What must be paid for lining a rectangular cistern 
^ith lea<1, at 2d a pound, the thickness of the lead being 
Buch as to require 7lbs. for each square foot of surface; 
the innrr dimensions of the cistern being as follows, via: 
the length 8 ftet 2 inches, the breadth 2 feet 8 inches, and 
the depth % feet 6 inches 7 Aris. 21 Ss. 10|<i 

5. To find the surface of a right pyramid. 

Multiply the perimeter of the base by half the slatit Jietghtj and 
tfie product will be the convex surface (B. VII., P. 4) : to thia 
add the area of the base, when the entire surface is required, 

Ex. 1. To find the convex surface of a right trian- 
gular pyramid, the slant height being 20 feet, and each 
side of the base 8 feet, Ans. 90 sq. fi. 

2. What is the entire surface of a right pyramid, 
whose slant height is 16 feet, and the base a pentagon, of 
which each side is 25 feet? Ans. 2012.798. 

6. To find the convex surface of the frustum of a right 

pyramid, 

Multiply the half sum of the perimeters of the two bases by Am 
slant height of the frustum^ and tfie product will be the con* 
vex surface (b. VII., P. 4, c.) 

Ex. 1. How many square feet are there in the convex 
surface of the frustum of a square pyramid, whose slant 
height is 10 feet, each side of the lower base 8 feet 4 
inches, and each side of the upper base 2 feet 2 inches? 

Ans. 110 sq. ft 

2. What is the convex surface of the frustum of an 
heptagonal pyramid whose slant height is 55 feet, each side 
of the lower base 8 feet, and each <«ide of the upper baoe 
4 feet ? Ans. 2810 «7. ft. 

7. To find the solidity of a prism. 

L Find the area of the base. 

% MuUiply the area of the base by the altitude^ mid the pro 
dvct will be the solidity of the prism (b. VII., P. XIV). 

Ex. 1. What are the solid contents of a cube whose 
nde is 24 inches ? Ans. 18824. 
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2. How many cubic feet in a block of marble, of which 
the length is 3 feet 2 inches, breadth 2 feet 8 inches, and 
height or thickness 2 feet 6 inches? Ans, 2\\. 

S. How many gallons of water, ale measure, will a 
cistern contain, whose dimensions are the iglme as in the 
hsX example? Ajj^. 129|^. 

4. Required the solidity of a triangular prism, whose 
height is 10 feet, and the three sides of its triangular base 
8, 4, and 5 feet. An$. 60. 

8. To find the solidity of a pyramid. 

Multiply the area of the hose by one-third of the aJtitvde, and 
the product vnll he the solidity (b. VII., P. 17). 

JSx. 1. Required the solidity of a square pyramid, each 
lude of its base being 80, and the altitude 25. 

Ans. 7500. 

2. To find the solidity of a triangular pyramid, whoso 
altitude is 80, and each side of the base 3 feet. 

Ans. 88.9711. 

8. To find the solidity of a triangular pyramid, its alti- 
tude being 14 feet 6 inches, and the three sides of its base 
6, 6, and 7 feet Ans. 71.0352. 

4. What is the solidity of a pentagonal pyramid, its 
altitude being 12 feet, and each side of its base 2 feet? 

Ans. 27.5276. 

5. What is the solidity of an hexagonal pyramid, whose 
altitude is 6.4 feet, and each side of its base 6 inches? 

Ans. 1.88564. 

9. To find the solidity of the frustum of a pyramid. 

Add together the areas of the tvx> hoses of the frustum^ and a 
mean proportional between them, and then multiply the sum 
by one-third of the altitude (b. VII., P. 18). 

Ex. 1. To find the number of solid feet in a piece of 
timber, whose bases are squares, each side of the lower 
base being 15 inches, and each side of the upper base 
6 inches the altitude being 24 feet. Ans. 19.S. 
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2. Required the solidity of a pentagonal frustum, whose 
altitude is 5 feet, each side of the lower base 18 inches, 
and each side of the upper ba^e 6 inches. 

Ans. 9.81926. 




H 




DEFIiriTIONa 

10- A Wedge is a solid bbund- 
6d by five planes : viz,, a rectangle, 
ABGD^ called the base of the wedge ; 
two trapezoids ABHQ, DCHG, which 
are called the sides of the wedge, 
and which intersect each other in 
the edge 0H\ and the two triangles 
ODA^ HCBy which are called the ends of the wedge. 

When AB^ the length of the base, is equal to OII^ the 
trapezoids ABHG^ DCHO^ become parallelograms, and the 
wedge is then one-half the parallelopipedon described on the 
base ABCD^ and having the same altitude with the wedge. 

The- altitude of the wedge is the perpendicular let fidl 
from any point of the line GH^ on the base ABCD, 

11. A Rectangular Pbismoid is a solid resembling 
the frustum of a quadrangular pyramid. The upper and 
lower bases are rectangles, having their corresponding sides 
parallel, and the convex surface is made up of four trape- 
zoids. The altitude of the prismoid is the perpendicular 
distance between its bases. 



TO FIND THE SOLIDITY OF THE WEDGE. 

Let L = AB, the length of 

the base, I = GITj the length 

of the edge, b = JBCJ the breadth 

of the base, h = PG, the alti- 

ude of the wedge. 

Then, L-l^AB'-GH 
^AK 

Suppose ABj the length of 
the base, to be equal to GIT, the length of the edge, the 
solidity will then be equal to half the parallelopipedcm, 
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haying the same base and the 
same altitude (b. vii., P. 7). 
Hence, the solidity will be 
equal to ^blh (b. vii., p. 14). 

K the length of the base is 
greater than that of the edge, 
let & section MNO be made 
parallel to the end BCK I'he 
wedge will then be divided into the triangular prism 
BCII'Oj and the quadrangular pyramid O-AMNB, 

Then, the solidity of the prism 

= ^bhl ; the solidity of the pyramid = J6A (Z — Z) ; 
and their sum, 
ibhl -f ^h{L - = ibhSl + Ibh 2L - lbh2l = lbh{2L + fy 

If the length of the base is less than the length of the 
edge, the solidity of the wedge will be equal to the differ^ 
ence between the prism and pyramid, and we shall have 
for the solidity of the wedge, 

i^bhl - lbh{l - i) = ibhSl - lbh2l + \bh2L = \bh{2L + Q. 

Ex. 1. If the base of a wedge is 40 by 20 feet, the 
edge 35 feet, and the altitude 10 feet, what is the solidity? 

Ans. 3833.33. 

2. The base of a wedge being 18 feet by 9, the edge 
20 feet, and the altitude 6 feet, what is the solidity? 

Ans, 504, 

12. To find the solidity of a rectangular prismoid. 

Add togetJier the areas of the two bases and four times the 
area of a parallel section at equal distances from the bases : 
then multiply the sum by one-sixth of the aUitude. 

For, let L and B denote the length V_ 

and breadth of the lower base, I and 
b the length and breadth of the 
upper base, M and m the length 



and breadth of the section equidis- 
tant from the bases, and h the alti- 
tude of the prismoid. 

Through the diagonal edges L 
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and t let a plane be passed, and it will divide the pris- 
moid into two wedges, having for bases, the bases of the 
prismoid, and for edges the lines L and Z' = t 

The solidity of these wedges, and consequently, of tho 
prismoid, is 

\Bh{2L + + \iK^l + L)^ \h{2BL + BI + %bl + bL) 
= i h{BL + Bl + hL + bl + BL + bl). 

But since M is equally distant from L and 2^ we havCi 

2if=ii + Z, and 2m = £ + 6; 

hence, 4J/m ='(i + X (-B+ b)^BL + Bl + bL + bL 

Substituting 4i/m for its value in the preceding equa* 
tion, and we have for the solidity 

^k{BL + bl + iifm). 

Hemakc. — ^This rule may be applied to any prismoid 
whatever. For, whatever be the form of the bases, there 
may be inscribed in each the same number of rectangleSi 
and the number of these rectangles may be made so great 
that their sum in each base will differ from that base, by 
less than any assignable quantity. Now, if on these rect- 
angles, rectangular prismoids be constructed, their sum will 
differ from the given prismoid by less than any assignable 
quantity. Hence, the rule is general. 

J5r. 1. One of the bases of a rectangular prismoid ia 
25 feet by 20, the other 15 feet by 10, and the altitude 
12 feet; required the solidity. Ans, 8700. 

2. What is the solidity of a stick of hewn timber, 
whose ends are 80 inches by 27, and 24 inches by 18, its 
length being 24 feet? Ans. 102 ^ft 

OF THE MEASURES OF THE THREE ROUND BODIES. 

18. To find the surface of a cylinder. 

Multiply the circumference of the base by the altitude^ and the 
product will be the convex surface (b. Vlli., P. 1). lb thii 
add the areas of the two bases, when the entire surface %$ 
required. 
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Ex, 1. What is the convex surface of a cyKnder, tho 
diameter of whose base is 20, and whose altitude is 50? 

Am. 314L6, 

2. Required the entire surface of a cylinder, whose alti* 
tude is 20 feet, and- the diameter of its base 2 feet 

Am. 131.9472. 

14. To find the convex surface of a cone. 

Multiply the circumference of the base hy half the slant height 
(B. VIII., P. 3) : to which add the area of the hase^ when the 
entire surface is required. 

Ex. 1. Required the convex surface of a cone, whose 
slant height is 60 feet, and the diameter of its base 8^ feet? 

Am. 667.59. 

2. Required the entire surface of a cone, whose slant 
height is 36, and the diameter of its base 18 feet. 

Am. 1272.34a 

15. To find the surface of a frustum of a cone. 

Multiply the slant height of the frustum by half the sum of the 
circumferences of the two bases, for the convex surface (b. VIIL, 
P. 4) : to which add the areas of the two bases, when the entire 
surface is required. 

Ex. 1. To find the convex surface of the frustum of a 
cone, the slant height of the frustum being 12^ feet, and the 
circumferences of the bases 8.4 feet and 6 feet. Ans. 90. 

2. To find the entire surface of the frustum of a cone, 
the slant height being 16 feet, and the radii of the bases 
3 feet and 2 feet. Am. 292.1688. 

16. To find the solidity of a cylinder. 

MuMply the area of the base by the altitude (b. VIII., P. 2). 

Ex. 1. Required the solidity of a cylinder whose alti 
tu4e is 12 feet, and the diameter of its base 15 feet. 

Am. 2120.5a 

2. Required the solidity of a cylinder whose altitude in 
20 feet, and the circumference of whose base is 5 feet 6 
inches. Am. 48.144. 
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17. To find the solidity of a cone. 

JAtUiply the area of the base by the altitude, and take fm^third 

of the product (b, VIII., P. 5). 

.Ebc 1. Bequired the solidity of a cone whose altitude 
is 27 feet, and Uie diameter of the base 10 feet. 

Am. 706.86. 

2. Bequired the solidity of a cone whose altitude is 10^ 
feet» and the circumference of its base 9 feet. 

Am. 22.66. 

18. To find the solidity of a frustum of a cone. 

Add together the areas of the two bases and a mean propor^ 
tional between them, and then multiply ike sum by one-third 
of Ae altitude (b. vill., P. 6). 

JEc 1 To find the solidity of the frustum of a cone, 
the altitude being 18, the diameter of the lower base 8, 
and that of the upper base 4. Am. 527.7888. 

2. What is the solidity of the frustum of a cone, the 
altitude being 25, the circumference of the lower base 20, 
and that of the upper base 10? Ans. 464.216. 

3. If a cask which is composed of two equal conio 
frustums joined together at their larger bases, have its bung 
diameter 28 inches, the head diameter 20 inches, and the 
length 40 inches, how many gallons of wine will it cone 
tain, there being 281 cubic inches in a gallon? 

Am. 79.0613. 

19. To find the surface of a spherical zone. 

ifuUiply Uie altitude of the zone by the circumference of a great 
circle of the spliere, and the product vnll be the surface (b. 
VIII., P. 10, C. 2). 

Mc 1. The diameter of a sphere being 42 inches, whal 
IS the convex surface of a zone whose altitude is 9 inches? 

Am. 1187.5248 sq. in. 

2. If the diameter of a sphere is 12i feet, what will 
be the surface of a zsone whose altitude is 2 feet? 

Am. 78.64 aq. fi 
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20. To find the solidity of a sphere. 

1. Multiply the surfuuct hy one-third of the radius (B. viii., P. 14). 

Or, 2. Cube the diameter and multiply the number thus found 
by \'x: that is, by 0.5236 (b. vin., P. 14, s. 8). 

Bx, 1. What is the solidity of a sphere whose diam^ 
er is 12? Am. 904.7808. 

2. What is the solidity of the earth, if the mean diam 
eter be taken equal to 7918.7 miles? 

Ans. 259992792083. 

21. To find the solidity of a spherical segment 

Find Ae areas of the two bases, and mxdtiply t/ieir sum by 
half the height of the segment; to this product add the 
solidity of a sphere whose diameter is equal to the heighi 
of the segment (b. vill., P. 17). 

Bemark. — When the segment has but one base, the 
other is to be considered equal to (b. viii., d. 15). 

JSx. 1. What is the solidity of a spherical segment, the 
diameter of the sphere being 40, and the distances from 
the centre to the bases, 16 and 10? Ans. 4297.7088. 

2. What is the solidity of a spherical segment with 
one base, the diameter of the sphere being 8, and the alti- 
tude of the segment 2 feet? Ans. 41.888. 

3. What is the solidity of a spherical segment with 
one base, the diameter of the sphere being 20, and the 
altitude of the segment 9 feet? Ans. 1781.2872. 

22. To find the surface of a spherical triangle. 

1. Compute the surface of the sphere on which the triangle i» 
formed, and divide it by 8 ; tlie quotient will be die surfacd 

of the tri^ectangular triangle. 

2. Add the three angles together; from their sum subtract 180*, 

and divide the remainder by 90® : ilien multiply the trir 
rectangular triangle by this quotient, and the product wiU 
be tfie surface of the triangle (b. IX., P. 18). 

Mc, 1. Kequired the surface of a triangle described on 
a sphere, whose diameter is 80 feet, the angles being 14i>^, 
92^ and 68^ Ans. 471.24 sq. fu 
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2 Required the surface of a triangle described on a 
iipbere of 20 feet diameter, the angles being 120° each. 

Ans. 814.16 sq. Jt 

23. To find the surface of a spherical polygon. 

1 Find the tri-rectangular triangle as before, 

2 From the sum of aU the angles take the product of ttoo 
rigid angles by the number of sides less two. Divide the 
remainder by 90**, and multiply the tri-rectangular triangle 
by tfie quotient: the product will be the surface of Hie poly* 
gon (B. IX., P. 19). 

Ex, 1. What is the surface of a polygon of seven sides, 
described on a sphere whose diameter is 17 feet., tlie sum 
of the angles being 1080^ ? Ans. 228.98. 

2. What is the surface of a regular polygon of eight 
sides, described on a sphere whose diameter is 30, each 
angle of the polygon being 140®? Ans. 157.08. 

OP THE REGULAR POLYEDRONS. 

24. In determining the solidities of the regular polye* 
drons, it becomes necessary to know, for each of them, the 
angle contained between any two of the adjacent faces. 
The determination of this angle involves the following 
property of a regular polygon, viz, : 

Half Uie diagonal which joins the extremities of two adjacent 
sides of a regular polygon^ is equal to the side of Hie poly* 
gon multiplied by the cosifie of the angle whicli is obtained 
by dividing 860° by twice tJie nundfer of sides: the radim 
being equal to unity. 

For, let ABODE be any regular 
polygon. Draw the diagonal A C, and 
from the centre F^ draw FO perpen- 
dicular to AB. Draw also, AF, FB ; 
tlie latter will be perpendicular to 
the diagonal AC, and will bisect it 
at H (b. III.; p. 6, s.) 

Let tlie number of sides of the 
polygon be designated by n: then. 
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AFB = ^^ and AFG = CAB = -5— 

But, in the right-angled triangle ABH^ we have, 

AH-^ABqobA^ AB cos ^ (Trig., Th. 5). 

Bemark 1. — ^When the polygon in question is the equi- 
lateral, triangle, the diagonal becomes a side, and conse- 
quently, half the diagonal becomes half a side of the tri- 
angle. 

Remark 2. — The perpendicular BH= AB sin -^ — 



25. To determine the angle included between two adja- 
cent faces of either of the regular polyedrons, let us sup- 
pose a plane to be passed perpendicular to the axis of a 
polyedral angle, and through the vertices of the polyedral 
angles which lie adjacent. This plane will intersect the 
convex surface of the polyedron in a regular polygon ; the 
number of sides of this polygon will be equal to the 
number of planes which meet at the vertex of either of 
the polyedral angles, and each side will be a diagonal of 
one of the equal faces of the polyedron* 

Let D be the vertex of a polyedral 
angle, CD the intersection of two adja- 
cent faces, and ABC the section made 
in the convex surface of the polyedron 
by a plane perpendicular to the axis 
through D. 

Through AB let a plane be drawn ^ 
perpendicular to CD, produced, if necessary, and suppose 
AE, BE, to be the lines in which this plane intersects the 
adjacent faces. Then »will AEB be the angle included 
between the adjacent faces, and FEB will be half that 
angle which we will represent by \A. 

Then, if we represent by n the number of faces which 
meet at the vertex of the solid angle, and by m the num- 
ber of sides of each face, we shall have, from what has 
already been shown 
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86» 






2n 



and EB = BO sin 



860^ 
2m 



^Z' 



But, -pn = sin ^^i? "^^ Bin ^A, to the radius of unity ; 

360* 



cos 



hence, 



sin iA =s 



2n 



sin 



360^ 
2m 



This formula gives, for the diedral angle formed by 
any two adjacent faces of the 

Tetraedron .... 70* 31' 42" 



Hexaedron • 
Octaedron 
Dodecaedron . 
Icosaedron , 



90* 
109* 28' 18" 
116* 83' 54" 
138* 11' 23" 



Having thus found the diedral angle included between 
the adjacent faces, we can easily calculate the perpendicu- 
lar let fall from the centre of the polyedron on one of its 
fiuses, when the faces themselves are known. 

The following table shows the solidities and surfaces of 
the regular polyedrons, when the edges are equal to 1. 

jl table of regular polyedroks whose edges are 1. 



KAIOB. 


HO. or vAon, 


8VRFA0B. 


BOLmirr. 


Tetraedron 


4 . 


1.7S20508 . 


. 0.1178618 


Hexaedron 


6 . 


6.0000000 


. 1.0000000 


Octaedron 


8 . 


8.4641016 


. 0.4714045 


Dodecaedron 


, 12 . 


20.6457288 


. 7.6681189 


Icosaedron 


20 . 


8.6602540 . 


2.1816950 



• 26. To find the solidity of a regular polyedron, 

1. Multiply the surfoce by one-third of the perpendicular let faJk 
from the centre on one of the faces^ and the product vnU ie 
the solidity. 

Or, 2. Multiply the cube of one of the edges by the soUdity of 
a similar polyedron^ whose edge is 1. 

The first rule results firom the division of the polye- 
dron into as many equal pyramids as it has faces, having 

24 
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their common vertex at the centre of the polyedron. The 
second is proved by considering that two regular polyedrons 
having the same number of faces may be divided into an 
equal number of similar pyramids, and that the sum of 
the pyramids which make up one of the polyedr.vns will 
DC to the sum of the pyramids which make up the other 
polyedron, as a pyramid of the first sum to a pyramid of 
the second (b. ii., p. 10) ; that is, as the cubes of their 
homologous edges (b. vii., p. 20) ; that is, as the cubes of 
the edges of the polyedron* 

JEx. 1. What is the solidity of a tetraedron whose edgv 
is 15 ? Am. S97.75. 

2. What is the solidity of a hexaedron whose edge is 
12? Am. 1728. 

8. What is the solidity of a octaedron wh':^e edge is 
20? Am. 8771.236. 

4. What is the solidity of a dodecaedron whose edge 
is 25 ? Am. 119756.2328. 

6. What is the sohdity of an ioosaedron whose edge it 
207 Am. 17458.54 



A TABLE 



or 



LOGARITHMS OF NUMBERS 



waoiL 1 TO 10,000. 



K. 

I 

1 


Log. 


N. 
16 

11 


Log. 


N. 

5i 
5i 


Log, 


N. 

76 


Log. 

1*880814 
1 -886491 


0*000000 

o<3oio3o 


I •414973 
I*43i364 


1*701570 
I*7i6oo3 


3 


0'477»»i 


1*447158 


53 


1*714176 


1*891095 


A 


-601060 


!9 


1 *46i398 


54 


1.731394 
i*74o363 


£ 


1*897617 


5 


0*698970 


3o 


i*477«»i 


55 


1*963090 


6 


0'778i5i 
0*845098 


3i 


I*49i36l 


56 


1*748188 


81 


I * 908485 


I 


3i 


i*5o5i5o 


I 


1.755875 


81 


l*9i38i4 


0*903090 


33 


I*5i85i4 


1*763418 


83 


1-919078 


9 


0*954143 


34 


1.531479 
1*544068 


5? 


l-77o85i 


84 


1 .914979 


10 


1*000000 


35 


60 


i*778i5i 


85 


1*919419 


II 


I<o4i3o3 


36 


i*5563o3 


61 


1-785330 


86 


1*934498 


11 

|3 
14 


1 -070181 
i*iiJ943 
I>i46ii8 


39 


1*568101 
1-579784 
1-591065 


6a 
63 
64 


1*791399 


89 


1*939519 
1*944483 
1*949390 


i5 


1*176091 


40 


1 •601060 


65 


1*811913 


90 


1*954143 


i6 


I*ao4iio 


41 


1*611784 


66 


1819544 
1 .816075 


9« 


1.959041 
1*96^788 


:j 


I • 130449 
i*i55i7J 

1*178754 


42 


1*693149 
1-633468 


U 


91 


43 


i*83i5o9 


93 


1*968483 


19 


44 


I -643453 


69 


1*838849 
1*845098 


94 


1 '9731 18 


to 


I -301030 


45 


i*653ii3 


70 


95 


i'9777>4 


ti 


I*3llllQ 

1 *34i49J 
1*361718 


46 


1*661758 


7" 


i*85ii58 


96 


1*981171 


19 

l3 


il 


1*671098 
I*6dii4i 


?l 


1*857333 
|. 863313 


^ 


1*986771 
1*991116 


914 

l5 


i*38oiii 
1*397940 


g 


1 *690i96 
1*698970 


'4 


1*869131 

1*875061 


99 
too 


1*995635 

1-000000 



Bemark. la the following table, in the nine right hand 
columns of each page, where the first or leading figures 
change fronr 9*8 to O's, points or dots are introduced in- 
stead of the 0*s, to catch the eye, and to indicate that from 
ihenoe the two figures of the Logarithm to be taken from 
Iho second columui stand in the next line below. 
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oo,™ «34 


43J1 il5t 


011837 ^59 


^o33 7451 


0108, 160J 


53o6 571 i 


o33^a4 I816 


74i6| T825 


c«.J,3 .787 


53i3: 5JU 

o5?o78| i^ 
590SI 7180 


■*°^^' i?]i 


(6. 855, 


o- H. 5liO 


n, S9.^ 


)• gSiJ 


ol tSj i.w 


w 6716 


)S 'JiS 


" :J?n^ 




^li 








TS4q 




091* 


1 1: 


«77 




76;i 




0903 




4-78 


.5 


7410 


■ : u 


o65S 


k 


3358 




7037 


i< 


•19J 


1. iS 


3327 


1. iB 


6438 


19 


9S37 


i: il 


1.59^ 




4640 




B664 




1667 




4650 


'■. 






0555 


(6 


3478 


,8iSl 


B. 


S; 


d 


I9033i d6ii 


3ii5 3403 


101391 


SI 



1 I 9S7S 

8 I 8184 



•Joo . •7J4 
4S)i 4940 

8700 ; 9116 



117 4688 ■ S05Q 
ui I 86=0 9017 



6*76 



ai 



6^0 I 



■& 



40HS 



3oi9 ] 346t . 3H91 43i 



5779 I 6167 ; 66l5 ■ 



9941 


•36i 
4496 
857. 
1619 
6619 


i' 


6i3o 


70)8 1 


•ICK, 


^= 


•998 


4148 
8o53 


4S40 
844) 


& 


1914 


33o9 


1694 


ii 


6141 


6S)4 


s 


•3io 
4oS3 


7071 


78, S 


•776 


1,45 


.5,4 


445l 


4816 




B094 


8437 


88^9 




>o67 


3416 


519, 


5647 


6004 


8345 


vi 


?«" 


IZ 


IV,5 


3o7. 
6563 


9335 


R 


3461 


6,9. 


6531 


687, 


9*79 
,940 


v,i 


•3^3 

360, 


% 


6608 


6940 
-14S 


liV. 


67S1 


9368 


9690 


••11 


55Bo 


1900 


J3 


S769 


6i86 


8934 


9549 


9564 


J076 
5,96 


1389 
5507 


UTb 


8294 


86o3 


8911 


>37o 


1676 


;;;s3 


4414 


4738 


5o.li 


74S7 


77S9 


8061 


•469 


.769 


,068 


3460 


375! 


4o55 


'£ 


E' 


i 


Stii 


55ii 


53o3 


81.3 

•£, 


8401 

IS 


4407 


WJ 


6,5« 


i4 


X 


fi 


—5i 
1846 


i^ 


5633 


7M5 


8107 


8383 


S! 


3577 


38^8 
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N. 
160 





1 
4391 


a 


3 


4 


5 


6 


7 


8 


9 


D. 

27: 


ao4i2o. 


4663 


4934 5204 


5475 


5746 


6016 


6a86 


6556 


161 

i6a 


6826 7096 
951 5 9783 


7365 
••51 


7634 
•3i9 


7904 
•d86 


8173 

•8M 


8441 
1121 


8710 
i388 


X 


9247 a6:j| 
1021 ; 267, 

4079 ! 266 


163 


212188 2454 


2720 


2986 
5638 


3252 


35i8 


3783 


4049 


43i4 


164 


4844 5 109 


5373 


5902 
8536 


6166 


643o 


6694 


9^ 


7221 26 i 


i65 


7484 7747 


8010 


8273 


8798 


9060 


9323 


9846 1 202 j 


166 


220108 6370 
2716 2976 
5309 5568 


o63i 
3236 


0892 ii53 
3496 3755 
6084 6J42 


1414 
401 5 


1675 

4274 
6858 


1936 
4533 


2196 
479a 


2456 261 j 
5o5i 2J9I 


5826 


6600 


7ii5 


7630 ' a^-^i 


169 


7887 8144 


8400 


8657 


8913 


9170 


9426 


9682 


•193 


2561 


170 


230440 0704 


0960 
35o4 


I2l5 


1470 


1724 


»979 
4317 


2234 


2488 


2742 


254! 


'7> 


2996 325o 


3757 


401 1 


4264 


4770 


5o23 


5276 


2531 


172 


5528, 5781 


6o33 


6283 


6537 


6789 


7041 


7292 


7544 


7795 252 


173 


80461 8297 


8548 


8799 


%l 


9290 
1776 


9550 


9800 


••5© 


•3oo 25o 


174 


240549! 0799 
3o38 3286 


1048 


3782 


2044 


2293 


2541 


2700 249 

5266 ' 248 


173 


3534 


4o3o 


P.l 


4525 


477a 
7237 


5019 


176 


55 1 3 5759 


6006 


6252 


1395 


6991 


7482 


7728 


246 


\]l 


79731 8219 
25o42o 0664 


8464 
0908 
3338 


8709 

ii5i 


9108 
1 638 


9443 
1881 


9687 

2125 


^^ 


•176 
2610 


245 
243 


"79 


2853 


3096 


358o 


3822 


4064 


43o6 


4548 


4790 


5o3i 


243 


180 


255273 


55i4 


5755 


0787 


6237 


S577 


6718 


6958 
9355 

1739 


7198 


7439 
9833 
2214 


241 


181 
i8a 


7679 
260071 

245 1 


7918 
o3io 


81 58 
o548 


8637 
1025 


8877 
1263 


9116 
i5oi 


9594 
1976 

4J46 


239 

238 


i83 


2688 


2925 


3162 


3309 

5761 


3636 


3873 


4109 


45b2 ' 2i7 


184 


4818 


5o54 


5290 


5525 


8?44 


6232 


6467 


6702 


6937 235 


185 


7172 


7406 


7641 


7875 


8110 
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4654 


3966 
4730 


4042 

4H07 


4110 
4883 


*:;^ 


4272 
5o36 


?2 


«4» 


5ti2 5189 


5265 


5341 


5417 


5494 


5570 


5646 


5722 


5799 


T* 


570 


755875 5951 
6636' 6712 


6027 
6788 
7548 

83y> 


6io3 


6180 


6256 


6332 


6408 


6484 


656o 


t6 


572 

573 


6864 

7624 
8382 


6940 

7700 
d458 


7016 

ml 


d609 


7168 


8761 


7320 


I 


574 


8912 89H8 


906J 


9139 


9214 


9290 


9441 

•io6 
0930 


9517 


Jal; 


^ 


575 


9668 9743 


9819 


9«94 


9970 


••45 


•272 


'^i 


576 


760422! 0498 

1176 I25l 


057J 


0649 


0724 


!?S 


0875 


1025 


IIOI 


'^l 


l]l 


i326 


1402 


222d 


1627 

2376 


1702 


1778 1853 


'^i 


1928: 2003 

2679' 1754 


2078 


2i53 


23o3 


2453 


2329 
3278 


2604 


■»! 


579 


2829 


2904 


2978 


3o53 


3i28 
6 


3to3 


3353 


7* 


• 


1 


1 


3 


4 


5 


7 


e 


lA. 
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A TABLE OF LOGABITHMS FBOH 1 TO 10,000. 



N. 



58o 
68i 
583 
583 

584 
585 
586 
587 
588 
509 

590 
591 
592 
593 
594 
595 
596 
597 
59b 
599 

600 
601 
602 
6o3 
604 
6o5 
606 
607 
608 
609 

610 
611 
612 
6i3 
614 
6i5 
616 
617 

619 

690 
631 

623 
633 

634 
635 
636 
637 
63d 
639 

63o 
63i 

l»33 

633 

634 
635 
636 
637 
638 
639 



763438 

4176 
4933 
5669 
6413 
7i56 

tts 

9^77 

7701 I 3 

770853 
1 587 
3332 

3o55 
3786 

4317 
5246 

5974 
6701 

I 7437 

;778i5i 
«b7i 
9596 

780317 
103] 
1753 

2473 
3189 

39041 

4617 

785330 
6041 
6731 
7460 
Bi6d 
8873 
93s I 

790283 
0988 
1691 

793392 
3092; 
3790! 

44^8. 
5i83! 
588o' 
6374 
726S 
7960 

B65i 

I 

799341' 

800029 

0717 

1404 

3089 

34^7 
4139 

4821 

55oi 



35o3 

425i 
4998 



3578 
4326 
5072 



N. 



5743 I 58i8 
6487 i 6563 



7330 

1972 
8713 
945i 
0189 

0936 
1661 
3393 



1827 

3344 
3260 

3973 
4669 

5401 
6113 
6833 
75ii 
8339 
8946 
9631 
0356 
1039 
1761 

a463 
3i63 
3»6o 

4;558 

3254 

5949 

6644 
7337 
8029 
8720 

9409 
0098 

0786 
1472 

3138 
2843 
3323 
4208 
4889 
5569 



7304 
8046 

8i86 
9335 
0263 

0999 

2468 



3128 3201 

386o ; 3933 

4390 4663 

53 19 ; 5392 

6047 I 61 30 

6774 ! 6846 

7499 1 7-^72 

8224 ! 8296 
8947 I 9019 

9^^ ; 9741 

o3d9 I 0461 
1109 i 1181 



1899 
2616 
3333 
4046 
4760 

5473 
6183 
6893 
7603 
83io 
9016 
9733 
0426 
1129 
i83i 

2532 

323i 
3930 

4627 
5324 
6019 

6713 
7406 
8098 

8789 

9478 
0167 
0834 
1 541 
2326 

2QI0 
3394 
4276 

&1 



3653 
4400 

5i47 
5892 

6636 

7379 
8120 

8860 



1073 

1 808 

2542 

3274 

4006 
4736 
5463 
6193 
6919 
7644 

8368 
9091 
9813 
0333 
1253 
197 1 
2688 
34o3 
4118 
483i 

5543 
6254 
6964 
7673 

838i 
9087 
9793 

0496 
1199 
1901 

3603 
33oi 
4000 
4697 
5393 
6088 
^783 

7475 
6167 
8858 

0933 
1609 
3393 
3979 
3662 

4344 
5oa5 
5705 



3727 
4475 

5221 
5966 
6710 
7453 
8194 
8934 
9673 
0410 

1146 

1881 

26i5 

3348 
4079 
4809 



38o2 
455o 
5396 
6041 
6785 

8368 
9008 
9746 
0484 



I320 
1955 

2688 
3421 

4i52 

4882 



5538 I 56io 
6265 I 6338 
6992 I 7064 
7717 1 7789 



8441 
9i63 
9883 
o6o5 
i324 
2042 
2759 
3473 
4189 
4902 

56i5 
6325 
7o35 

7744 
8451 
91 57 
9863 
0367 
1269 

1971 

3672 

3371 

4070 

4767 

5463 
6i58 
6852 
7545 
8236 



9616 
o3o5 

2363 

3o47 
3730 
4413 
5093 

5773 



831 3 
9336 

9957 
0677 
1396 

3114 
233 i 
3346 
4261 

4974 

5686 
6396 
7106 

7815 

8322 
9228 
9933 
0637 
1 340 
2041 

2742 
3441 
4139 

4836 
5532- 
6227 
6921 

7614 
83o5 



8927 I 8996 



9685 
o373 
1001 

1747 
2432 

3ii6 

3708 
4480 
5i6i 
5841 



3877 
4624 
5370 
61 15 
6859 
7601 
8342 
9082 
9830 
0557 

1293 

2028 
3762 
3494 

4225 

4955 

5683 
6411 

7137 
7862 

8585 
9308 
••29 
0749 
1468 
2186 
3902 
36i8 
4332 
5o45 

5757 
6467 

pS 

6593 

9299 
•••4 

0707 

1410 

2111 



8 



3952 

5443 
6190 
6933 

8416 

9i56 
9804 
06J1 

1367 
2102 

2835 
3567 
4298 
5o28 
5756 
6483 
7209 
7934 

8658 
9380 
•101 
0821 
1540 

2258 

2974 

368o 

440^ 
5ii6 

5828 
6538 
7248 
7956 
8663 
9369 

•♦74 
0778 
1480 
2181 

2882 
3581 
4270 
4976 
5672 
6366 
7060 

8443 
9134 

9823 

o5ii 




2568 

3353 

3935 
4616 
5397 
5970 



4037 

4774 

53 30 
6364 
7007 

7749 
8490 

9330 

9968 

0705 

1440 
2175 
2908 

3640 
4371 
5ioo 

582Q 

1 6556 

7382 
8006 

8730 
9i52 

•173 

0893 

1613 
2329 
3o46 
3761 

4475 
5187 

5899 
6609 
7319 
8027 
8734 
9440 
•144 

0848 
i55o 

2252 

2952 
3631 

4349 

5o43 
5741 
6436 

7»29 
821 
i3 
9203 

9892 
o58o 
1266 
1952 
2637 
3321 
4oo3 
4685 
5365 
6044 



i 



8 



9 


i>. 


4101 


7^ 


4848 


75 


5594 
6338 


75 


74 


7082 


74 


7823 
8564 


74 


74 


93o3 


74 


••42 


74 


0778 


74 


i5i4 


74 


2248 


73 


2981 


73 


3713 


73 


4444 


73 


5173 


73 


5902 


73 


6629 


73 


7354 
6079 


73 
72 


8802 


72 


9524. 


72 


•243 


72 


0965 


72 


1684 


72 


2401 


72 


3ii7 


72 


3832 


V 


4346 


7» 


5259 


7« 


5970 


7» 


6680 


7» 


7390 


7» 


8098 


7> 


8804 


7» 


9310 


V 


•2l5 


70 


0918 


70 


1620 


70 


2322 


70 


3022 


70 


3721 


70 


4418 


70 


5ii5 


70 


58ii 
65o5 


1^ 


7198 


69 


7800 


69 


8382 


09 


9272 


^ 


9961 


69 


0648 


69 


lX^5 


69 


2021 


69 


2705 
3389 


^ 


4071 


6» 


4733 


6B 


5433 


6» 


6112 


6ft 


9 



A TABLI or LOaASITHlIS FBOK 1 TO 10,000. 



J^ 


1 . 1 1 


3 


4 ! J J 6 1 7 ; B 1 9 


D. 


640 


eo6>8o' 6148 


63)6 


"6387 


645. 


65,9 6587 


6655 


6713 


B818 


68 


641 
643 


6853. 6916 
8886' 89*] 


S 


a 


s 


E 


7164 


B6«4 


B 


67 


644 


901 1 


9088 


9156 


,,.! 


g 


"3? 


94,5 


940) 


67 


64S 

646 


ss 


976J 
0434 


98J, 
o5oi 


s 


0703 


"98 
0770 


•165 

1178 


67 
-67 


Si! 


s;^ffi 


i»39 

1709 


■106 

1776 


1173 

■843 


1910 


iJoT 
1977 


.i74 




67 
67 


649 


M45 UiJ 


ji79 


1145 


]5ii 


,579 


i(i4i 


Ivi 


nsi 


1817 


67 


660 


Mj; ffl 


3o47 


3114 




3>47 


3314 


338 1 


3448 


3514 


67 


63i 


37.4 


3781 


3848 


3qi4 


3981 


4048 




4181 


67 


6&] 


4348 43 U 


4i8. 


4447 


45.4 


4S81 


4047 


4714 


47^0 


4B47 


i 




s;i f, 

6J4ll 6308 


S..46 


5.i3 


5179 


5146 


5311 


5i78 


5445 


55,1 


6Si 
655 


6374 


5777 


5843 
65o6 


S73 


K 


6041 

SI 


6771 


6,75 


66 


656 


6904' 69,0 

i,)6i 8J91 

8885 S951 


7oi6 


7764 


1 


7135 


,3.1 


g 


s 

BBio 


66 
66 
66 


65, 


9017 


^ 




911S 


qlB. 


»14I. 


9*11 


9478 


66 


660 819544! gbia 


9676 




9807 


9873 


»»!» 


r' 


"70 


•■36 


66 


66) 
664 


is 


o33i 

1 

4156 


0464 

iii 


o53u 

i8ii 
149a 


J9^ 


.311 


lo37 
1691 


079, 
1148 
1103 
17S6 


66 
66 
69 
6S 


665 


>ll 1887 


3018 


3o83 


3148 


3113 


s 


33i4 


3409 


65 


SS 


F4 353^ 
)b 4191 


3670 
4331 


^M 


38oo 
445 1 


iS2 


K 


Sli 


69 
69 


ib i8j, 


4906 


4971 


fe36 


5101 


5166 


5i3i 


s=« 




669 


[ft S491 


S356 




5686 


575. 


58iS 


5880 


i«s 


60.0 


65 


670 


B: ri 6'4o 


6104 


6»69 


6334 


6399 


6464 


65)8 


6i93 


6698 


69 


2!! 

6JJ 


t3 6787 


7499 




ti 


S 


Si 


iS 


7340 


73o5 

Si 


69 
69 

64 


«7« 
6t5 
6,6 


px; 


8789 


X 

•ld4 


B 


™3l 

sat 


1 


US 

i46o 


64 
64 
64 


^^3 


K <^'o653 


ss 


07B1 


0845 
i486 


ms 


% 


[■" 


1,66 

1806 


64 
64 


679 


.„8 


K161 


iirt 


1.8, 


,»i3 


Ui, 


i38i 


«4S 


64 


660 


S; ^ ai73 


s63t 


aioo 


3764 


7818 


a 




Joio 


3o83 


64 




^ 3=;. 


J=,i 


lisB 


U;' 


3466 


36S7 


3711 


64 


684 


.« 


as 

Si83 


5j47 


1! 


4103 

as 


4166 
4801 
5437 


E 


5087 


64 
64 


685 


}i S754 


S817 


5881 


ss 


6007 


6071 


6i34 


6107 


6i5i 


63 


666 


U 6i87 


649 i 


65i4 


664. 


6704 


6767 


68in 


6894 


63 


S 

689 


^!E 


70M 


7146 


S 


7173 


7i36 


8660 


gi 


75i5 
8786 


63 
63 
6J 


S 






DJ94 


9101 

a;? 


9164 
979, 


s 


s 


S 


0671 


8 

63 


g 


s 


1173 


»35 


1046 
1671 

"97 


ii! 


1171 


1134 

<86o 
14B4 


■ »97 


63 
61 
61 


1 


JO »671 
13 319S 


i 


ffi 


s 


SU 


jfi 


3M6 
3669 


3108 
373, 


3170 
3793 


61 
6* 


44771 ^ 


r 


4664 


47>6 


4166 

4788 


Jb?^ 


41^1 
4911 


4353 
4974 




E 


M. 


•I ■ 


* 


3 


4 




7 


8 


lII 
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A TABLE OF LOGABITHMS FBOK 1 TO 1U,000. 



N. 



58o 
58i 
582 
583 
584 
585 
586 
587 
588 
589 

^ 

591 
5q2 

594 
595 
596 
597 

598 
599 

600 
601 
603 
6o3 
604 
6o5 
606 
607 
608 
609 

610 
611 
612 
6i3 
614 
6i5 
616 
617 
^18 
619 

690 
6a I 
622 
623 
624 
625 
626 
627 
628 
629 

63o 
63i 
[ ^2 
633 
634 
635 
636 
63 
63 
W9 

N. 



763428 

4176 
4923 
5669 
6413 
7i56 
7898 
8633 

9^77 
177011D 

770852 
1 587 
a322 
3o55 
3786 

4517 

5246 

5974 
6701 

7427 
77&i5i 

8«7i 
9596. 

780317 

io3r 

1763 

2473' 
3189 
3904; 

4617I 

785330' 
6041 
6701 
7460 
Bi6d 
8875 
95s I 

790283 
0988 
1691 

792392 
3092; 
3790! 

44881 
5i85: 
588o' 
6374 
726S 
7960 
B65i 

799541' 
,800029 

0717 
1404 
2089 

2774 

34^7 
4139 
4821 
55oi 



35o3 
425 1 

4998 
5743 
6487 
7a3o 
197a 
8712 
945 1 
0189 

0936 
1661 
2393 
3128 
386o 
4390 
5319 
6047 
6774 
7499 

8234 

8947 
90(>9 

u389 

1109 

1827 

2^44 
3260 
3975 
4689 

5401 
6112 
6822 
7531 
8239 
8946 
9661 
o356 
1039 
1761 

3462 
3162 
386o 
4^58 

3254 

5949 

6644 
7337 
8029 
8720 

9409 
0098 
0786 

1472 
2i58 
2842 

3320 
4208 
4889 
5569 



3578 
4326 

5072 

58i8 
6562 
7304 
8046 
8786 
9325 
0263 

0999 

1734 
2468 

3201 

3933 

4663 
539a 
6120 
6846 

7572 

8296 
9019 

9741 
0461 
1181 

1899 
2616 
3332 
4046 
4760 

5472 
6183 
6893 
7602 
83io 
9016 
9722 
0426 
1129 
i83i 

2532 

323i 
3930 
4627 
5324 
6019 
6713 
7406 
8093 

8789 

9478 
0167 
0834 

1 541 
2226 
2910 
3394 
4276 



3653 
4400 

5i47 
5892 

6636 

7379 
8120 

8860 



1073 

1808 
a542 
3274 
4006 
4736 
5463 
6193 
6919 
7644 

8368 
9091 
9S13 
0333 
1253 
1971 
2688 
34o3 
4118 
483i 

5543 
6254 
6964 
7673 
838i 
9087 
9792 

0496 
1199 
1901 

2602 
33oi 
4000 
4697 
5393 
6088 
^782 

7475 
6167 
8858 

9^i7 
0236 

0923 

1609 

2293 

2979 

3662 

4344 
5oa5 
5705 



0410 



267a 
3371 
4070 

4767 

5463 

61 58 

6852 

7545 

8236 ! 

8927 

9616 
o3o5 I 

0992 i 

1678 ; 

2363 i 

3o47 i 
3730 i 

4412 
5093 
5773 i 




8 



3952 

5445 
6190 
6933 

8416 
9i56 




1367 
2102 
2835 

3567 
4298 
5o28 
5756 
6483 
7209 
7934 

8658 
9380 
•101 
0821 
1540 

2258 

2974 

368q 
440J 
5ii6 

5828 
6538 
7248 
7956 
8663 
9369 

••74 
0778 
1480 
2181 

2882 

358i 

4279 
4976 
5672 
6366 
7060 
7752 
8443 
9134 

9823 
o5ii 
1198 

1884 
2568 

3252 

3935 
4616 
5297 
5976 



I 



4027 

4774 

3320 
6264 
7007 

749 
490 

9230 

9968 

0705 

1440 
3175 
2908 

3640 
4371 
5ioo 

5829 
1 6556 

2282 
006 

8730 
9452 
•173 
0893 
1612 
2329 
3o46 
3761 

4475 
5187 

5899 
6609 
7319 
8027 
8734 
9440 
•144 
0848 
i55o 

2252 

2952 

3631 
4349 
5o43 

5741 
6436 
7129 
7821 
85i3 
9203 

989a 
o58o 
ia66 
195a 
2637 
33ai 
4oo3 
4685 
5365 
6044 

8 



9 


I>. 


4101 


7^ 


4848 


75 


55o4 
6338 


75 

74 


7083 


74 


7833 
8564 


74 


74 


93o3 


74 


••43 


74 


0778 


74 


i5i4 


74 


2248 


73 


3981 


73 


37i3 


7^ 


4444 


73 


5173 


73 


5903 


73 


6629 


73 


7354 
8079 


73 
72 


8802 


72 


9524, 


72 


•245 


72 


0965 


72 


1684 


72 


2401 


72 


3ii7 


72 


3832 


7» 


4546 


7» 


5259 


7» 


5970 


7" 


6680 


7» 


7390 


7» 


8098 


71 


8804 


7» 


9310 


V 


•2ID 


70 


0918 


70 


1620 


70 


2322 


7a 


3023 


70 


3731 


70 


4418 


70 


5ii5 


70 


58ii 
65o5 


^ 


7198 


69 


7890 


(X* 


8583 


J9 


9273 


<«> 


tj> 


6» 


i335 


6«» 


2021 


<«> 


2705 
3i89 


^ 


4071 


68 


Alo3 


68 


5433 


68 


6112 


68 
0. 
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A TABLX OF LOaARrrHMS TBOU 1 TO 10,000. 



M. 




3 


' 1 » i_?_l^_l_!_ 


9 


D. 


^ 


B06180I 6»48 


6316 


'ml 


6i5i 


65t9 


6587 


6655 


67>3 


88,8 


68 


64> 
641 
6j3 


68581 6016 

8886' Sail 

9560 9611 

810233! 0300 


s 


a 


g 


i 


7164 


B68d 


B 


67 


644 


9031 


9088 


9t56 


,.,5 


g 


»1S1 


,4,5 


9491 


6 


W5 

646 


ffi 


9763 
0434 


s 


X 


na 


«9S 
0770 


•i65 

S 

1,7a 


67 


as 


ffi 


Si 


.I, 
1109 


1106 
1776 


!S2 


laio 


'-I 


.i74 




67 


649 


S145 




■W 


3445 


l5l3 


157, 


>tib 


^7.3 


JJto 


»847 




6Sa 


B111913 


P 


]<M7 


3114 


3i8i 


3347 


33,4 


1j8i 


3448 


35.4 




6S1 


3^8 1 


37U 


3781 


3848 


3;f 


3,81 


4048 








6SI 


4>48 




jil, 


4447 


45 14 




4714 


4780 


4847 


i 


65J 
654 


%l 


Si 


1?; 


5ii3 
S777 


a 


3,3 


5313 


5i78 
6043 


5445 
510, 


55,1 
61 15 


655 


6>i. 


63o8 


aiii 


6440 


6io6 


B 


i 


6838 


66 


656 

tu 


H 




7oi6 


7103 
7764 


IS 




73o. 


iffl 

8810 


66 
66 
66 


65, 


8885 


9017 


90W 


9 '49 


9>.5 


,38 [ 


,346 


M13 


9478 


66 


661 


ii9544 


9610 

0167 


a; 




9807 


,873 
S30 


SJ? 


t**i 


0737 


-,36 
0793 


66 
66 


663 
664 


d858 
i5n 


S 


4=56 


i 


ir86 
1841 
34,5 


k 


:3.7 


.383 
K.31 
>69i 


i4j8 
}io3 
1756 


66 
65 
65 


665 


»8jJ 


3887 


3018 


3o83 


3i4t< 


33i3 


s 


3344 


3J09 


65 


666 

669 


3^74 


353, 
41,1 


3670 

4311 


X 


3800 
4451 


3865 
45i6 


a 


406. 
4711 


65 


4776 
5416 


549I 


a 


4971 
56J1 


5o36 
5680 


5ioi 

57S1 


5.66 
58.5 


5i3i 

58ba 


53,6 
5,45 


5361 
60.0 


65 
65 


670 


B: ;5 


6140 


6104 


6.69 


6334 


63,9 


5464 


653S 


6593 


6658 


65 


671 

Si 


I3 


6787 


6853 
7*9, 


P 

a; 


B 


7046 


B 


8467 


i 


73o5 

c^i(3 

45j5 


64 


676 


i" 


g 




•»o4 


i368 


S? 


1 


g 


64 
64 


^?3 


' S 


0653 


llll 


0781 


0845 
U86 


tn? 


S3 


1743 


.,66 
,806 


64 


61, 


JO 


■998 




iii6 


1189 


J 153 


3317 


i38i 


»44S 


64 


6S0 


833S09 


»573 


3637 


1700 


3764 


3838 


!£ 


s 


3o30 


3oS3 




681 


3U1 


3]i> 


337* 


3i38 


3J03 


3466 


3651 


373. 




68J 


378, 


3848 


39,3 


3q75 


^ 


4io3 


iiW. 


43,4 


4357 


64 


6S3 




4484 


4548 


iln 


SS 


4803 


4366 


B, 


4„3 


64 


6S4 


5o56 


S.IO 


5i83 


5347 


53 lo 


5437 


55oo 


5617 


63 


685 
686 


a 


SK 


58.7 
6451 


5881 
65i4 


iff, 


a 


6071 
6704 


61 34 
6767 


583(1 


6161 
6894 


63 
63 


S 

689 


£119' 8183 


,083 


7U6 


g: 


7173 


7ii6 


a66o 


1^3 


7ii5 
S,56 
8786 


63 
63 
63 


z 


9478 9i4J 


^ 


ss 


9101 


9164 
9791 


s 


»'»! 
£ 


998' 


%' 


61 
63 


691 


S40106 016a 
ojB 0796 

loSi 3047 
aioQ 1673 

iiai 3395 


0133 


01^ 




0481 


0608 


061. 


63 


s 


3 


x; 


ffi 


1046 
1673 


;s 


1173 

1797 


;s 


.033 


63 
61 


6^ 






1135 


"97 


ji6o 




34H4 


3*41 




1 


i 


ii 


1859 
3485 


ffi 


;ffi 


3o46 
3669 


3.0S 

313. 


3.70 

31^ 


t\ 


3855 3ci3 
44771 *MS 


4^ 1 4664 


4104 

4736 


4166 

47S8 


s 


4391 

4,13 


4353 
4974 


4Ji5 
io36 


6i 


H. 


"1 ■ 


~']~3~ 


4 


S f'ft 


[Ti 


8 


LL. 


37 



IS 



A TABLX OV LOOARITHlfS FBOH 1 TO lO^OOQl 



N. 



700 
701 
703 
703 
704 
7o5 
706 
701 
708 
709 

710 

7ii 
712 
713 

7i5 

716 

?:? 

719 

720 
721 

722 
723 

''^ 
725 

726 

72d 
729 

730 
731 
732 
733 

734 
735 

736 

1,11 

739 

740 
741 

743 
744 
745 
746 

748 
749 
760 

762 
753 

754 
755 
756 

lU 



845098 

5718 
6337 

Y3 
6189 
88o5 
9419 
85oo33 
0646 

851258 
1870 
2480 
3090 
3698 
43o6 
4oi3 
5519 
6124 
6729 

857332 
"5 



91 3 

86^3^ 
oo37 
1 534 

2i3l 

2728 

863323 

3917 

4311 

5io4 
5696 

6287 
6878 

7467 
do56 

8644 

869332 
9818 
870404 

?$ 

2i56 

2739 

3321 

3902! 

4482! 

875061 
5640 
6218 

6795 

7371 

8522 

9096 

9669 

880242 



5i6o 

5780 
6399 
7017 
7634 
8261 
8866 
9481 
0095 
0707 

1 320 

1931 

2341 

3i5o 
3759 

4367 

t^ 

6i85 
^89 

739J 



72 
190 




0096 
1994 
2191 

2787 

3382 

3q77 
4570 

5i63 

5755 

6346 

6o37 

7526 

8ii5 

8703 

9290 

9877 
0462 

1047 
i63i 

22l5 

?797 

3p2 

4340 

5ii9 
5698 
6276 
6853 

7429 
8004 

9726 
0299 



5222 

5842 
6461 

7079 

8928 
9342 
01 56 
0769 

i38i 
1092 
2602 

3211 

3820 
4428 

5o34 
5640 
6245 
6850 

7453 
8o56 
8657 
9258 

Q45S 
io56 
i654 

325 1 

2847 

3442 
4o36 
463o 

5222 

58i4 
64o5 
6996 
7385 

8174 
8762 

9349 
9935 

0321 
1106 
1690 

2273 

2855 
3437 
4018 
4598 

57S 
6333 
6910 

7487 
8062 
8637 
9211 
9784 
o356 



5284 
5904 
6523 

7141 

7758 

8374 
89^ 

9604 
0217 
o83c 

1442 
2o53 
2663 
3272 
3881 
4488 
5095 
5701 
6io6 
6910 

75i3 
8116 
8718 
9318 

o5i8 
1116 
1714 

33lO 

3906 

35oi 

4096 
4689 
528a 

5874 
6463 
7055 

7644 
8233 
8821 

9408 

9994 
0379 
1164 
1748 
233 1 
2913 
3495 
4076 
4656 

5235 
58i3 
6391 
6968 

7344 
8119 

8694 
9268 

9841 
041 3 



t 



5346 
5966 
6385 
7202 
819 
433 
9o5i 
9665 
0279 
0891 

i5o3 
2114 
2724 
3333 

3o4i 
4349 
5i56 
5761 
6366 
6970 

7574 
8176 
8778 
9370 

1176 

1773 

2370 

2966 

356i 
41 55 
4748 
5341 
5o33 
6334 
7"4 
7703 
829a 
8879 

9466 
••53 
o638 

1223 
1806 
2389 

3?53 
4i34 

4714 

5293 

5871 

644 

7021 
7602 

8177 
8752 

9335 

9898 

0471 



5408 
6028 
6646 
7264 
7881 

8497 
9112 

9726 

o34o 

0952 

i564 
2175 

2785 
3J94 
4002 
4610 
5316 

5822 

6427 
7o3i 

7634 
8336 
8838 
9439 
••38 
0637 
1236 
1 833 
243o 
3o25 

3620 
4214 

4808 
6400 

t^l 

7173 
7762 
d35o 
8938 

9525 
•ill 
0696 
1281 
1 865 
2448 
3o3o 
36ii 
4192 
4772 

535i 

7083 




^a1 



5470 
6090 
6708 
7J26 

8559 

9174 
9788 
0401 
1014 

1625 

3236 

3846 
3455 

4o63 
4670 
5277 
5882 
6487 
7091 

7694 
8297 
8898 

9499 
••98 

0697 

1395 

i8o3 

3480 

3o85 

368o 

4374 

4867 
5459 
6o5i 
6643 
7332 
7831 
8409 
8997 

9584 
•170 
0755 
1 339 
1930 
3306 
3o88 

3669 
425o 
483o 

5409 

5087 

6564 

7141 

77«7 
8292 

8866 

9440 

••i3 

o585 



io52 



8 



5594 
621 3 



1>. 



5656 
6375 



6832 I 6894 
7449 I 75ii 



8066 
8682 
9297 

S«i 
— 24 

ii36 

1747 
2358 

4185 

sIoB 
6oo3 
6608 
7313 

7815 
8417 
9018 
9619 
•218 
0817 
I4i3 

3012 

3608 
3304 

3799 

4i92 
4985 

M78 

6169 

6760 

7350 

9114 

9701 

•387 
0873 
1436 
3040 
3632 

3204 
3785 
4J66 
4945 

5534 



7356 
7833 
8407 
8981 
9555 



8128 
8743 
9358 

99]? 
o38:> 

1197 



9173 

9760 
•345 
oo3o 
i5i5 
3098 
2681 
3363 
3844 
4434 
5oo3 

5583 



61 03 ; 6160 
6680 6737 



7314 

7889 

8464 
9039 
961? 



•137 ; •i85 
0699 0766 



6a 
63 
63 

62 
62 
62 
61 
61 
61 
61 

'61 
61 
61 
61 
61 
61 
61 
61 
60 
60 

60 
60 
6a 
60 
60 
60 
60 
60 
60 
60 

i 
i 

I 

59 
59 



58 
58 
58 
58 
58 
58 
58 

58 
58 
58 
58 

58 

57 



A TABLE or LOOARITHHS FROM 1 TO 10,OOOL 



m/ 


« 


1 j « 


3 


4 


i 


6 


7 


3 


9 


D. 


jbo 


B U 


0S7I OQlS 


is 






Ii56 


I3l3 


1171 


t3iS 


1» 


s 


3S 




i6i3 
n83 
ji5j 


1670 
J809 


ii 


1913 


1841 

is 


3o3j 




l6i 


S 


3i5o 1 3101 


3i}i 


3317 


3434 




36d1 


37 


7*5 


J718 3,ii 


3ti3i 


3888 


3,4* 




4ii5 


4nJ 


5 


766 


i! 


4i8i 
48S1 
S418 


4l» 


B 


5S8i 


45.1 

g 




5813 




5l 


76, 


lb 


S98J 


».], 


u^ 






bibi 


63iB 


no 

T?' 


1S\ 


6S4T 

111! 


1.67 


6660 


61 16 
7180 


i 


68., 
,1,; 


6885 
7449 


86,9 


j^ 


S6 
56 


V-,1 


tl 


Sit 


JS 


ffl 


s; 


it 


ii 


Bon 

St?! 

0811 
.370 

.,.8 


8ii3 
B6HS 


$6 


716 

S 

719 


SooiJi 


.593 


S3S3 
9414 

l64q 


oSSg 


S5J 

"86 
0645 
1103 

■ 160 




ill 

.87 J 


9190 

1416 
.983 


9»46 

i4Hj 
)o39 


S6 
16 
16 

K 
56 
S6 


s 


' !' 


Ilk 

3261 


»)05 


JJ6J 
.818 
33iJ 


s;i 

3459 




is! 


1484 
3040 
3io5 


35?I 


3706 


S6 

96 
S6 


783 




38ii 


38il 


39^8 


39S4 


© 


4094 


41 5o 


41o5 


4»('i 


55 


J84 




& 


4417 


4481 


4?3S 


4648 




47*9 


4814 


51 


I8S 




6o85 


So36 


ioql 


5146 


5jor 


SiSi 


sill 


S36, 


IS 


1 


l5 


k 


J588 


56i4 
61,5 


IS 


m 


5S09 
636! 


ffi 


5910 
641 i 


n 


i6 


6i8i 


6636 


6693 


6l4T 




6857 


6911 


S; 




55 


189 


n 


7i3j 


TBt 


7I4J 




iij! 


71»7 


746> 


]V,\ 


55 


J90 


' 2 


s; 


nil 


ffi; 


L^i 


iS 


sa 


8011 
B56t 


a 


Bill 
8670 


K 

11 


19* 


)5 
Jl 

' ii 

5! 


is 

90S7 


8B35 
9313 
99J0 

Oil* 

Ii67 


i 

[III 

1166 


»9M 

o58i 
Ii3i 

■676 


0640 
1186 


s 

iif 

187! 


•5o3 


9164 


91,8 
085, 


U 
59 
U 
11 
11 

a 


W 






36SS 




J764 


J8i8 


S9»7 


»98. 


S4 


too 


'IS 


3iU 


3199 

3741 


3553 


3307 


3361 


34.6 


3470 


3514 


3578 


14 




3687 


a; 


3849 


3904 


3^58 




4066 


4110 


14 




J>7' 


4»9 


4383 


1 


444 S 


4499 


45S3 


4607 


4661 


54 


B04 


S936 


•I 


a 


ffl 


a 


5o4o 
55Bo 


a 


51(8 

5688 


Sioj 
5741 


a 


(o3 


5io6i S8S0 
63 JS' 633o 


1904 


S9i8 




6066 


611; 


6.73 


6J11 


6181 


!* 


B06 


6443 


3! 


6S5i 


66o4 


6658 


6711 


676i 


68ao 


S4 


IS 
B09 


6814 
liii 

19*9 


s 


s 




s 


B 


7»io 


7304 


s 


14 
14 
14 


lio 
Bii 

ei3 


908485 
9011 
9ii6 


•H, 


es,, 

?663 
0191 


S646 


3? 

IS 


8753 

o3S8 


8807 
934" 

on 


S»6o 
0464 


i 


o5ii 


s 

S3 


l;s 


''^1; 0618 


073.' 
1164 


;iS 


0838 
1371 


M?4 


0944 
1477 


;s; 


1584 


\a^ 


it 

S3 


816 


169a 1143 




i85o 


19^3 


1956 


1009 


jo63 


iii6 


1.69 


SI 


S17 


nil 13l5 


>]lil 


»38i 


1435 


»488 


»i4i 


15,4 


>64l 


1100 


S3 


ii^ 


J7S3 j8o6 


s8i9 


»9.3 


.966 


3019 


307) 


3ii5 


i'-'i 


3i3i 


SI 


S19 


3j84 3337 


33;; 


3443 


3496 


3549 


3601 


3615 


31*8 


3761 





H. 


• ! ' 


1 


^1^ 


S 


"T 


1 


~i~ 


« 


X" 



u 



A TABLS OF LOaASITHMS FBOK 1 TO 10,000. 



, 820 

• 8ai 

t 822 

• 8a3 
' 824 
' 835 

826 
827 
8aS 
829 

83o 
83i 
832 
833 

834 
835 
836 
837 
838 
839 

840 
841 
842 
843 
844 
845 
846 

847 
848 

849 

85o 
85i 
85a 
853 
854 
855 
856 
857 
85d 
859 

860 
861 
862 
863 
864 
865 
866 

868 
869 

'£" 
871 

87a 

873 

«74 
875 
876 

87? 
879 

K. 



9i38(4 
4343, 
4872 
5400 
5927 

6434 
6980 
7Do6 
8o3o: 
8555 j 

91 9078 j 
9601 

920123, 
0645 
1166 
1686 
2206 
2725 

3244; 
3702 1 

924279 

479<>, 
53i2j 

5«28l 
6342 i 
6867! 
7370 
7b«3 
8396 
8908 

929419 
9930 

930440 1 
0949' 
1 45b 
1966 

2474 
2981, 

3487 
3993 

934498 
5oo3 
5507 
601 1 

65i4 
7016 
7318 
8019 
8520' 
9020! 

939519' 

940018* 

o5i6; 

1014' 

i5ii 

2008. 

25041 

3oool 

3495! 

39B9 



3867 ' 3920 

4396 4449 

4925 4977 

5453 5do5 

5980 6o33 

6D07 6550 

7033 ! 7085 

7558 7611 
8o83 
8607 

9i3o 
9653 
0176 
0697 
1218 
1738 

2258 

2777 
3296 
38i4 

433 1 

4848 
5364 

5879 
6394 

6908 

7422 

7935 

8447 
8959 

9470 
9981 

0491 
1000 
i5o9 

2017 

2524 

3o3i 
3538 
4044 

4549 
5o54 

5558 
6061 
6564 
7066 
7568 
8069 
8570 
9070 

oo6d 
o566 
1064 
i56i 
2o58 
2554 
3o49 
3544 
4o38 



8i35 
8659 

9183 
9706 
0228 
0749 

1270 
1790 

23lO 

2829 

3348 

3865 
4383 

i% 

5931 
6445 
6939 

7473 
986 

498 
9010 

9521 

••32 

o542 
io5i 
i56o 

,2068 
2375 
3082 
3589 
4094 

4599 

5io4 
56o8 
6111 
6614 

7618 
Si 19 
8620 
9120 

961Q 
0118 
0616 

1114 
1611 

2107 
2603 

35S 
4088 



3973 
4302 

5o3o 
5558 
6o85 
6612 
7i38 
7663 
8188 
8712 

9235 

9758 
0280 
0801 

l322 
1842 
2362 

2881 
3399 
3917 

4434 
4951 

5467 
5982 

6497 

7011 

7524 

8o37 
8549 
9061 

ni 

0592 
1102 
1610 
2118 
2626 

3i33 
363Q 
4145 

4650 
5i54 
5658 
6162 
6665 

7167 
7668 

8169 
8670 

9170 

t^ 

0666 
ii63 
1660 
2157 
2653 
3148 
3643 
4137 



4026 
4555 
5o83 
56ii 
6i38 

6664 
7190 
7716 
8240 
8764 

9287 
9810 
o332 
0853 
1374 
1894 
2414 
2933 
345 1 
3969 

4486 
5oo3 
55i8 

6o34 
6548 
7062 

8088 
8601 
9112 

9623 
•i34 
0643 
ii53 
1661 
2169 

1% 

3690 
4195 

4700 
52o5 
5709 
6212 
6715 

7217 
7718 
8219 
8720 
9220 

9719 
0218 

0716 

I2l3 

1710 
2207 
2702 

3198 

3692 

4186 



4070 
4608 

5i36 
5664 
6191 

6717 
7243 
7768 
8293 
8816 

9340 
9862 

o384 
0906 
1426 
1946 
2466 

'985 
33o3 

4021 

4538 

5o54 
5570 
6o85 
6600 
7114 
7627 
8140 
8652 
9i63 

0694 
1204 
1712 
2220 

3234 
3740 
4246 

4751 
5255 

6262 
6765 
7267 
7769 
8269 
8770 
9270 

9769 
0267 
0763 
1263 
1760 

2256 

2752 

3247 
3742 
4236 



4i32 
4660 
5189 
5716 
6243 
6770 
7295 
7820 
8345 
8869 

9392 

9914 
0436 
0958 

1478 
1098 
25i8 
3o37 
3553 
4072 

458o 
5ioo 
5621 
6137 
665 1 
7165 
7678 

8703 
9215 

9725 
•236 
0745 
1254 
1763 
2271 
2778 
3285 
3791 
4296 

4801 
53o6 
5809 
63i3 
68i5 
7317 
819 

320 

8820 

9320 

9819 

o3i 

081 

i3i3 

1800 

23o6 

2801 

3297 

4285 



t 



4184 
4713 
5241 
5769 
6296. 
6822 
7348 
7873 
6397 
8921 

9444 
9967 
0489 

lOIO 

i53o 
2o5o 
2570 
3089 
3607 
4124 

4641 
5i57 
5673 
6188 
6702 
7216 
7730 
8242 
8754 
9266 

9776 
•287 

I814 

2322 

2829 

3335 

3841 
4347 

4852 
5356 
586o 
6363 
6865 

7367 
7869 
8370 
8870 
9369 

9869 
0367 
o865 
i362 
1859 
2355 
285i 
3346 
3841 
4335 



8 



4237 
4766 
5294 

5822 

634 
687 
7400 

^45o 
8973 

9496 
••19 
o54i 
1062 
1 582 
2102 
2622 
3 140 
3658 
4176 

4693 
520O 
5723 
6240 
6754 
.7268 

8293 
88o5 
9317 

9827 
•338 
0847 
1 356 
i865 
2372 
2870 
3386 
3892 
4397 

4902 
5406 
5910 
6413 
6916 
.7418 
7919 
8420 
8920 
9419 

9918 

0417 
0915 
1412 
190Q 
24o5 
2901 
3396 
3890 
4384 

8 



A. TABLE or LOaABITHHS FROK 1 TO 10,000. 



N. 





1 


. 


J 


4 


5 


6 : 7 


8 


9 


_L 


"sso 


94«t« 


4S3] 


4SS1 


4631 


4680 


'Tm 


4779 4838 


^ 


49"7 


<(9 


881 
8M1 


X 


5015 
55i8 


,=s; 


ilJ4 
56i6 


sa^ 


b"l 


5171 5331 
5701 S8i3 


a: 


'^l 


49 
49 


883 




6aio 


6039 




6157 


3 


6i56 63o5 


63 J4 


6403 


49 


884 




6S01 


655? 




6619 


6747 6796 
7JJ8 7387 


61*45 


6.-t9i 


<9 


685 




(•991 






7140 


Ti»9 


7336 


73m 


49 


886 

887 




1JB3 


&i 


c 


CI 


JS 


S7oi S755 


S^?t 


Si 


49 

49 


888 




85ii 


856o 


8609 


» 


8801 


8853 


49 


8Bq 




895. 


8999 


9048 


9°97 


9195 ( 9544 


9391 


9341 




89a :•) 


9(39 


9t88 


9536 


9i«5 


9634 


,683 ■ 973 ■ 


0714 


^'l- 


49 


s'. 


9936 1 99lS 
0414 0461 


o5ii 


s 


•|3I 

(■603 


«K ^i? 


oio3 


49 
49 


1 

896 




Sins 

1871 : I9>a 
»ji6 J4o5 




1533 


■ 09S 

liao 

1066 

3Sio 


1143 ' 1193 
»J« i '657 


1340 

1716 
3096 


12 

1744 


49 

1 


fe 


\ 


184 r ' 18S9 
3808 38^6 


ss 


3986 
3J70 


3o34 
J5iS 


3oS3 
3566 


Ji3i 
36i5 


3ieo 


3iii 


48 
48 


z 




S,.! 


3,53 


4001 


4049 


4oqS 




4194 


48 






419' !<»» 


«», 


«35 


4484 


4533 


458o 


46l8 


fl! 


*l 


V" 


1 


niii'^ 


ffi; 


ni 


SK 


sy 


S 


5iio 
55^j 


51)8 
3640 


48 
48 


9^ 




5t36 ; Sl84 


S83i 


i>^ 


591S 


5,76 


6034 


t^^ 




48 


Soi 




6116 1 6365 




6361 


6409 


6457 


65oS 




48 


^ 






6193 


6840 


61W8 


6936 


6984 


70J3 


70^0 


48 


?o6 




7JJJ 


7330 


7368 


74i6 


7464 


75l3 


3^^ 


48 


?:j 


[ 


775i 


V,V, 


S5S 


©i 


79»J 
8«i 


JS 


Bo,33 
85i6 


48 


909 


I 


86.» 1 8659 


«7o? 


8,s! 


8»o3 


8850 


8898 


»9->6 


B994 


48 


910 








,13. 




9)38 


'^1* 


9413 


947' 


48 






ITA 


sa 


2ffl 


9^4 


nil 


s; 


2SJ 


48 
48 


9' J 
9.4 
91S 


g 




0661 




0756 


0804 


08)1 


0S99 


48 






jo38 


ri36 
1611 

30,H5 


1658 
3133 


1331 


1137 


1336 
lUoi 
1175 


Si 


47 


917 




J5n 


3359 






1701 








;,8 

9'9 




1S90 1 3937 

3J63 3410 


3I57 


3d33 
3504 


is 


3i36 
3599 


3i74 
3646 


3693 


3741 




911 
ql4 


1 

Siui 


3835 


388J 
4351 

4f<ii 

5766 


3919 

4871 
53i3 
58i3 




4034 

5437 
6tJ 


5i84 
5954 


4118 

a 

5531 


4165 

as 


3i53 
56,5 




lii 


T0»o iiii 


6)36 


6iH3 


6319 


6433 


6470 


7434 


6A4 




k 


;;;^ 


6751 


;:s 


ss 


s; 


sis 


;S 




d 


qd 


e 


E 


JSl 


SS 


e 


ffii 


^ 


as 




1 


968483 853*. 

9416'^ 
9«fla 9918 




8613 


2S 


87.6 

9649 


H763 
1 


881D 
9176 


6856 
93i3 


1? 

•3oo 


47 

47 
47 
*7 


1 


0B11 o8$8 ' 0004 
iJli' ,Jj} 1369 


04.% 


o533 


0*79 
T044 
t5o8 


s 


S 


?l8? : :^o 
■647 I 169I 


46 


1 


n4o| ,,86 . iB3» 
aaoJi 1149 j»5 
»{*6 »7ii 1 »Ti8 


a? 


s 


3; 


J48. 


m64 >iii> ' 1137 
3 SS:K 


46 


II 


38oi 


»85i 


«S7 


■943 


46 


K. 


• . 1 . 


1 


* 


LiJ 


6 


, . 1 • 


"uT 
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▲ TABLE OF IiOaARrTHXS FBOK 1 TO lO^OOQ. 



980 
981 
982 
983 

984 
985 
986 
987 
988 
989 




0040 
060J 



973128 
35oo 
4o5i 

4^12 

4972 
54J'i 
5891 
63 3o 
6808 
7266 

977724 

8181 

8637 

9093 

9548 
980003 

0458 

0012 

1366 

1819 

982271 
2723 
3175 
3626 

4077 
4527 

5426 
6875 
6324 

986772 

7666 
8ii3 
855o 
9003 
9430 

9903.I9 o3b3 
I 078J 0827 

991226' 1270 

1669 1713 

21 1 1 31 56 

2554 3598 

2995 3o39 

3436 3480 

3877 3921 

43 17 4^61 

4757 4801 

6196 5340 



3330 

3682 
4143 
4604 
5o64 
5534 
5983 
6443 



997 

Qod 



H. 



3362 

2814 

3265 
3716 
4167 
4617 
5067 
55i6 
5965 
64i3 

6861 
7309 
2756 
8203 
8648 
9004 
9539 
9983 
0428 
0871 

i3i5 
1758 
2200 
3642 
3o83 

3524 
3965 
44o5 
4845 
5284 



3366 
3738 
4189 
465o 
5iio 
5570 
6o>o 
6488 
6946 
7403 

7861 
W17 

8774 
9230 
9685 
0140 
0594 
1048 
i5oi 
19^4 

3407 
3H59 
33io 
3762 
4312 
4663 

5lt3 

5561 
6010 
6458 

6906 
7353 
7800 

8247 
8693 
9i38 
9583 
••28 

0472 
0916 

1359 

i8q2 

2244 
2686 

3127 
3568 
4009 

4449 
4889 
5328 

5767 
62o5 
6643 

7080 
7517 

8390 
8836 
9261 
^9696 



33i3 

4335 
4696 

5i56 
56i6 
6075 
6533 
6993 
7449 

8363 
I 8819 

i 9ap 
i 973o 
; oi85 
I 0640 
1093 
1 547 

3000 

3453 
3904 

3356 
38o7 
4257 

4707 
5i57 
56o6 
6o55 
65o3 

6951 
7398 
7845 
8201 



7953 
8409 
8865 
9331 
9776 

023 1 

o685 
1139 
1592 
3045 

2497 
2949 
3401 
3853 
43o2 
4752 

5202 

^5i 
6100 
6548 

6996 

7443 

8336 
878a 
9227 
9672 
•117 
o56i 
1004 

1448 
1890 
2333 

32i6 

3657 
4007 
4537 

5416 



84^ 
8911 
9366 
9821 
0376 
0730 
1184 
1637 
3090 

3543 
3994 
3446 

3897 

4347 

4797 
6347 
5696 

6144 
6593 

7040 

7488 

2^ 

8826 
9273 

97 '7 
•161 

o6o5 

1049 

1492 
jo35 

2377 
2819 

3260 

3701 

4141 
458i 
5o2i 
5460 

5898 
6337 
6774 
7212 

7648 
8o85 
8521 
8o56 
9392 
9826 



5294 
5753 

6313 
6671 

V^ 

8043 
85oo 
8956 
9413 

9867 

o333 
0776 
1339 

i683 
3i35 

3588 
3o4o 

3491 
3943 



4430 
4880 
5340 



6717 

8089 
8546 
9002 
9457 

0821 
1375 
1728 
2181 

2633 
3o85 
3536 
3987 
4393 , 4437 
4842 i 4887 
5293 I 5337 
5741 I 5786 
6189 ^234 
6637 I 6682 

7o85 I 7i3o 
7532 j 7577 

7979 ; ««4 
842$ i 8470 
8871 I 8016 
9316 . 936J 

9761 ; 9806 

*2o6 ! *25o 
o65o ' o6q4 
1093 ' 1137 

i536 ; i58o 

J 979 I 3023 

3421 ; 2465 

2863 ; 2907 

33o4 I 3348 



3745 
4 1 85 
4625 
5o65 
55o4 

5943 
638o 
6818 
7355 
7692 
8139 
8564 
9000 
9435 
^70 



3789 
4229 
4669 
5iod 
5547 

5986 

6424 
6862 

S172 
S608 
9043 
9479 

3 



J). 



3543 
4oo5 
4466 
4926 
5386 
5845 
63o4 
6763 
7220 
7678 

8i35 
8591 

V^l 

9958 
0412 

0867 

l320 

1773 

2326 

2678 

3i3o 
358 1 
4o33 
4482 
4932 
5382 
583o 
6279 
6737 

7175 
7622 
806H 

85U 
8960 
94o5 
9850 

•294 
0738 
1 182 

1625 
2067 
25o9 
2951 
3392 
3833 
4273 
47*3 
5i52 
5591 

^o3o 

6468 
6006 
7^43 

8316 
8653 
9087 
9693 

^1 



B. 



ATABLB 

or 

LOGARITHMIC 

SINES AND TANGENTS 

r<n BTBRT 

DEGREE AND MINUTE 
OF THE QUADRANT. 



Bemark. The minutes in the left-hand column of each 
page, increasing downwards, belong to the degrees at tho 
top ; and those increasing upwards, in the right-hand column, 
belong to the degrees below. 
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(0 DEGREES.) A TABLE OF LOGARITHMIC 



M. 
o 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


CoUng. 




O'OOOOOO 


1 

1 


10-000000 


o^oooooo 




Infinite. 


60 


I 


6-463726 


' 5017.17 


000000 


•00 


6^463726 


5oi7-i'T 


13^536274 


u 


2 


764756 


1 2934 


■ 85 


000000 


.00 


764756 


2934 -8^ 


235244 


3 


940H47 


2082 


• 3i 


000000 


-00 


940847 


2082-31 


059153 j 57 ! 
I2^9342i4 1 56 1 


4 


7.065786 


i6i5 


:U 


0000 JO 


•00 


7.065786 


1615-17 


5 


162^)96 


i3io 
1115 


000000 


•00 


162696 


1319-69 

iii5-78 

996-53 

852- 54 


837304 


55 j 


6 


24IB77 


■54 


9.999999 


'01 


241878 


758122 


54 ! 


I 


308824 
366816 


966 

852 


999999 
999999 


-01 
.01 


308825 
366817 


691175 
633 183 


53 

52 


9 

10 


417968 
463725 


762 
689 


• 63 

88 


999999 
999998 


•01 
•01 


417970 
463727 


762^63 
689 • 88 


582o3o 
536273 


5i 
5o 


11 


7-5o5ii8 


629 


■81 


9999998 


•01 


7«5o5t2o 


629^81 


12 •494880 40 
457091 48 


12 


542906 

577668 


579 


36 


999997 


.01 


542909 


579^33 
536-42 


i3 


536 


41 


999997 
999996 


•01 


P? 


422328 1 47 


14 


609853 


499 


• 38 


•01 


409.39 
467-15 

438-82 


390143 


46 


i5. 


639816 


467 
438 


•14 


999996 


•01 


639820 


36oi8o 


45 


i6 


667845 


•81 


999<>95 


•01 


667849 


332i5i 


44 


\l 


694173 


4i3 


:ll 


999995 


•01 


694179 


413-73 


3o582i 


43 


718997 


391 


999994 


-01 


719004 


391*36 


280997 


42 


19 


742477 


371 


\l 


999993 


-01 


742484 


371-28 


257616 41 i 


20 


764754 


353 


999993 


•01 


764761 


33136 


235239 


40 


21 

22 


7-785943 
806146 


336 

321 


M 


9.999992 
999991 


•01 
•01 


7^783951 
do6i55 


336-73 
32i^76 


I2^2i4049 
193845 


38 


23 


825451 


3o8. 


05 




•01 


825460 


3o8-o6 


174540 


37 


24 

25 


843934 
861662 


2o5 
2^3 


U 


-02 
•02 


843944 
861674 


295-49 
283-90 


i66o56 36 
138326 ; 35 


26 


878695 
895065 


273. 


17 


999988 


•02 


878708 


273.18 


121292 34 


11 

29 


263 


23 


999987 
999986 
999985 


-02 


895099 


263-25 


104901 


33 ; 


910S79 
9361 19 


253 

245 


n 


-02 
•02 


910804 
926 iJ4 


254-01 
245-40 


089106 
013866 


32 

31 


3o 


940842 


237- 


33 


99/983 


•02 


94o858 


237-35 


05914a 3o 


3i 


7-955082 


229« 


80 


9.999982 


•02 


7^955100 


229^8l 


12>044900 ; 20 
o3iiii 28 

017747 . 27 


32 

33 


968870 
982233 


222 
2l6- 


08 


99^981 
999980 


•02 
•02 


968889 
982253 


222^75 
216.10 


34 


995108 

8-007787 
020021 


200- 

2o3- 

198- 


81 


999979 


•02 


995219 


200 •813 

20i'92 

i98^33 


004781 26 


35 
36 


r, 


999977 
999976 


•02 
•02 


8 • 007800 
020045 


1 1 •992101 ^5 
979955 24 
968055 23 


ll 


o3ioi9 
043 5oi 


193' 

|88. 


03 


999975 


•02 


o3i945 
043527 


io3^o5 
i88^o3 


01 


999973 


-02 


956473 22 ! 


39 


054761 


i83- 


25 


999972 


•02 


054809 
o658o6 


i83^27 


945191 ' 21 


40 


065776 


178- 


72 


999971 


•02 


178-74 


934194 1 20 i 


41 

42 


$•076500 
086965 


174- 
170. 


41 

3i 


9999969 
999968 


•02 
•02 


8-026531 
086997 


174-44 
170.34 
166.42 


I I •923469 1 IQ 
9i3oo3 > 18 


43 


097183 


166- 


6? 
08 


999966 


•02 


097217 


002783 1 n 
883o37 1 5 1 


44 
45 


I07I6t 

1 16926 


162- 
i5?. 


999964 
999963 


•o3 
•o3 


107202 
116963 
i265io 


162 ^68 
i59»io 


46 


126471 


66 


999961 


•o3 


i55^68 


873490 14 1 


% 


i358io 


l52- 


38 


999950 
999958 


•o3 


i3585i 


i52^4i 


864149 i3 


144953 


140' 
146- 


24 


•o3 


144996 
1539D2 


149-27 
146-27 


855oo4 12 


49 


153907 
162681 


22 


999 >53 


•o3 


846048 ; 11 


56 


143- 


33 


999954 


•o3 


162727 


143-36 


837273 10 


5i 


8.171280 


140 


54 


9.999952 


• o3 


8.171328 


140^57 


I 1^828672 9 
820237 ; 8 


52 


1797»3 


i37- 


86 


999950 


.o3 


i88o36 


i3?^?2 


53 


187985 


i35. 


29 


999948 


•03 


81 1064 i 7 


54 


196102 


l32' 


80 


.999946 


•03 


196156 


i32^84 


8o3844 


6 


55 


204070 


i3o- 


41 


999944 


•o3 


204126 


i3o^44 


795874 
788047 


5 


56 


211895 
219581 


128. 


10 


999942 


•04 


2iiq53 
219641 


128^14 


4 


ll 


125' 


87 


999940 


•04 


125^90 


780359 
772805 


3 


227134 


123. 


ll 


999938 


•04 


227195 


123^76 
121 •68 


2 


59 


234557 
241855 


121- 


999936 


.04 


234621 


765379 


I 


do 


119-63 


999934 


.04 


241921 


119^67 


758079 





CosiiM 


D. 


Sine 


Cotang. 


D. 


Tang. 



(89 DEGREES.) 



SINES AKD TANOKNTS. (1 DEOREB.) 
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M. 


Sine 


D. 


Comne 


D. 

.04 


Tang. 


1 »• 


Coumg. 

11*758079 
750898 

743835 


60 





8-a4i855 


119*63 


9.999934 


8*241931 


119.67 


1 


a49o33 
256094 


117.68 
11^.80 


999932 
999929 


.04 
.04 


249103 
336i65 


ii5.^4 


^ 


3 


263o42 


113.98 


991^27 


.04 


263m5 


114-03 


736885 


57 1 


4 
5 


369881 
276614 
283343 


112.21 
iio.5o 


999933 
999922 


*04 
•04 


260956 
27«)9i 


112-25 

110*54 


• 730044 I 56 
733309 1 55 


6 


108.83 


999920 


.04 


283323 


108.87 
107.26 
103.70 


716677 i 54 


I 


a8o773 
296207 
3oa546 


107.21 
IOD.65 


99c>9i8 
999915 


.04 
*04 


28o856 
296393 
3o2634 


710144 
703708 
697366 


53 

52 


9 


104* i3 


999913 


•04 


104.18 


5i 


ID 


308794 


102-66 


999910 


04 


308884 


102*70 


691116 


5o 


II 

12 


8-3i49o4 

321021 

327016 
332924 


101.32 

90.82 

98.47 
97.14 
9^.86 


9.999907 
999905 


.04 
.04 


8*3i5o46 

331122 


101*26 

^'] 

97*19 
95.00 
94*65 


11*684954 

678878 


% 


i3 
14 


999002 
999899 


*o4 
.o5 


327114 
33)035 


672886 
666975 


2 


i5 


338753 
344^4 


999897 


.o5 


338856 


661144 


45 


i6 


94. 60 


999894 


.o5 


34.{6io 


655390 


44 


\l 


35oi8i 


93. 38 


999891 


.o5 


3503H9 
355895 
36i4io 


9343 


6497" 


43 


355783 


92.10 
01 .03 
89.90 


999888 


.o5 


92-24 


644105 


42 


"9 


36i3i5 


999885 


.o5 


91 *o8 
89.95 


638570 


41 


20 


366777 


999882 


*o5 


366895 


633 io5 


40 


ai 
aa 


$•372171 


88.80 
87.72 
86.67 


'•» 


*o5 
*o5 


8.373392 

377622 


88.85 


1 1 .627708 
622378 


^ 


23 


999873 


.o5 


382889 


617111 


35 


34 

a5 


387962 

393101 


8564 
84-64 


999870 

999867 


.o5 
.o5 


388092 
393 2 J4 


85.70 
84-70 


611908 
606766 


a6 


398179 


83. 66 


999*^4 


.o5 


39831 5 


83.71 


6oi685 


34 


U 


403109 


82. 71 


999861 


.o5 


403338 


82.76 
81-82 


596663 


33 


408161 


80.86 


999868 


.o5 


4o83o4 


591696 
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